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Lecture 1

1.1 Intended learning outcomes

» Identify how the course is technically implemented
» Identify Hilbert space and subspace of physical states
» Operate to state vectors by linear operators

1.2 Preface

Quantum mechanics is a mathematical framework to model nature.
It is said to be the most successful theory in all of physics, owing
to its success in describing a wide range of phenomena, including
atomic orbitals, quantum tunneling, and superconductivity.

The aim of this course is to formulate quantum mechanics based
on a solid mathematical foundation. We start by introducing the
basic mathematical objects required to describe physical systems.
Then, we introduce the postulates of quantum mechanics, and
discuss how to quantize a classical system. We also consider
some example systems, including qubits and a brief discussion on
quantum computing. Overall, we aim to be fairly rigorous with
the mathematical details, especially in the beginning, but certain
subtleties are left out in order to fit more useful tools into the
course. You may encounter such advanced mathematics in the
Master’s courses to fill in the gaps in your knowledge. To keep you
on track, we intend to tell you when we do not prove or discuss
something rigorously.

Enjoy!




1.3 Hilbert space and ket vectors

The fundamental mathematical structure in quantum mechanics
is the Hilbert space, which is a generalization of Euclidean space
that may be infinite-dimensional, and whose coordinates may be
complex numbers. The elements of a Hilbert space are referred to
as ket vectors, denoted by |¢/). A Hilbert space H is a complete inner
product space, which means that it has the following properties:

1. H = {|¢)} is a vector space over the scalar field C (see math
recap on the right)

2. For any pair of elements |{/), |¢) € H, thereis a scalar (inner)
product (¢|¢) = (|¢),|¢)) € C that satisfies

@) Yl¢) = (lY))" = (¢lY)" (conjugate symmetry)

(b) (Ylag1 +bg2) = (Yl (algr) +bl¢2)) = a(Ylg1)+b (Yl¢2)
(linearity)

() WYy =20, (¥ly) =0 < [¢) = 0 (positive definite-
ness)

3. All Cauchy sequences converge into H. That is, if 3{|¢/;)}
s.t. | |¥n) — [¥m) || = 0 for n,m — oo then 3|¥) € H s.t.
[Ym) — |¥) for m — co.!

Consequently, we can define a norm || [{) || = ||¢]| == V{¥|¥) > 0.
For example, the following inequalities apply:

» | W) | < lYlll¢ll, i-e., Cauchy-Schwarz inequality
> 1Y) +19) [ < ¥l + ¢, i.e., triangle inequality

Physical states, i.e., objects that can be used to model the states
of physical systems on the quantum-mechanical level, are those
elements of H which have a norm of unity, i.e., (¢/[¢) = 1. In this
course, we use the terms ket vector and state somewhat interchange-
ably, since we are concerned mostly with physical states. But many
of the results also hold for ket vectors with any finite norm.

1.4 Bra vectors

As discussed above, the ket vectors are the elements of H, i.e.,
H = {|y)}. For each given ket vector |¢) we symbolically define
an object (¢|, through the inner product such that for all [) € H,
we have (¢|y) := (|¢), |¢)) € C. Below, we justify why (¢| can be
referred to as a bra vector, i.e., the set of all bra vectors {(¢#|} forms
a vector space.

For a fixed |¢), the inner product (|¢),|¢)) can be identified as
a mapping that takes any ket vector |{/) to a complex number.
Thus (¢| is a linear and bounded functional® acting on H. The
so-called Riesz representation theorem® states that for any linear
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Math recap on vector spaces

A vector space V over a scalar
field F is a set where addition,
denoted by +, is defined such that
foruoow e V,+: VxV -V,
a,b € F, the following properties
hold:

u+(v+w)=(u+o)+w
ut+v=ov+u
A0e€eVst.V+0=V
Yoe VI-veVsto+
(-0)=0

a(bv) = (ab)v

lo =uv,whenle€F
a(u+v) =au+av
(a+b)v=av+bv

RN

g2 NI o o1

For our purposes, the scalar field
F is always either R or C.

1: Not going to ask about Cauchy se-
quences in the exam, but this condi-
tion is what makes a Hilbert space
complete. Thus, if you are unfamiliar
with the term Cauchy sequence, no
need to study it for this course.

2: A functional f acting on a vector
space V is a mapping f : V — C.
f is said to be bounded, if Vo € V,
there exists a constant M such that
|f ()] < Mlfo]].

3: Not going to ask about this in the
exam.
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bounded functional (¢|, there exists a corresponding unique ket
vector |¢) € H such that (¢|¥) = (|¢), |¥)) for all [) € H. This is
the definition of the bra vector (¢|; it is the functional whose action
on any |¢) corresponds to taking the inner product with the ket

(8

From the above-noted uniqueness of the ket vector |¢) correspond-
ing to its bra (4|, it folows that there is a one-to-one correspondence
between H = {|¢)} and the set of all bra vectors H"* := {(¢|}. The
set H* is referred to as the dual space of H.

1.5 Linear operators

Definition 1.5.1 A mapping A is a linear operator on H
A:H - Hst.V|),|p) e H,abeC:

A(aly) +blg)) = aAly) +bA|g) . 1.1

We denote the set of linear operators on H by L(H). We also
define the notation

Ay = Alyy = A(ly)). (1.2)
It follows that VA, B € L(H), we have

A(Bly)y) = (AB) |y). (1.3)

1.6 Outer product

An important example of a linear operator is the outer product of
two vectors.

Definition 1.6.1 We define the outer product [y){($| : H — H,
where ), |¢) € H s.t. ¥ |x) € H we have:

(198D 1x) = [¥)lx) = (el ¥ (14)

Note that in the second equality above, we moved the term (| y)
to the front, since it is simply a scalar.

1 Lecture 1
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Lecture 2

2.1 Intended learning outcomes

» Use bases to represent operators
» Identify the minimal mathematical structure to describe a
physical system quantum mechanically

2.2 Bases of H

Above, we have discussed bra and ket vectors in a very abstract
way, without a way to visualize these vectors. To make them more
tangible, we will introduce coordinates for them using a basis.

Definition 2.2.1 A set of ket vectors {|¢>i)}£1 € H,N e Z,, is
referred to as linearly independent if YN, c;|¢;) = 0 implies ¢; =
OVCi e C.

The dimension of H, Dim{H}, is the largest N for which such a
linearly independent set of vectors exists.

The set {|¢)i>}f\i1 isreferred to as completeifV |¢) € H,3 {ck}}:’:l, ck €
Cs.t. |y) = f:’zl ck |px).! That is, any ket vector in H may be ex-
pressed as a linear combination of the vectors |$x). The coefficients
cx are the coordinates of |i/). We have thus arrived at the definition
of a basis:

Definition 2.2.2 A complete set of linearly independent vectors {|¢dx) }
is referred to as a basis for H.

A basis {|¢x)} is referred to as orthonormal if

0, forl # m,

1, forl=m. 21)

(D1lpm) = Sim = {

The symbol 6y, is referred to as the Kronecker delta.

An observation for the orthonormal basis {|¢x)}: for an arbitrary
|y € H, we have

V)= crlw) (2.2)
k
= (Pmlt) = ) ci ($mli) = cm. (2.3)

k

1: Defined similarly for infinite-
dimensional spaces.



In other words, we can express the coefficient ¢; of the kth compo-
nent of |f) in the basis |@x) as (P« |¥). Plugging this into the right
hand side of Eq. (2.2), we find
) = > (Bl (2.4)
k

= > 1)l
k

= (Z |¢k><¢k|) [¥),
k

where in the last step, we have used the fact that the outer productis
linear. Based on this, we conclude that 3, |¢x){(¢x| = I, the identity
operator. Importantly, this holds for any orthonormal basis. It is a
useful trick to insert the identity operator in strategic places, and
expand it in terms of an orthonormal basis like this.

2.3 States vs. vectors

For a given basis {|¢x)} and a ket vector |{/) € H, we may write

) = > ek ) (2.5)
k
C1 0 0 C1
. c 0 c
= 0 + 0 + c3 teo = c3|’

~—— ——  ——
clgr)  clda)  cslgs)

where = stands for represented by. In a given basis, a basis ket vector
|¢m) is represented by a column vector where ¢,, = 1 and ¢, =0
for k # m. Note that the vector representation of a state may be
infinite-dimensional.

Given a column vector representation of |/) with the coefficients
{ck}, the corresponding bra vector ({/| may be represented by the
conjugate transpose of the column vector representing [/):

Wlzle o o ... (2.6)

This can be shown using the inner product.

2.4 Operators vs. matrices

Analogously to representing kets as column vectors, it is possible
to represent operators as matrices. Let A e L(H) and {|$m)} be

2 Lecture 2
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an orthonormal basis of H. Then,

A=1Ai= (Z|¢m><¢m| A

> |¢k><¢k|) (27)
k
= > 19m)(SmlAle) (e
m,k S———

=AmkeC

= > Ak |gm)(@xl
m,k

A Anp
A Axp

1>

This is the matrix representation of the operator A in this basis. The
matrix element at row m and column k is given by A,k = (¢m |A| ).
Note that the matrix might be infinite-dimensional.

Using the matrix representation, the operation of A on a ket vector
|¥) = 33, c1 |¢1) may be written explicitly:

AWy =" Ak [dmdilcilpr) (2.8)
m,k,l
= " Aicr I$m) ($ilen) (2.9)
m,k,l t(;—’

= " Amkc [9m) -
m,k

We observe that the expression 3., y Apic corresponds to matrix-
vector multiplication, and conclude that

An A
Alyy 2 A21 Azz

In other words, we obtain the column vector representation of
Y’y = Aly) by calculating the matrix-vector product between the
matrix representation of A and the column vector representation

of |¢).

2.5 Adjugate

Let A € L(H), and furthermore, let A be bounded.> We define
the action of A on a left-lying bra vector (i.e. an element in the dual

2 Lecture 2

Math on complex conjugation

Vz € C we have x,y € Rand i is
the imaginary unit, then:

z=x+1y

ZF=x—iy

2: An operator A is said to be
bounded if V|y) € H there exists
a constant M such that ||A|y) ]| <

M) I
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space H™), A:H = H Y|P, [y) e H through the relation

((PLA) 19y = (| (A1) . (2.10)

We observe that the operation (¢|A is a linear functional on H and
is bounded since A is bounded.

Thus it follows from the Riesz representation theorem that 3 |¢) €
H s.t. (¢’| = ($|A. This also defines a linear operator At as

Alg) = 14", (2.11)

which is referred to as the adjugate of A. The symbol 1 is pronounced
“dagger”, and A is pronounced “A dagger”.

The dagger notation is also used to denote the bra vector cor-
responding to a given ket vector: (|1,D))T = (Y| and similarly

(D" = 1.

For example, we have for c € C

(Plely) = (19),cl¥))
=c(l9).1¥))
=(c"19).1¥)),

(2.12)

Thus, ¢’ = ¢* € C, i.e., the adjugate of a complex number is just its
complex conjugate.

As another example, consider the operator and ket vectors repre-
sented by the following matrix and vectors:

~ la b PES . |u
ol o) wel

where a, b, ¢, d, x, y, u, v are complex numbers. So, what is the
matrix representation of A? We know that

(2.13)

au + bo
cu+do|’

A~

Aly) = (2.14)

Using Eq. (2.10) and the Riesz representation theorem, we know
there must exist some vector

¢ 2 M

@)= (@lA= [z

(2.15)

that satisfies
wr]. (2.16)

Using the definition of the inner product, we have®

2 Lecture 2

About notation

These are equivalent:

@A) = (14, Alp)))
= (4%19). 10))
= (ATgly)

3: Note that here we use the regular
equals symbol instead of £. The in-
ner product is just a number, which
is equal for both the matrix/vector
and abstract operator/ket vector rep-
resentations.
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(BIAIY) = (I9), Aly)) (2.17)
_||x| [au+bo
“\ly| cu+do
. .1 |au+bo
=l vl cu+do (2.18)
= x"(au + bv) + y* (cu + dv).
But on the other hand
(BIAIY) = (¢'l) (2.19)
* * u
- H
=zZ'u+w'o,
which means that
Zu+w'o = x"(au + bo) + y* (cu + do) (2.20)
=(x"a+y cu+ (x"b+y*dwv
=z=(x"a+y"c)" =xa" +yc" (2.21)
w=(x"b+y*d)" =xb" +yd". (2.22)

From Eq. (2.11), it follows that the matrix representation of At
should be a matrix A" that satisfies

11

y

xa* +yc*

AT — 1A 2 AT

We can clearly see that this matrix is

" a* c* abT*
Al = b al = e 4 . (2.24)

In other words, the matrix representation of the adjugate A" is
the conjugate transpose of the matrix representation of A, which
is obtained by taking the transpose and then conjugating each
element. While the above is not a rigorous proof, this holds in
general.

2 Lecture 2
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2.6 Properties of adjugate

The following equalities are not proven here, but proofs can be
constructed based on the above definitions.

(A*)T - A, (2.25)
(ad)" = a"AT, (a€C), (2.26)
(A+B)" = AT+ B, (2.27)
(AB)" = BTAT, (2.28)
(y)oD" = 1931, (2.29)
(aly)' = (la" =a" (Y, (a€C), (2.30)
(A1)’ = (I AT, (2.31)

2.7 Eigenvalues and eigenstates

For an operator A € L(H), if a ket vector |) € H satisfies the
eigenvalue equation

Alyr) = A [y (2.32)

for some scalar A, € C, we define [fi) to be an eigenvector, or
eigenstate, of A with an eigenvalue ;. The subscript k signifies
that there may be (infinitely) many eigenstates and corresponding
eigenvalues.

The set of eigenvalues {1y} is referred to as the spectrum of A.

It is possible that for a given eigenvalue A, there are multiple
eigenvectors |y ;) that satisfy Eq. (2.32), with i = 1,...,gx. The
number of eigenvectors g corresponding to Ay is referred to as the
degeneracy of Ay.

2.8 Hermitian operators

Definition 2.8.1 The operator H € L(H) is defined to be Hermitian
i A=A,

Hermitian operators are very important in quantum mechanics as
discovered below.

The key feature of Hermitian operators comes from the so-called
generalized spectral theorem, which states that for a Hermitian

4: If and only if

2 Lecture 2
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operator H € L(H), there exists a complete orthonormal basis of
H, {|Yr)}, which satisfies

H i) = Ak i) - (2.33)

Importantly, it also follows from the spectral theorem that the
eigenvalues A; are real numbers.

The above result implies that for any Hermitian operator H, itis
always possible to find a basis such that

A =" D i) Vel (2.34)
k

In the matrix representation, this is a matrix with just the eigenval-
ues A on the diagonal. This is useful for many reasons. For one, it
is very easy to operate on any vector with such an operator. Fur-
thermore, it turns out that many problems in quantum mechanics
boil down to finding the eigenvalues of Hermitian operators. The
process of finding such a basis in which the eigenvalues are on the
diagonal is referred to as diagonalization, and much of the effort
in theoretical physics is spent on trying to diagonalize operators
related to different physical systems.

2.9 Postulates of quantum mechanics

We finally have introduced all the necessary mathematics to start
discussing physical systems. The theory of quantum mechanics is
in essence built upon the six postulates discussed below. They are the
fundamental assumptions, or axioms, of quantum mechanics, i.e.,
they are not proven, but rather they are based on empirical evidence.
Predictions derived from the postulates have been experimentally
verified to extremely high precision. In this course, we consider
quantum mechanics simply as a model for such experimental
observations.

Postulate I

For each physical system there exists a corresponding (rigged)®
Hilbert space.

Postulate 11

Each physical state of this system can be represented by a quantum

state |/) € H, where (y|y) = 1.

2 Lecture 2

5: We discuss this later
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Postulate I1I

For each measurable quantity A of the system we have a corre-
sponding operator A € £(H) s.t. AT = A. Such an operator (and
often also the corresponding quantity) is referred to as an observable
of the system.

In an ideal measurement of the quantity A, any measurement
outcome equals to an eigenvalue of A.®

Postulate IV: Measurement

Let [) € H and AT = A € L(H) with a discrete spectrum {a,}.
As discussed in Sec. 2.8, there always exists an orthonormal basis
for H, {|¢n,i) }ni=e(1,...g, ), Where g, is the amount of degeneracy,
such that the basis vectors are eigenstates of A.

The probability of obtaining a specific measurement result a,, is
given by

In
P(an) = " [(gmilt]" (2.35)
i=1

Note that if the state is multiplied by a phase factor e, the
measurement probabilities are unaffected: If we replace |{) by
e'? |y) in Eq. (2.35), we get the exact same result:

9n

gn
D L bnile = > 1€ P [(gnilp)] = Plan).  (2.36)
i=1 i=1 tfl'“

This is why a global phase offset cannot be measured.

Postulate V: Effect of measurement on the state

Suppose that a system is in the state |/) € H. If we measure the
quantity corresponding to A and obtain the measurement result
a, (an eigenvalue of A), the state of the system collapses into the
state

') = Pp |y)

gn
1P ’ p”: n,i nil - 2.37
1 1) | 21 i) (ni (2.37)

P, is referred to as a projector onto the subspace corresponding to
the subspace spanned by the eigenstates {|¢,;)}7",.

2 Lecture 2 12

6: Recall that since A is Hermitian,
this implies that all measurement out-
comes are real numbers, as one would
expect.

Phase factor

A complex number el? withp € R
is called a phase factor, because
multiplying any complex number
by it just shifts the phase (i.e. ar-
gument, or angle) of that number
by ¢. A phase factor has unit mag-
nitude:

le?|=1 V.

See the Brief Summary for more
details.



Definition 2.9.1 P, € L(H) isa projector yj‘ﬁ,zl =P,.

Postulate VI: Temporal evolution

If a system is in the state |¢/), the temporal evolution of the state
[¢/(t)) is determined by the time-dependent Schrédinger equation:

iha, [y (1)) = H |y (1)), (2.38)

where 0, = %, i = 1.0545718 x 1073* Js is the reduced Planck
constant,and H = H', H € £(H) is the Hamiltonian, the observable
corresponding to the total energy of the system.”

Note that H may also depend on time through temporally de-
pendent parameters {e;(t)}, i.e., H=H[ai(t), a(t), ...]. This is
discussed later.

2 Lecture 2

7: The measurable quantity corre-
sponding to the observable H is the
Hamiltonian H from classical Hamil-
tonian mechanics.
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Lecture 3

3.1 Intended learning outcomes

» Differentiate between a measurement outcome and its expec-
tation value

» Identify continuous bases for Hilbert spaces

» Apply Lagrangian formalism to quantize physical systems

3.2 Expectation values

Definition 3.2.1 Let A € L(H) and |}y € H. The expectation value
of A when the system is in the state | is defined by

(Ayy = (A) = WlAly). (CXY)

This definition is valid for any linear operator A. However, it is
particularly interesting when A is Hermitian, with a corresponding
observable quantity A. In this case, the expectation value is equal
to the classical expectation value (A) of A. That is, repeatedly
preparing the system in the state |i/) and measuring A, one obtains
on average the result (A), even though individual measurements
only yield discrete values ay, the eigenvalues of A.

Mathematically, the above discussion maybe considered as follows:
Recall that A = AT implies that there exists an orthonormal basis
{|¢x)} such that A |¢r) = ax |fx), ar € R. Subsequently, we write
the state as |{/) = Xk ck [Pk ), from which we obtain

T

<¢|A|¢>=(ch|¢k> A clgr) (3.2)
k k
:(ch|¢k>) > crar i)
k k
= > chacck ($nlde)
nk
= a |cx* = arP(ag).
Zk: k Ck Zk: k k

P(ax)

The sum on the right side of the last equality above is the classical
definition of the expectation value for the measurement outcomes.
It is important to note that the involved probabilities P(ay) arise




from quantum mechanics. Even if a system is completely deter-
ministically prepared in some state, the measurement outcomes
will follow some probability distribution. This is not the same as
preparing the system probabilistically in some state.!

3.3 Variance

Definition 3.3.1 We define the variance of A when the system is in
the state /) as

AA2 = (Y| (A - WIAI) 1) (3.3)
= YIA%ly) - ((WIAly))°

2
= Z aiP(ak) - (Z akP(ak)) .
k k

As above in the case of the expectation value, if A is a Hermitian
operator corresponding to the observable A, the above definition
coincides with that of the classical variance of A.

3.4 Continuous bases

If a quantum system has some continuous variable, it can be useful
to express the state vectors in a continuous basis.

Let {|Vx) }aer € H be such that

Valya) = 6(a —a’), (3.4)

where a, &’ € R and d(x) is the Dirac delta function. Such a set of
vectors is a continuous basis for H.

Note that (4 |¢/¢) = 6(0) = co. Thus |{,) is not possible to normal-
ize. This is why we consider rigged Hilbert spaces, which allow
such states.?

Now, similarly as for discrete bases, we may write any [¢) € H
using this basis, but with an integral instead of a sum:

9y = / o ) da (3.5)
- / al$) W) da
- / |¢a><¢a|¢>da=( / |wa><¢a|da) 19

i

3 Lecture 3

1: The theory of probabilistically pre-
pared quantum states is described by
the so-called density matrix formalism,
which is not discussed here.

Powers of operators

An operator raised to a power just
means repeatedly applying the
operator:

At = AA..A
[ —
Repeated n times

For example, A2 [y = AA|y)).

Math on Dirac delta function

For a smooth function, i.e., f €
C®, the Dirac delta is defined as
the generalized function § that sat-
isfies

/ (60 f(0)}dx = £(0).

2: It is possible to verify that all the
properties of a Hilbert space hold
even with such non-normalizable
states, but it is fairly laborious and
therefore we do not discuss it further.
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This is equivalent to the result of Eq. (2.4) in the continuous case.

Note that the index a € R of the coefficients ¢, € C is continuous.
Often, instead of ¢, we write (Y, |¢) = ¥ (a), where (o) : R — C
is generally referred to as the wave function.

Using the definition of the identity operator from Eq. (3.5) above,
we can see that the inner product between two vectors [¢) and | y)
in a continuous basis is given by

<¢|x>=<¢|( [ 1w <¢a|da) 0 (36)
= [ W) ul) da
- [ ¢ @x(@da
where ¢*(a) = (¢(a)"

The most common example of a continuous basis and the corre-
sponding wave function is the position basis. Often, the state |¢/)
describes some particle, such as an atom or electron. In this case,
the eigenstate that corresponds to finding the particle at a position
x € R is written as just |x) (instead of |i/,)).> The wave function
is then a function of position: (x) = (x|¢), and the probability
density of finding the particle at x is |¢/(x)|?.

Again using the trick of inserting the identity operator, we can find
the position basis representation of a state |/) as an integral over
the eigenstates of the position basis |x):

|¢>=f|¢>=( / |x><x|dx) 9 (37)
- / ) (x| dx
- / %) () dx

——
eC

- [y ax

This is analogous to the discrete basis case, where we wrote

V) = Xk ck [dr)-

Note that wave functions cannot fully describe all quantum sys-
tems, only those where such continuous variables exist and are
sufficient.

Definition 3.4.1 In a continuous basis {|/),}, the measurement
probability of the measurement outcome to reside in the interval

3 Lecture 3

3: Here we consider a particle lying
on a one-dimensional line, but this
treatment can be extended to three
dimensions, where x € R is replaced
by ¥ € RS.
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[a, a + da] is defined by

dP(a) = |(Yul$)|* da. (3.8)

3.5 Commutators

Definition 3.5.1 The commutator of A, B € L£(H) is given by
[A B] = AB - BA.

If two operators satisfy [A,B] = 0, i.e., AB = BA, it is defined that A
and B commute.

The commutator is an important operation between two operators
and appears in numerous places in quantum mechanics.

3.6 Classical pendulum

Above, we introduced how to connect mathematics to physics
through the postulates. The Hamiltonian of the system is the key
here. Once one has it, also the relevant Hilbert space arises from
its eigenstates in addition to the temporal evolution of any state.
However, how do we obtain the Hamiltonian for the system?

To answer this question, we take a slight detour to classical mechan-
ics. As an illustrative example, we discuss a classical pendulum,
and construct the classical Hamiltonian for it. Subsequently, in the
next section, we provide a general procedure, or recipe, for convert-
ing the classical Hamiltonian of any system to the corresponding
quantum Hamiltonian. In the next lecture, we use the obtained
Hamiltonian for the pendulum to describe the quantum harmonic
oscillator.

Recall from classical mechanics that a system with N degrees of
freedom can be described by a set of N generalized coordinates
{gi}Y,. The coordinates may for example be just the position of
a particle, but often the description of the system is drastically
simplified if one chooses the generalized coordinates wisely.

We consider the pendulum shown in Fig. 3.1. Even though the mass
at the end of the pendulum moves in a 2D plane, we recognize
that there is only one degree of freedom in the system; the position
is fully determined by the angle 6. We thus choose the generalized
position

q=10. (3.9)

3 Lecture 3

Figure 3.1: Ideal classical pendulum,
where a mass m is attached to a mass-
less rigid rod of length I. The rod may
rotate without friction about a single
axis as described by the angle 6. We
assume a uniform gravitational field
described by g.
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We drop the subscript i because we have only one degree of freedom,

but all the definitions below apply in general for multidimensional
systems as well.

The potential energy V depends only on g, and not on the time
derivative ¢. For small 6, it assumes the form

V =gmh (3.10)

mg »

1
=mgl (1 —cosb) = Emglﬁ2 =579

It is straightforward to write the kinetic energy T in terms of g:

1o 1 oo 1o
T = va = 2ml 0° = qu . (3.11)
Definition 3.6.1 The Lagrangian is defined as
L=T-V. (3.12)
Thus, the Lagrangian for our case is
1 oogp 1 2
L=T-V= Eml 0° — Emgl@ (3.13)
_ L, mg,
AT

Definition 3.6.2 The generalized momentum corresponding to the
coordinate q; is defined as

AL

pi = a—ql

Note that when computing the momentum from the Lagrangian,
g; and ¢; should be considered independent variables. Using the
above definition, the generalized momentum is (again, dropping
the subscript)

ol , mg, .
— Z _ < = ma. 14
P 24 (zmq k. ) mq (3.14)

Definition 3.6.3 The classical Hamiltonian is defined as
H = Z qipi — L.
i

Using this, we obtain the Hamiltonian of the pendulum (i.e. the

3 Lecture 3

Math on dot notation

d 2]
=y L%

Y= ot
~——

generally

Math on Taylor series
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1D harmonic oscillator):

. ) 1 , mg
H=qp—L:mq2—(qu2—gq2) (3.15)
2
_ P mg o
—2m+21q T+V.

3.7 Quantizing a classical system

The term quatization refers to the process of building a quantum-
mechanical model from the classical description of the system in
question. In general, given the classical Hamiltonian of a system, it
can be quantized using the following procedure:

1. Operator substitution: Replace all generalized positions and
momenta with corresponding Hermitian operators, simply
by writing hats on the classical quantities:

g — 34 qi:H—->H, Qi=fﬂ,
pi— pi. pi:H—H, 131=131T

2. Quantized Hamiltonian: Using step 1, convert the classical
Hamiltonian H to the operator H, i.e., replace all classical
generalized positions and momenta in H by their quantum
mechanical counterparts.

3. Canonical commutation relation: The positions and mo-
menta must satisty [p;,§i] = pi§i — qipi = —ih, which is
referred to as the canonical commutation relation (CCR).

4. Temporal evolution: With the above operators and the con-
straint imposed by the CCR, the temporal evolution of the
system is given by the Schrédinger equation i, [/) = H |1/).

For the pendulum discussed above, the quantization procedure
simply yields

n2

ﬁ:p_+@’\2

o ¥ 3 q-. (3.16)

The significance of the CCR and the temporal evolution for the
harmonic oscillator will be discussed on the following lectures.

The above procedure maybe used for many different systems. For
example, it is possible to quantize electric circuits by choosing
charge as the generalized position and magnetic flux as the mo-
mentum, or vice versa. Another important application is the
quantization of the electromagnetic field, which follows a similar

procedure but with a continuous set of generalized coordinates.

3 Lecture 3

4: This is discussed in the Quantum
Circuits course.
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Lecture 4 4

4.1 Intended learning outcomes

» Apply creation and annihilation operators for a harmonic
oscillator

» Apply canonical commutation relations

» Identify Heisenberg’s uncertainty relation

4.2 One-dimensional quantum harmonic
oscillator

As we derived above in Eq. (3.16), the operator corresponding to
the classical Hamiltonian of the harmonic oscillator is given by

K D m g o
H=—+— = 41
mty 7 4 (41
——
=w?
_P L1 e
=5 + SMme g, (4.2)

where [§,p] =i, G=¢", p = p'.

Next, we wish to solve the eigenstates of the oscillator. To this Math on C

end, we try to rewrite the Hamiltonian in the following form, with Forx,y €R,

AB,CeR: (x+y)(x-y) =x*—¢*

: IR S ST
H = (Ag - iBp) (AG +iBp) + C. (4.3) (x +iy) (x —iy) = x° +y° = |2
With some algebraic manipulation and the help of the CCR, we
find

H = A%§% +iABGp — iBpAG + B*p* + C (4.4)

= A%§* + B*p* +iAB [§, p] +C.
N——
=ih
———
=—HhAB
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Comparing this to Eq. (4.2), we choose

1
A =[=mw?, 4.5)

2

1
B=|—, 4.6
o (4.6)

ho
With these, we may write
72
¢ QL N

H= om + me (4.8)

( \/m—wz+1p\/7) (qﬂm—wz+1p\/T)+1hw
2 2m| 2
¥
B e ) (B e
2h mo 2h 2

—a =a

1
= ho (a*a + -) .
2
Definition 4.2.1 For the one-dimensional quantum harmonic oscilla-

tor, we define
. mo i
NV 2n P

from which is follows that

and

The operator a is referred to as the lowering or annihilation operator
and a' is referred to as the raising or creation operator. Sometimes, a
and @' together are referred to as ladder operators.

Note that @ # @, i.e. @ is not Hermitian, which means that it does
not correspond to an observable. However, the product ata is
Hermitian. Thus it is enough to find its eigenvalues and eigen-
states to solve the quantum-mechanical problem of the harmonic
oscillator.
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Let us calculate the commutator of @ and 4" as

ia =T o s s
@)= 22 g+ Lpg- L] *9)
_mo L s
on | P a)p ma)p’q
i AN A A —_—

N—— Y——
=ih =—ih

Some observations about the quantum harmonic oscillator:

1. (Y|HY) = 0V |y), since

(H) = (Y|hw (a* a+ %) ) (4.10)

how O
= =+ (Ylhod'aly)

= ho (% +laly) ||2) > 0.

Thus all eigenenergies are positive.
2. Let |¢) be an eigenstate of Hs.t. H|Y) = ¢ |y). Then,

Ha|¢>=hw( a'a +1)a|¢> (4.11)
—_— 2

=aat-1
N
= dhw aa+§—1 [1)

a (| - ho) )
= a(e—hw) |Y) = (e — hw)a ly) .

In other words, |¢’) = d@|¢) is also an eigenstate of H, with
energy ¢ — hw. Similarly, we have Ha® [y) = (e + hw)a' ).
Thus, d lowers and &' raises the energy of the state |¢/) by
one quantum of energy %w. This is where their names come
from.

From points 1. and 2., it follows that there exists a state |0) € H
s.t. @|0) = 0. Thus, |0) is referred to as the ground state, i.e., the
state with the lowest possible energy. Let us find the energy of the
oscillator in the state |0):

H|0) = ho (a*a + %) |0) (4.12)

hiw
=—0).
= 10)

Thus the spectrum of His {e,} = {ha) (n + %)}, and the corre-

sponding eigenstates are simply written as {|n)}. That is, Hln) =

4 Lecture 4
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hiw (n + %) |n).

4.3 Symbolic operator differential

Let g and p be a conjugate pair and § be such that it has a continuous
spectrum.

Such a conjugate pair satisfies the commutation relation [§, p] =
ih. Some calculations are simplified if we symbolically define
p = —ihdg, where 9; means we take symbolically the derivative
w.r.t. §. We will check below that this symbolical differentiation is
consistent with the commutation relation.

For example, V |/) € H

%0f (@ 19y = (£ (@) + f(9)q) V), (4.13)

where f is a continuously differentiable function and f” denotes
its derivative.

Let us check the above claim that [§, p] = i when p = —ihd;:

[§.5] = ap - Pq (4.14)
= q (~ihog) — (~1h9g) ¢
—ih§og + ihdzq
—ih§dg + ih (959) +ihgdg
-
=/

= ih.

4.4 Solving the ground state in the position
representation

Using the fact that @ |0) = 0 and the above definition of the symbolic
differential, we have

0 = (x’|alo) (4.15)

— (x| ”21—2’ (f+$(—iha,g)) (/df |3?)(3?|) 10)

=a =i

_ /% / dz (/| (x+%a) Yo%)

8(Z=x") =(%|0)

4 Lecture 4
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= (x + iax) Yo(x) =0 (4.16)
mo

x>mew?

2% ) ’

= Yo(x) = Cexp (— (4.17)

1/4 . .. ..
) / is a normalization coefficient.

where C = (22
We may further derive the wave function of the first excited state
from y(x) = (x|1) = C{(x|a" |0) where we do not even need to
solve a differential equation since we know ¢p(x) and we may
simply multiply it and take the first derivative. Similarly, we may
proceed to derive the wave function of any state |n). However, we
do not do this here, but come back to the harmonic oscillator on
the second half of the course where we study the wave functions
of the excited states further.

4.5 Uncertainty relations
Definition 4.5.1 The Heisenberg uncertainty relation is defined as

AgAp > (4.18)

NSt

where AA? = (A?) — (A)? and [§, p| = ifi since § and p are a canonical
conjugate pair' .

Definition 4.5.2 The Robertson uncertainty relation is defined as

AAAB > %|<[A, By, (4.19)

A

where A, B € L(H) may be unbounded, A = A%, B = B, and
() =l 1y).

Let us prove the above relations. To this end, we define [f) =
(A= (A)) ly) and |g) = (B~ (B)) [¢/). Then,

A% = (Y1 (A - (D) 1) (4.20)
= (Wl (A—(AI) (A- (DI ly)
Ze

(A=A )’
= (fIf) = IO,

and similarly,

AB* = (glg) = |lIg)II*. (4.21)

4 Lecture 4

1: Warning: does not strictly speaking
apply if an operator is not bounded

Math on norm of C

Forz € C,
|z]? = (Re 2)? + (Im 2)?

x\2
> (Im 2)% = (%)
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Then, the Cauchy-Schwarz inequality implies

<Ll < WA g (4.22)
= AA’AB* > | (flg) I? (4.23)
~——
eC

= [l (A= D) (B B)Y) )
W1 A A BB Iy) — 1 (B~ B (A— A In)[°
B 4
_ WA - LB - BN
4

_ KA
B 4




Lecture 5 5

5.1 Intended learning outcomes

» Apply the operator exponential to symbolically solve the
Schrodinger equation

» Differentiate between a qubit and a general quantum system

» Represent a qubit state on the Bloch sphere

5.2 Unitary temporal evolution

Let |¢/(t)) € H and H € L(H) be the Hamiltonian of a system. Let
|¥(t =0)) = |¢(0)) be the initial state of the system, the state at
t = 0. As discussed before, the temporal evolution is then given by
the Schrodinger equation:

iho, 1y(1)) = Hy (1)) (5.1)

= aly(D) = Y0

Note that we have assumed that H is independent of time.

Definition 5.2.1 For A € L(H), let

An
iy (5.2)
n!

0}
>
.
Nk

1l
(=)

n

Note that in general efeB # eMB The equality holds if A and B

commute. ! 1: The general expression for C in
eteP = eC is given by the Baker—
With this definition, Campbell-Hausdorff formula.
o A
A A"
6teAt =0 Z " (53)
n=0 n
i Arpgn1
- |
n=1 n
o [ An-1
< (A"
=A Z =11 Math on a diff.eq.
n=1
e ()"
=4y 0cf(x) = Af (x) = f(x) = Ae™
n!



The temporal evolution can then be written as

Y (1)) = e/ [y (0)) (5.4)
= U(1) |y(0)),

where U(t) = exp (~iHt/h) is the time-evolution operator, or some-
times referred to as the propagator of the system.

Recalling that A" = H, we observe that

o) = (e—if“/h)T (5.5)
_ eim/h
=U(-1),

from which it follows that

U0 ) 1g(0)) = U() [y (1)) (5.6)
=U(-0) 1y (1)
=1y(0)),

or in other words, UTU =1, or U" = U~!. Such an operator A that
satisfies ATA = [ is said to be unitary.

Let {|,)} € H be an eigenbasis of the Hamiltonian H, i.e., H [¢/,) =
An [Yn), where {An};’l"zo € R. We can expand the initial state in this
basis as [(0)) = X7 ¢n [Yn), where ¢, = (Yu|¢) € C, and thus
write the state at time ¢ as

Y(1)) = e/ |y(0)) (5.7)
& (<iHt/m)" ) [
-5 5 (S eme)
_Z(Zcm(_lH’j/h) |¢m>)
m=0 \n=0
= > e e 1Y)
m=0

o
— Z Cme—l/lmt/h |¢m> )
m=0

5 Lecture 5
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5.3 Case of temporally dependent

Hamiltonian

5 Lecture 5

Let now the Hamiltonian H = H(t) be time-dependent. The

Schrodinger equation still holds:

iha, [y (t))y = H(t) |y (1)),

and the evolution is unitary. Thus U} € L(H) s.t.

U@ ) =1y@®),  Vig®)eH

= i, (U(1) [§(0))) = H(t) (U(2) [$(0)))
= ih9,U(t) = H()U(1).

This is equivalent to the Schrodinger equation.

Exercise

(5.8)

(5.9)
(5.10)
(5.11)

Build U (¢) for H(¢).

5.4 Properties of unitary operators

For any two unitary operators U and U, we have
(0102)" = 00] = 007" = (0103
That is, U1 U, is also unitary.
Let |¢/),]¢) € Hand U' = U! € L(H). We define
Y)=Uly) and [¢")=01l¢),

for which we have

(Wlg) = (lIg) = WIUTUIg)
= yI0"Ulg) = (U 1y). U 19))
=({'1¢") .

Unitary operators can be considered as rotations.>

5.5 Qubit

(5.12)

(5.13)

(5.14)

2: sometimes reflections as well

A qubit can refer either to a physical system or to a mathematical

construction. In either case, it is modeled by a a two-level quantum

system as follows:
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LetH, = span{|(~)) ,|1)}, where (0|0) = 1 = (1|1).

H, fully describes all possible states of the qubit where

) Il =1. (5.15)

and

lY) € Hy

Thus the qubit Hamiltonian ﬁq hasjust two eigenvalues ¢; < &, € R
and the corresponding eigenvectors are |g) and |e), respectively.®

Thus,
Hy = &1 |8)(g] + &2 le) (el (5.16)
= £ (Il +leyel) + 2 gy g+ D ey
= 2 (~18)(g1 + le)(el) + T2
—_—

We can disregard this since it just equally changes the phase of all [i/) € H>

where ¢ = &5 — €.
Thus Hy = -5 (Ig)(g] - le)el).
We can define the qubit states |0) := |g) and |1) := |e).

Thus,
. €
Hg=-56,  6,=10){01 - [1){1] (5.17)
272 0 ,
0 +3
The temporal evolution is given by
() =e M), [PO) =cl0)+erll)  (518)

=27y (0))

=el7t/¢) |0) + €712 cy 1) .

5.6 How to set up a qubit from a physical
system

Very few physical systems are qubits. However, it is possible to take
some physical systems and confine the dynamics to a subspace
of two states. For example, a spin is a natural two-level system,
but confined (for example in atoms). Another example is a non-
linear system where ¢y < &1 < &--- are eigenvalues of H st
e1 — & # & — €1. See Fig. 5.1.
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3: Ground and excited

JJ /

N—

le)
o

g

7

hw
w
/

Energy  fu,,

Comp.
subspace
_—
<
&
=

q

0

- -m/2 0 /2 T
Superconducting phase ¢
Figure 5.1: Non-linear harmonic os-
cillator with a Josephson junction (J]).
Notice that the gap fiwg1 # hwyy, ie.,
the energy states are non-equidistant.
Figure from Ref. [1].



5.7 Pauli operators

Definition 5.7.1 The Pauli operators are
6: = 10){0] - |1)(1] (5.19)

6x = |0)(1[+[1)(0] (5.20)

(5.21)

&y = —1]|0)(1[ +1[1)(0]

Properties
The Pauli operators have a number of interesting properties:
AOZC =] Va € {x,y,z} (5.22)
61 = 64 Ya (5.23)
[606/1= D 2ibkesj, Vi, j € {xy.2}, (5.24)
ke{xy.z}
where
+1 if (i, j,k) e {(xy,2),(z.xy), (V.2 X)},
gjk =9 -1 if (i,j,k) € {(v,x2),(2,y,%), (X, 2 y)}, (5.25)
0 otherwise,
is the Levi-Civita symbol.
Definition 5.7.2
6~ =10)(1] (5.26)
(5.27)

6" = (67)" =11)(0].

30
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Exercise
Show that

Qb

ipa- =1

e(p

Qy
av
I
2
*

where @ € R, ||d|| = 1 and

5.8 Bloch sphere

Definition 5.8.1 A qubit state can always be expressed as
0 ; 0
|y = cos 5 |0) + €'? sin 5 1),

where ¢ is the azimuthal angle and 0 is the polar angle.

N 10y + 1)
y

(5.28)

Figure 5.2: Bloch sphere representa-

tion [2].



Note that since a global phase of the state e!* does not affect any
measurement outcome, i.e.,

WIAlY) = (YlAe e ) = (Yle " Ae|y) = (Y| Ae™|y),
(5.29)

we can always choose ¢y € Rin |¢/) = ¢ |0) +¢1 |1).

Thus, for each state there are unique 6 € [0,7) and ¢ € [0,27)
which correspond to a point on a unit sphere as shown in Fig. 5.2.

Exercise

Show that U(t) are rotations of the Bloch vectors.

5 Lecture 5
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Lecture 6

Last lecture from Mikko.

6.1 Intended learning outcomes

» Apply tensor product to construct a quantum register of N
qubits

» Identify the constituents of a quantum algorithm

» Apply the commutator to identify conserved quantities

6.2 Tunable Hamiltonian for quantum gates

Let span {|0), |1)} = H, and assume that control over the Hamilto-
nian s.t. B = ¢yd(t) - o, where @ € R3, ||@|| = 1, and ¢ € R has units
of energy.

Thus any unitary evolution! U = [cos6 + ib - Gsinf can be
implemented, for example, by a control sequence

0, t<0
a(t)y=13 b, 0<t<0he . (6.1)
0, Ohijey < t

There are many other ways of course. Note that there is also a way
to use

N &£
H=-26, (6.2)

and apply a field ﬁex(t) = %[& sin (wt + ¢), where w = 7. That will
result in so-called Rabi oscillations to be discussed later.

6.3 Single-qubit gates: examples

1
» The NOT gate corresponds to 6y = [0)(1] + |1)(0] = [(1) O]'

A . 1 1
» Hadamard gate corresponds to H, = % (6x+62) = \sz [ ]

1 -1
10}

» Phase flip corresponds to 6, = [0)(0] — [1)(1] = [0 -1|

1: An unitary operation on a qubit is
referred to as a single-qubit gate



Exercise

Find a(t) implementing;:

6.4 Qubit measurement

Let |y) € H, be a qubit state. Thus we may write |¢/) = ¢y [0) +
¢1|1), where ¢cg, ¢1 € Cs.t. |¢g|? + |c1]? = 1. Thus the measurement
probabilities are given by

Py = [O)1* = leol? (6.3)
Pr= (U)P = lerl* = 1 = |eol® 4

After applying a quantum gate U on |/) the probabilities are given
by

Py = [OI01)[" = w10T10)¢010 1) =[O, (6.5)

where |0) = UT|0). Similarly for P; = |(1|U|1ﬁ>|2 = |(i|¢>|2.

6.5 2-qubit system

The Hilbert space H = '7{2(1> ® 7{2(2) of a system composed of two
qubits is 4-dimensional. The symbol ® denotes the tensor product
of Hilbert spaces or vectors. Single-qubit operators are of the form
A1 @ and [ ® Ay, where A1 € L(H.") and 4, € L(H?).

LetA®B = C € L(H,) and DQE = F € L(H,). From the properties
of the tensor product, it follows that

A A A A

CF= (Ao B) (D®E) = (AD) o (BE). (6.6)

Definition 6.5.1 We construct the basis for the two-qubit Hilbert
space Hy as

00) := |0} ® |0) (6.7)
01) := |0} ® |1) (6.8)
110) = |1) ® |0) (6.9)
111) = 1) ® |1), (6.10)

6 Lecture 6

On the tensor product

The tensor product (or Kronecker
product) is a bilinear composition
of the two vector spaces (with min-
imal constraints).
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where {|0), |1)} is an orthonormal basis for 7{2(1) and 7{2(2), respec-
tively.

Thus for |{) € Hy, we may write

3
) = > e lk) (6.11)

k=0
= ¢000) + ¢ |01) + c2|10) + ¢3 |11)
=col0) +e1|1) +2[2) +¢3(3)

where |k) := |kik,), where kik; is a binary representation of k.

Additionally, for C = A® B € L(Hj), we have

3 3
Clyy=C ) alky= > allk (6.12)
k=0

6.6 Examples of two-qubit gates

Controlled NOT (CNOT) gate where qubit 1 is the control qubit
and qubit 2 is the target qubit corresponds to

Gl = 10)(0] ® T+ [1)(1] ® 6 (6.13)
1000
o100 [1 o0
1o 0 0 1_[0 ax]'
0010

Exercise

» Construct the above matrix representations
» Express CNOT that has qubit 1 as the target qubit

6.7 n-qubit system

For a system with n qubits, we usually define N := 2" = dim {H,~},
and we have the following properties:

6 Lecture 6
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> Hon=H @H - 0 H”
> ) = ZiiBlCHk) =¢9]|00---0)+¢1|0---01) +---, where
n zeroes n—1 zeroes

again |k) means |kik; . ..k,), where kik; ... kj, is k written in
binary

> [®--®IQARI®---®lisa single-qubit operator for qubit m.
L ] L ]

m—1 n-m

6.8 Quantum algorithms for n qubits

In general, a quantum algorithm is a procedure consisting of the
following steps:

Initialize qubits to |0).2
Apply a desired n-qubit gate U.?
Measure qubits.*

L

Use measurement data and go to 1, unless algorithm fin-
ished.

Exercise

Deustch algorithm

6.9 Entanglement for two qubits

Definition 6.9.1 A quantum state of two qubits is defined to be
entangled iff it cannot be represented as a product of two single-qubit
states.

Thus V |¢) € H, that are not entangled 3 [¢) € ‘H2(1) and ) €
HP st
L7 st

V) = 1) ® [2) (6.14)
Examples of so-called maximally entangled states are Bell states
[9%) = == (100) = 11)) (615
N + .
1
[Py = — (]01) + [10)) (6.16)
V2

6.10 Commuting operators

Let A, B € £(H) be Hermitian operators with [A, B] = 0. In this
case, it can be shown that there exists a complete eigenbasis of A
that is also an eigenbasis of B.

6 Lecture 6

2: Not necessarily all qubits

3: Can be constructed from single
and two-qubit gates

4: Not necessarily all qubits

5: In the simplest case one goes only
once through 1. — 4. and initializes

and measures all qubits in 1. and 3.,

respectively.
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Especially if [A,A(t)] =0, Vt, the eigenvalues of A are referred to
as conserved quantities since we have
Aly(t)) = AU 1¥(0)) = U()A1y(0)) (6.17)
=AU [9(0)) = A1y (1)),

where we have assumed that A [/(0)) = 1 |/(0)), i.e., we start from
an eigenstate of A.

6 Lecture 6
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Lecture 7

This lecture presents a more detailed treatment of the quantum
harmonic oscillator introduced in Lecture 4. In particular, we
discuss the nature of the actual real-space wave functions and
their physical meaning. It is useful to contrast a QHO to a qubit —
QHO has an infinite number of states, separated by the same level
spacing of 7iw, while a qubit has only two states. Thus, a qubit is in
some sense the most "anharmonic" quantum system possible. You
can think of making a qubit from a QHO by pushing all the levels
beyond the first excited state so high in energy that they cannot be
occupied in practice.

7.1 Intended learning outcomes

» Deepen knowledge on harmonic oscillators and their appli-
cations

» Learn how to apply and manipulate the raising and lowering
operators with number states

» Understand the nature of the eigenfunctions in real space

7.2 Classical Harmonic Oscillators

Harmonic oscillators appear in many applications in classical and
quantum physics (photons, lattice vibrations i.e. phonons, etc.).
They have turned out to be most important for describing open
quantum systems interacting with a large environment (called the
"heat bath"), which is often modeled by a set of quantum harmonic
oscillators (QHOs).

For mutually interacting atoms in a classical solid lattice we can
write the general (classical) Hamiltonian as

N =
p; R N
H= 21 _2rln +V(r, 7, TN), (7.1)
i=

where p; and 7; are the momentum and position of atom i, respec-
tively, m is the mass of a atom (same for all atoms), and V is a
potential function describing the interaction between the atoms.

For small displacements u; = 7; — 13,- around the fixed equilibrium
positions R;, the interaction potential can be expanded in Taylor




: ﬁi : 5 |
Atoms at rest 6/ e 6 6 6
Longitudinal ~<
vibrations ?ui 66 : 6 6

T
Transverse 5 é 6
vibrations 6‘ ......... i 6 N S 6
series as
v/ 1 PVH
Va1 Z a_xl Uy + E Z muxikuxﬂ, (72)
i,j i,j k1l
=0

which is called the Harmonic Approximation. Note that the first term
on the Lh.s. of the equation is force that has to vanish in equilibrium
(mechanical balance). The classical pendulum of Section 3.6 is an
example of this expansion (cf. Eq. (3.16)). By diagonalizing (in
normal coordinates) the classical harmonic Hamiltonian can be
written as

3N pg 1
H(q1, "+ ,qn,p1,-** ,PN) = Z ; + Emwzqf, (7.3)
i=1

for identical but distinguishable particles in 3D space.

The equations of motion can be obtained from the standard Hamil-
ton equations as

oH

= —— 7.4

P 20 (7.4)
oH

= — 7.

q o (7.5)

The equations of motion are linear and can be easily solved (1D
homework problem).

7.3 Quantum Harmonic Oscillators

Consider a single 1D Quantum Harmonic Oscillator (QHO) whose
Hamiltonian is given by (see Section 4.2)

n2

g P L e
H—2m+2ma> q-, (7.6)

7 Lecture7

Figure 7.1: Atoms vibrating around
the equilibrium lattice positions R;in
a 1D lattice.
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which we have obtained by simple quantization from the classical
Hamiltonian as x — ¢, p — p where

[4.] = . 7.7)

Next it is useful to define dimensionless operators as

0=4/—¢ (7.8)
. 1
P = \—7, 7.9
\ P 7.9)
which now satisfy [0, P] =1i. This gives us the Hamiltonian
r_ 1 A2, A2
A = 5o (P +0 ) . (7.10)

The next trick is to introduce two new operators that are Hermitian
conjugates as

3 4
a= 2P (7.11)
V2
. O-iP
it = 2P (7.12)
V2
that now satisfy
[4,4"] = 1. (7.13)
The 1D QHO Hamiltonian can now be written as
A= ne (aaT + a*a) (7.14)
2
1 1
=T aa' -3 = hw aa+§ . (7.15)

Note that no matter how you write this, it has to be Hermitian
(make sure you understand why). The importance of this form is
that it allows us to obtain a fully algebraic solution for the QHO
without having to explicitly solve for the Schrodinger equation. In
this section we will next generalize and extend the treatment in
Section 4 of the lecture notes.

The formal (eigen)solution is given by
AT A 1 1
ho |a a+§ |n) =ha)(n+§) |n), (7.16)

where n is the eigenvalue of the operator d'@ corresponding to

7 Lecture7
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eigenstate |n) of the following number operator:

N =a'a. (7.17)

>

The number operator satisfies (homework)
[N, 4] = -a, [N,a'] =a. (7.18)

Let us assume that N has a complete set of orthogonal eigenvectors,
ie., N|n)=n|n) (why does this have to be true?). Then it follows
that

Nalny=a(N-1)|ny = (n—1) aln). (7.19)

Similarly
Na'|ny =a" (N+1)|n) = (n+1)a'|n). (7.20)

It was shown in Chapter 4 that the eigenvalues must be non-
negative and the spectrum is bounded from below by the ground
state for which n = 0.

The two equations above imply that d|n) o |n — 1) and a'|n) o
[n+1). The corresponding proportionality coefficient for the raising
operator can be computed from the squared norm of d'|n) as

({n| a) (cﬂn)) = <n|(1\7+ 1)|n) =(n+1) {(n|n), (7.21)
and thus the amplitude is Vn + 1, which gives
a'lny =Vn+1|n+1). (7.22)
Similarly, we can compute that

aln) =vVnln—-1). (7.23)

Thus any eigenstate |n) can be written as (prove, e.g., by induc-
tion)

In) = (n!)~? (a*)" 10). (7.24)

Another important result is that the elements of the matrix repre-
sentation of 4" and @ have a simple form:

<n,|dT|n> =Vn+1 5n’,n+1; (725)
<n,|d|n> = \/ﬁén’,n—l, (7.26)

where §; ; is the Kronecker delta according to Eq. (2.1). Finally, we

7 Lecture7
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7 Lecture7 43

can read off the eigenvalues of the Hamiltonian trivially as
. 1
H|n) == E, |n) = ho (n + 5) |n). (7.27)

in accordance with the results of Section 4.2.

7.4 Quantum harmonic oscillator in the
position basis

The algebraic solution discussed above is mathematically very
elegant and convenient: it is simple to manipulate and has a simple
solution. However, it is somewhat difficult to grasp how it is
physically related to the harmonic oscillator. Here we introduce
another way of solving for the eigenfunctions and -values of the
QHO, based on writing the Schrédinger equation in its natural
coordinate basis. We define the wave function as y(x) = (x|¢).
This is a coordinate representation by using the basis set {|x)}
of the position operator . Consequently, the time-independent
Schrodinger (energy-eigenvalue) equation Hy = Ey for a single
QHO becomes

K2 d?

ma)2
o 32V ) + () = By (), (7.28)

To simplify the equation, it is useful to define

mw 2E
q= = % A= = Y(x)=u (\/mw/hx) =u(q), (7.29)
1)
which gives (check)
dZU 2
d__q2 + (/1 — q) u=20. (730)

This is an inhomogeneous but linear differential equation which
can be solved in multiple ways. The easiest is to write u(q) as

u(q) = H(gq)e 772, (7.31)

where the functions (polynomials) H(q) satisfy the differential
equation

H” —2qH' + (A-1)H =0. (7.32)

The solutions of Eq. (7.32) are polynomial Hermite functions of
order n that can be explicitly constructed by assuming that the
Hermite functions have a (polynomial) power law expansion, which
is then inserted in Eq. (7.32). Matching terms with equal powers in



the expansion inserted in Eq. (7.32) requires that A = 2n + 1 with n
being an integer, which gives

1
E, =fw (n + 5) . (7.33)
The Hermite polynomials can be generated through
Ho(y) = (=1)"e¥’ d” v (7.34)
n(y) = s .

The complete, normalized eigenfunctions of the QHO are given
by

o

m2"n!

Yn(x) = ( )Hn<ax>e-“2x2/2, (7.35)

where a = \/mw/h. The eigenfunctions are shown in Fig.7.2. Fig.7.3
further demonstrates the potential energy and the probability
density for finding the particle at a given point. In the figures,
E=qg=ax.

-3 -2

The importance of the Hermite functions is that they form a complete,

7 Lecture7

Figure 7.2: Eigenfunctions of the
QHO, from Eq. (7.35).

(@ .
— 6 77[(0
=5 %hm
=4 ;m
v= %hzo
v= S 3o
v= 2ha
v = %hm

4 ) 2 4

Figure 7.3: Probability (density) of
finding a particle in a quadratic po-
tential well at any given point.

44



orthogonal set of polynomial eigenfunctions in the Hilbert space, where
the weighted inner product is defined by

/ an(g)Hk(g)e—fzdg =0, forn#k. (7.36)

The actual (true) inner product between the full wave functions
that form a complete orthonormal set is given by (cf. Lecture 1)

W ) = f " g () () = 7.37)

where in its full form

Un(x) = 273 (n1) (’;_;“)‘1‘ exp (—m;);Z)Hn (1 /%;c) . (7.38)

7 Lecture7
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Lecture 8

This lecture deals with a quantum particle (wave) in various
external potentials, including cases where the particle is either
trapped or it can propagate and scatter in real space. Such systems
are naturally treated in position basis by explicitly solving for
the corresponding Schrédinger equation with proper boundary
conditions. We start by revisiting the case of a free particle and
highlighting the choice of different basis (position or momentum
here), and then discuss the influence of external potentials. Of
particular interest are the differences between pointlike classical
particles and quantum ones (waves) in external potentials.

8.1 Intended learning outcomes

» Explain details of plane waves (particles propagating in free
space) in different representations

» Understand the superposition principle for time dependence
of the states

» Learn to solve the Schrédinger equation in simple potential
landscapes and understand their influence on the eigenstates,
including scattering

8.2 Free Particles and Plane Waves

Consider a free particle that does not experience any external
potential (forces) in space. In such a case we can use the symbolic
state representation as long as we are not interested in the details of
the particle position or momentum. We first (re)define the position
and momentum (right) eigenvectors as

Xlx) =xlx);  plp) = plp). (8.1)
and correspondingly the left eigenvectors
(xlg = (xlx;  (plp" = (plp. (8.2)

The left and right eigenvectors are orthonormal:

(x'|x) = 6(x" = x); @'lp) =5(p" - p), (8-3)




and they form complete orthonormal sets that can be inserted
between any states when necessary:

[awei=1 [ dolpxpl=1 (8.4)

Now we can define the momentum operator in the position basis as
(not derived here)

d
(x'|plx)y = —ih 6(x" — x)—. (8.5)
dx
The importance of this formula is that this is exactly where the

mathematical form of the momentum operator p comes from in the
(energy-eigenvalue) SE when it’s written in the position basis.

Furthermore, we can define the position operator in the momentum
basis as

d
p'I%lp) = —in(p’ - p)@ (8.6)

Now we can solve for the momentum eigenstate in the position basis
Yp(x) = (x|p) from the DE

d
(x|plpy = —iha<xlp> = p(x|p). (8.7)

This equation comes about from the fact that

d
Glplp) = [ @ lplnp) = [ dx = inatx - x) 5 )

(8.8)
. d
= —1hd—(x|p> (89)
x
Thus we have the differential equation
—in- (xlp) = pllp) (5.10)
o x|p) = p{x|p). .

The solution to this DE is called a (simple) plane wave

[1 .
(x|p) = Eemx/h- (8.11)

The corresponding momentum eigenstate in the momentum basis is
p(p") = plp) = 5(p — p).- (812)

The normalized position eigenstate in the momentum basis can be

8 Lecture 8
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obtained from

(pl) = (xlp)" = [ e P (8.13)

and the normalized position eigenstate in the position basis is (of
course)

Yx(x) = (x'|x) = 8(x — x"). (8.14)

Note that these results can also be derived from the free-particle sta-
tionary Schrodinger equation. For a free particle, the Hamiltonian
operator is H = $%/(2m) (which is the same as the Hamiltonian
of the quantum harmonic oscillator with zero potential). In the
position basis, the stationary Schrodinger equation then reads

Ay =Ely); (8.15)
n? d*y(x)
= -5 =By, (8.16)

The above position-basis results are the solution of this differential
equation.

Time Dependence of Plane Waves

Let us next look at the time dependence of the plane waves
in the position basis. The time-dependent Schrodinger equation
in9,¥ = HY for a free particle is

o¥(x,t) _ H* d¥(x1)

ih pw T (8.17)
We look for separable solutions of the form
¥(x, 1) = f(D)Y(x). (8.18)
This gives
i of (t 1 wd
i of(n) ___1 1 d¥ 819
f@) ot Y(x)2m  dx?
Both sides must be constant (why?) and thus
f() =eE, (8.20)

where we have already adopted the notation E for the constant
because it has to have units of energy (to make the argument in the
exponential function dimensionless). Using the plane wave from
Eq. (8.11), the time evolution of a plane wave in the position basis

8 Lecture 8
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is thus given by

. 1 . .
¥(x, t) = e E/ M (x|p) = | /ﬁe_‘Et/helpx/h, (8.21)
JT.

where the energy dispersion relation for plane wavesis E = p?/(2m).
These are called stationary states because

3 |¥(x,1)]* = 0. (8.22)

For a general state that is a superposition of plane waves with
coefficients cg for each wave with energy E at time t = 0,

W(x,0) = ) cpe'* (8.23)
E

the general solution of the time-dependent wave equation is sim-
ply

¥(x,t) = Z cpe iEt/hgipx/h (8.24)
E

An important generalization of this is that if we use the complete-
ness of the energy eigenfunctions /x(x) to expand in terms of them,
then in general it holds that for a state

W(x,0) = > cri(x) (8.25)

E

the time dependence is given by

¥(x,t) = Z cpe My (). (8.26)

E

Equivalently, for a continuous energy spectrum, where the coeffi-
cients cg are now a continuous function c(E) of energy,

¥(x,0) = / c(E)YE(x)dE, (8.27)
the time evolution is given by
¥ (x,t) = / c(E)yp(x)e EY/GE. (8.28)

These results are equivalent to Eq. (5.7) expressed in the position
basis.

Particle in a Periodic Box

There is a mathematical subtlety associated with plane waves
because they live in an infinite domain and are not normalizable

8 Lecture 8
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(why is this the case?). A simple solution to this is to consider a
free particle that traverses a box of finite (linear) size L, but no
external V(x) (periodic boundary conditions) s.t. ¢, (x) = ¢, (x+L).
The solution is that of a free particle, but now the momentum is
quantized and can be written in terms of the wave number k, as

3 2hnn
L

Pn = hky , nez. (8.29)

The completeness relations now read as

L (o)
[ adowi=1 ) el =1, (8:30)
The wavevector eigenstate in the position basis is then simply

Yr(x) = (xlk) = (klx)t = \iieikx. (8.31)

8.3 Particles in External Potentials

Infinite Potential Well

The simplest case is that of a particle confined between two infinite
walls as in Fig. 8.1, where

0, if0<x<aq
V(x) = (8.32)
oo, otherwise.

Since there is no potential in the well, the solution of the energy-
eigenvalue (static) SE there is that of a free particle:

Y(x) = Ky (x); k= ——. (8.33)

This is a classical harmonic oscillator, whose solutions are simple
sine and cosine waves

¥(x) = Asinkx + B cos kx. (8.34)

Because the potential is infinite outside of the well, the wave func-
tion must be zero there. Symmetry requires that /(0) = ¢/(a) and
thus B = 0, and because the function must be zero at boundaries

¥(x) = Asinkx; ka=0,+m, £27, -, (8.35)

8 Lecture 8
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Figure 8.1: Infinite potential well.
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i.e., k, = nm/a for n € Z which means that the energy is quantized

as
h2k>
E,=—". (8.36)
2m
Normalization of the wave function gives
2
A=4/5, (8.37)
a
resulting in
2 . nmx
Y(x) =4/ —sin —, nez. (8.38)
a a

Eq. (8.38) is plotted for the first three values of n in Fig. 8.2.

The stationary states of the time-dependent SE can be obtained
from the superposition principle in the energy basis:

2 .
W, (x, 1) = \ﬁ sin /X g=iEnt/ (8.39)
a a

Then the most general solution to the time-dependent SE can be
written as

EHEDY cn\/; sin ?e—ﬂn”h, (8.40)
n=0

where the expansion coefficients, c,, depend on the initial state
¥(x,0).

Square-Well Potential

Another simple but less trivial example is that of a particle in a
square-well potential (Fig. 8.3):
oo, if —c0o<x<0;
V(x)=1-Vp, if0<x<aq, (8.41)

0, ifa <x < 0.

It turns out that there are now two types of solutions: bound states
whose energy is below zero level of the potential and unbound
(free) states.

First we note that for x < 0, /(x) = 0 as in the previous subsection
because the potential is infinitely strong on the Lh.s. For bound
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(a)

Y1 (x)

(b)

Y2 (x)4

(c)

P3(x)4

V a X
Figure 8.2: Wave function Eq. (8.38)

for the modes (a) n =1, (b) n = 2. (c)
n=23.




V(x) = +oo |
V(ix)=0
==
V(X) = _VO
x=20 XxX=a
states, 0 < x < q,
K2 k2
P (x) = —K2y(x);  E= —2-W, (8.42)
2m

whose (continuous) solution is {/(x) = Csin kox. This is formally
the same as in the infinite-well case, but now the momentum (wave
vector) is modified by the potential.

In the third region, x > g, the free- particle solution applies (but
with negative energy):

Y(x) = kY(x); K= - (8.43)

Now the general solution is 1/(x) = Ae™* + Bek*, where B = 0
(why?).

The continuity of /(a) and /' (a) requires that
ko cot koa = —k>. (8.44)

Because both variables depend on the energy, they have to satisfy

K +kj = . (8.45)

For solutions (bound states) to exist, these two equations have to
match, see Fig. 8.4.

For the unbound states, the wave function is again zero for x < 0.

For 0 < x < a, the bound state equation turns into

h
P (x) = —Ky(x);  E=—2-W, (8.46)
2m

8 Lecture 8

Figure 8.3: Square-well potential.
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ko cot koa =—k

(0/2)y

0 05 1 15 2 25 3
ko(m/a)

with the solution i/(x) = Csin kox. In the last region, a < x < oo,

nk?
Y (x) = -k*x; E=—2, (8.47)
2m
and we need to include the phase shift
Y¥(x) = Dsin (kx +9) . (8.48)
The continuity condition at a now gives
ko cotkga = k cotka + §. (8.49)

Unlike for the bound states, there is a smooth eigenfunction for
any energy value as

0, if —co<x<0;
¥(x) = {Csinkox, if0<x<a (8.50)

Dsin (kx +9), ifa<x < oo,

By defining

(8.51)

8 Lecture 8

Figure 8.4: Allowed parameters for
bound states.
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we can write the solutions in the form

wave traveling back and forth inside the well

—_——
() Ageikox g etikox if0<x<a
X)) =
—ikx 2id +ikx :
Ae - Ae e ifa < x < oo.
~—— ——

incoming wave  outgoing wave with phase difference 25

(8.52)

See Fig. 8.5 with an example of a typical eigenfunction correspond-
ing to an unbound state, with a phase shift and amplitude change
due to the external potential.

3 An unbound state .

_ o R

Eigenfunction

0 0,5 1 L5 2 2,5 3 Figure 8.5: Example eigenfunction of
Position the unbound state. The position is in
units of a.



Lecture 9

This lecture deepens the physical phenomena associated with
quantum particle motion in external potentials. A quantum particle
teels the influence of an external potential in a fundamentally
different way from that of a classical particle. In particular, it can
scatter back from a finite potential barrier such that only part of the
wave propagates across it. The second important quantum property
is that of tunneling — a quantum wave has a finite probability to
penetrate through a finite barrier and reappear beyond it. This
is classically forbidden, but theoretically possible although the
probability becomes infinitesimally small for macroscopic objects
and high barriers (as compared to the particle’s energy).

9.1 Intended learning outcomes

» Understand the basic ideas of quantum scattering and tun-
neling
» Understand Bloch’s theorem

9.2 Finite Potential Step - Scattering and
Tunneling

The first nontrivial case is that of a finite potential barrier, see
Fig. 9.1, where the QM particle can penetrate in and scatter from:

0, if —co<x<0;
V(x)=13Vg if0<x<a; (9.1)

0, ifa<x < +oo.

Flx)=0 Vix)= Vg Hix)=0

Figure 9.1: Finite potential barrier.



To obtain the full time-dependent solution of this problem, we
would need to write the wave function in the form of Eq. (8.28).
However, for now we consider the static (energy-based) solutions
of the SE as in Lecture 8 and focus on the properties of the waves
traveling in this potential.

First, to the left of the barrier

) h2k?
Y00 = Ryp0; E= ©2)
and the wave solution is
YE(x) = Are™ + Age™, (9.3)

where the intensity of the incident wave is |A7|*> and that of the
reflected wave |Ag|?. The incident and reflected directions are deter-
mined by the sign of k. Note that here in the 1D case you don’t see
the signs, but in general the argument is k - 7 which is positive for
forward and negative for backward propagation.

When the energy of the incoming particle is larger than that of the
barrier (classical crossing), we have

212
0 = Ky, E= DV, 04
whose general solution is
Ye(x) = AeFBx 4 A’e7ikBX, (9.5)

For E < Vg, the region is classically forbidden (reflection), but the
SE gives

7 (%) = BYE(x); E= om + Vs, (9.6)
and the general solution becomes a decaying exponential
Ye(x) = Be 7% + B'eP~. 9.7)

Finally, on the r.h.s. of the barrier (equals L.h.s.)

Up(x) = Are™; k= —2;?” (9.8)

Instead of trying to solve for all the different coefficients, the
physically interesting quantities here are the ratios of the reflected
and transmitted intensities

_ |AR|?
|Af|?

_Ar)?

and = .
|Ar|?

(9.9)
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These are called reflection and transmission probabilities, for which
we have

R+T=1. (9.10)

We focus here on a particle whose energy is below the barrier:

Aretkx 4 Ape kX if —c0 < x < 0;
Yp(x) = {Be P + B'e*P*, if0<x<a (9.11)

Agetikx ifa < x < +oo.
Continuity at x = 0 and a gives

Ar+Agr =B+ B’ and ikAI - ikAR = —ﬂB + ﬂB’} (912)
Be P41+ B'e*Pa = Arel*® and - pBeP% + pB'e*Pe = ikArelt?,

(9.13)

from which we can get the amplitudes as a function of B
2ikA; = — (f —ik) B+ (f +ik) B’; (9.14)
Arelka = 2p Be % and B = Be—zﬁaM (9.15)

B—ik p—ik’

In the limit of a wide barrier where e 2/ < 1 we can approximate
that B" < B, i.e., 2ikA; = — (f — ik) B, which gives

ka 4ikﬁe—ﬁaA

Are -———A; 9.16
. G (9.16)
and
16k2 >
T~ —ﬁze-zﬁ“. (9.17)
(B2 +K2)
Using the definitions
2mE \V2m (Vg — E
/] h
this can be written as
16E (Vg — E
T ~ Me—zﬁa‘ (9.19)

2
VB

This is an important result in quantum mechanics, called the
(quantum-mechanical) tunneling probability. Its main message is
that the tunneling probability (rate) below the barrier energy
decays proportional to the exponential of the square root of the
mass times the energy difference between the barrier and the
system energy. This conclusion actually holds more generally and

9 Lecture 9
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can be applied to many different cases with more complicated
barriers.

9.3 Delta-Function Potential Well

The last case we consider here is that of a (non-analytic) delta-
function potential well at x = 0, i.e., the following potential func-
tion:

V(x) = —ad(x), (9.20)

where §(x) is the Dirac delta function

0, ifx+#0; ) o
O(x) = with / d(x)dx =1, (9.21)

oo, ifx =0,

(as previously discussed in Section 3.4), and the scale factor a > 0
is the “strength” or “depth” of the potential well:

/ V(x)dx = —a. (9.22)
This is sketched in Fig. 9.2, although note that it is difficult to draw
a picture that meaningfully distinguishes —§(x) and —ad(x).

With this potential function, the energy-eigenvalue SE in the posi-
tion basis reads

hZ
2m

" (x) — ad(x)y(x) = Ey(x). (9.23)

The delta-function potential well supports both bound (E < 0) and
scattering (E > 0) states. First, consider bound states with x < 0,
where the SE is

2mE
Pr(x) =K PY(x); k= hm (9.24)
This has the decaying solution
Y(x) = Ae™™ + Be™ = Be'*, (9.25)

where A = 0 to ensure that lim,_,_ ¥/(x) = 0.

Correspondingly, in the other half of the plane for positive x, the
solution is

§(x) = Fe ™, (9.26)

From the previous examples we have learned that the wave func-
tions should satisfy the following conditions:

9 Lecture 9

-ad(x)

2

Figure 9.2: An approximation of the
delta-function potential well with
depth a.
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1. ¢ is always continuous
2. (Cil—f is continuous except at points where the potential is
infinite

The first boundary condition is easily satisfied with F = B, see
Fig. 9.3

Be*™, ifx <0;
y(x)=9 . (9.27)
Be™*, ifx > 0.

P(x)
N

,—Ke—rcx

»
——

X

The contradiction here is that the delta-function potential does not
enter the result. To examine this, we must look at the derivative at
x=0:

€ dy
“2m J.. dx —dx+ [ V(x)y(x)dx =E / Y(x)dx.  (9.28)

L.h.s. term gives the jump in the derivative as

dy\ 2m €
A (a) = 57 lin lim [6 V(x)¢¥(x)dx, (9.29)
and due to the delta function
dy 2ma
Al—]=—-——1(0). 9.30
( dx) Sy (0) (9.30)
Here
dy —Bke™*, forx >0, so d‘/’| = —Bk;
—_— = dy (9.31)
dx +Bke™, forx <0, so 3. | = +Bk,
and thus
h2K2 ma?
E=————=——. 9.32
2m 2h2 ( )

Normalization gives

[P ax=as? [ et - BE 1 (ea3)

K

9 Lecture 9

Figure 9.3: Bound state wave function
forE<O0
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Thus the main result is that the delta-function potential can support
one and only one bound state which is given by

— 2
U(x) = _';lw‘e—mlxl/h2 and E= _%, (9.34)
For the scattering states E > 0
2mE
Vi) =Ry k= (9.35)
and the general solution for x < 0 is
Y(x) = Aelt* + Be7ik*, (9.36)
and forx > 0
Y(x) = Felk* 4 Geikx, (9.37)

Continuity requires that F+ G = A+ B and

dy {ik (Fe* — Ge**), forx >0, so ¥| =ik (F-G);

dx ik (Aeikx - Be_ik"), forx <0, so %L =ik (A - B),
(9.38)
which gives the jump
’ . 2ma
AY| =ik (F-G—-A+B) = —h—2¢(0). (9.39)

Because the plane waves are not normalizable in free space, these
equations don't have unique solutions. We have to assume a wave
coming from a given direction, e.g. from left to right, see Fig. 9.4.

Assuming G = 0 gives B and F as a function of A

_ip 1
B—l_iﬁA F—l_iﬁA (9.40)
mo

These can now be used to refine the corresponding reflection and
transmission coefficients R+ T =1

_BF P _IFE 1

TAR T 1+ TIAR 1+ 42

(9.42)

9.4 Scattering Matrix

The results based on specific potentials can be generalized to
incoming and outgoing waves for any potential shape which can

9 Lecture 9

Aeikx Feikx

Be—ikx Ge—ikx

Figure 9.4: Directions for the given
waves.
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be divided into zero and non-zero regions (see Fig. 9.5).

V(x)A
Aetk* Feikx

Bem /\/\ Ge™ikx
N -

Region I Region II Region III

V=0 V(z)#0 V=0

Figure 9.5: An example potential with
zero and non-zero regions.

For the scattering sites E > 0

Y’ (x) = -k*y(x), wherek =

—'2hmE (9.43)

and the general solutions for V' = 0 are as before shown in Egs. (9.36)
and (9.37). The general solution in between (Region II in Fig. 9.5)
has to be of the form (why?)

¥(x) = Cf(x) + Dg(x), (9.44)

where f(x) and g(x) are any two linearly independent particular
solutions of the (static) SE for the given V(x).

There are four boundary conditions that can be used to give B and
F in terms of A and G:

B = S511A + S$12G; (9.45)
F =51A+ 5»G, (946)

It is suggestive to build up a 2 X 2 matrix.

S11 512}
S= , 9.47
[521 S» ©.47)

which is the scattering (S) matrix, for which

e e

For scattering from the left, G = 0:

_ IBP _IFP

- 2. _ 2
- mk;:o = [Sul% Ii= WlGZO = |Sal, (9.49)

Ry
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and from the right, A = 0:
|F|? 2 |BJ* 2
Ry = @Lq:o = S22l T, = @L‘:O = S22|". (9-50)
The existence of possible bound states is in diverging components
of the S-matrix (maybe homework).
9.5 Bloch’s theorem
An important special case is that of a periodic potential V(x + a) =
V(x), see Fig. 9.6.
V()
z* zt zt zt
. L4 L4 .
\-\'. / ~ - \ / g - \ 'r-- r
! "'u. ‘III,-" l.ll".l ,"{ .\"1.. _|"
'II |'I l'l, ,|'I ‘\‘ ‘."'1 I'|, ,.'f
a Figure 9.6: Example of a periodic po-

tential.

Theorem 9.5.1 (Bloch’s theorem) Any wave function that is a solu-
tion of the SE in a periodic potential must be of the form.

Y(x) = e ulx)

where u(x) must satisfy u(x + a) = u(x) and the wave vector is
quantized as k = 2”T”for n=0,+1,--- ,J_r% with L = Na.

Bloch’s theorem plays a central role in the theory of periodic crys-
talline materials, where for example the electronic states (electron
wave functions) and phonon eigenstates (crystal vibrational eigen-
functions) must satisfy it. This leads to the concepts of electronic
band structure (and phonon/vibrational bands) that exist in the

Brillouin zone in k-space.



Lecture 10

This lecture deals with the fundamental statistical properties of
quantum particles. In the traditional classification there are two
types of particles, namely bosons and fermions. They differ by
how their corresponding quantum states can be occupied, or
more precisely what the symmetries of the corresponding wave
functions are corresponding to many such particles. Another way
of separating between bosons and fermions is by their spin, which
is embodied in the spin-statistics theorem below. In 2D there also
exist third type of quantum particles called anyons, but they will
not be discussed here.

10.1 Intended learning outcomes

» Understand the difference between bosons and fermions

» Understand how in general to construct many-particle boson
and fermion states

» Understand creation and annihilation operators for bosons
and fermions

10.2 Bosons and Fermions

To make quantum statistics relevant, we need to consider more
than just an isolated single particle. Consider first a two-particle
wave function for identical particles ¥ (x1, xp, t). The probability
for finding particle 1 at dx; and particle 2 at dx; is given by

[ (x1, 2, 1) | dx; doxs. (10.1)
If the particles are identical, they can be interchanged and thus
¥ (x1, %2, 1) [* = | ¥ (2, x1, 1) (10.2)
which means that
¥ (x1, %2, ) = ¥ (22, x1, 1), (10.3)

where the phase factor el® = +1. If we have a Fock space of identical
single-particle wave functions, the symmetric and antisymmetric




(entangled) wave functions can be represented as

WS (x) o P (x1) Y5 (x2) + Y (x2) Y (x1); (10.4)
A (x) oc Y (x1) Y (x2) = Y (x2) Y (1) (10.5)

Qualitatively, particles with antisymmetric (entangled) wave func-
tion avoid each other. We will next explicitly demonstrate this in
the case of a 1D QHO.

Consider two particles in two different single-particle states in a 1D
QHO, first one with n and the other one with n’. The energy is

E=E,+Ey =(n+n"+1)ho. (10.6)

For two distinguishable particles, p and g, the total wave function
can be of unentangled form:

W (xp, xg, £) = P () Y (g) € EntEm I/, (10.7)
WP (xp, Xgs 1) = Y () Y ()@ EntEn I/, (10.8)

or a linear combination as
(D) (xp, Xg, 1) = cl‘I’l(D) (xp, Xg, 1) + cz‘Pz(D) (xp, Xgo 1). (10.9)

This latter wave function (WF) is entangled because it associates
both particles with both single-particle states.

For two identical particles there are two possible WFs as

YO (xp, xg,t) = % [V () U () + Y () Y () | @71 En*En )2/,
(10.10)
(A (xp, xg, 1) = % [V (3p) Y (xq) = Yin (xg) Y (x) | o i(EntEn)t/h
(10.11)

Next, set particles to have identical positions x, = x; = xp. The
unentangled WF for distinguishable particles is

W15 (x0, X0, 1) = Y (x0) Y (0)@ 7 EtEn 111 (10.12)
For two identical particles the symmetrical unentangled WF is

) (0, X0, 1) = V2 (x0) e (xp)e e 111 (10.13)
and the antisymmetrical one

T (x0,x0,1) = 0 (10.14)

The physical reason for these differences is constructive or destructive
interference of the WFs.
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The physical differences become even more clear if we consider
two identical or distinguishable (D) particles occupying 1D QHO
states with n = 0 and n” = 1, using reduced coordinates

XP+Xq

x=xp—-x4 and X = >

(10.15)
The corresponding WFs can be easily constructed (homework) and
the probability density functions (PDF) are plotted in Fig. 10.1 for
the symmetrical (S) and antisymmetrical (A) WFs of two identical
particles and (unentangled) distinguishable particles (D)

(S) Symmetric
1F 1F

08+ Simple product E 081 1
= state (unentangled) =
g 7
5 5
e 2 .
£ 06} £ 06}
S )
< 3
=3 £
[=3 [=]
b B
(=% (=%

0.4 0.4}

0.2 0.2

(A) Antisymmetric
0 1 1 0 1 1
0 1 2 3 0 1 2 3
two-particle separation |x| two-particle separation |x|

Next we will just state the fundamental spin-statistics theorem.
Proving it requires relativistic quantum field theory and will be
presented in advanced quantum mechanics courses.

Theorem 10.2.1 (Spin-statistics theorem) There are two fundamen-
tal classes of particles: fermions with half-integer spin and bosons with
integer spin

» Fermions: quarks and composite particles made of them, and
leptons such as the electron and neutrinos

» Bosons: Often force-mediating particles (photons, gluons, W
and Z bosons, Higgs boson etc.), and composite particles
(mesons)

Before discussing the symmetry of the wave functions, we should
also note that there is a very simple rule for fermions: they cannot
have identical wave functions, i.e., they cannot have the exactly
same set of quantum numbers. For example, if there are two
electrons in the same energy eigenstate they must have opposite

10 Lecture 10

Figure 10.1: Probability density func-
tions for the 1D QHO in the sym-
metrical (S), antisymmetrical (A), and
unentangled (D) cases.
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spin quantum numbers s = i%. Bosons, on the other hand, have
no such limitation which leads to the interesting phenomenon of
Bose condensation in many physical systems with bosons.

10.3 Symmetrized Eigenstates for Bosons

For bosons the total wave function must be symmetric under
the interchange of any degrees of freedom (coordinates) and any
number of them can have the same quantum numbers.

Let us define a permutation operator P;; by

Pijlki k.- kikj - kn) = ki ko -+ ki ki -+ kn). (10.16)

Sum over all the permutations includes all possible combinations
of the k’s

Z Plki,ky, -+ kn) = Zall N! permutations of momenta in |kq, k2, - - -, kn).
P

(10.17)

For example,
D Pt ko ks) = {lkr, ko, ks) + [ka, e, Ka) + [k, ks, ka) - (10.18)
P

+ k3, ko, k1) + |k3, ki, ko) + |k, k3, k1) ).

Since there can be any number of particles with the same k, we must
count all possible combinations of different ways of organizing the
ket:

n; = number of particles with momentum k;; (10.19)
N

N = > n; = total number of particles. (10.20)
i=1

N!
Thus there are exactly P differentketsin ) p Plk1, ko, - - - , kn).

o= Na!
Using orthonormality of the basis functions

<ka, kb, sy kllk;, kl:, ey, kl’> = 5ka,k’a5kb,k;) X X 5](1’](;, (10.21)

we can write the symmetrized, orthonormal N-body momentum
eigenstate as

N!
|k1, kz, cec, kN>(S) = (N—') Zplplkl, kz, ety kN>, (10.22)

a=1 Ne:
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10 Lecture 10

which also form a complete, orthonormal set, with the identity
operator

§(S) =

N
1
N (1_[ na!) ke, ko, - -+ Ny S (ke K, -+ k|9,
" ko kn \a=1
(10.23)

10.4 Symmetrized Eigenstates for Fermions

For fermions the total wave function must be antisymmetric under
the interchange of any degrees of freedom (coordinates) and none
of them can have the same quantum numbers.

Let us again define a permutation operator P;; as in Eq. (10.16).
Likewise, sum over all the permutations includes all possible
combinations of the wave vectors as in Eq. (10.17).

The antisymmetric momentum eigenstates can be written as
1
ko, - k)@ = —= Y (=1)PPlky, - - -, kn), (10.24)
W %

where P is the number of permutations (changes)

For example,

DD Pl ko, ks) = (I, Ko, k) = [k, K, k) = [k, Ks, ko)
14

(10.25)
— |ka, ko, k1) + |k, k1, ko) + ko, k3, k1) }.

An interesting special case is where we approximate the total
N-body wave function with products of single-particle wave func-
tions (r;|k;), in which case the total antisymmetric fermion wave

function (rq, rp, - - - rylk, ko, - - - ,kN)(A) can be written as the Slater
determinant
(rilky)  (rilk2) -+ (rilkn)
1 [{nlk) (rlk) -+ (r2lkn)
(ri,ra, - ralkn ko, - k)W = \/_ﬁ : : : ,
(rnlk)y (rnlka) -+ (rnlkn)
(10.26)

which naturally gives zero for any pair of equal quantum num-
bers. Note that in general this is an approximation of the real
fermionic many-body wave function and it’s most commonly used
in electronic structure calculations.
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10.5 Annihilation and Creation Operators

Consider first the case of fermions (antisymmetric WFs). The
creation operator C,, is defined by the relations

CLI0) = |a) = |¢a); (10.27)

CLIB) = CLCLI0) = |ap) = —|Ba); (10.28)

CilBy) = CLCLCTI0) = lapy), (10.29)
etc.

The Pauli exclusion principle requires that

Clla---)y=0. (10.30)

i
The adjoint operator C, = (C;) defines the annihilation opera-
tor

Cala) = 10); (10.31)
Cq|0) = 0. (10.32)

It is easy to show (homework) that these fermionic operators obey
an anticommutation relation

{ca, c;} = CuCl+ CC = Supl. (10.33)

and the number operator is given by

N =3 CiCe (10.34)
(24

Similarly, for the case of bosons (symmetric WFs) the creation
operator a,, is defined by the relations

ai{lo> = |¢(X> = |0a Os L, Ng = 1: Oa o >; (1035)
aI{lnan, Y (7P > o |n1’n2" R (7 + 1’ o '); (1036)

AT
and the annihilation operator a, = (a['x)

Ao |Pa) = 0); (10.37)
aa|n1an2a”' ana"“> o Inlan:'” ’na_1>"'> (na > 0)/ (1038)
ag|ny,ng, -+ ,ng =0,---) =0. (10.39)
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The number operator is given by

N = > ala, (10.40)
o
and
1
aglni,ng, -+ Ng, - -) = (ng)? |n,ng, -+ ,ng —1,---); (10.41)
al|n1, No,+++ ,Ngy ) = (g + 1)% |ni,no, -+ ,ng+1,--4). (10.42)
(10.43)

These were proven for the QHO already. The bosonic operators
obey a commutation relation

[aa, ag] = aaa}; - azaa = Ogpl. (10.44)
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Lecture 11

In quantum (and even classical) mechanics there are very few
systems that can be exactly analytically solved. If one can justify
that the system under study can be approximated by considering
a simple (solvable) case which has been only slightly perturbed, it
is possible to develop a systematic expansion in terms of the eigen-
functions of that solvable system. This is the basis of perturbation
theory, whose time-independent version is presented here.

11.1 Intended learning outcomes

» Learn how to form an orthonormal basis for any complete
set of eigenfunctions
» Understand the idea behind perturbation theory

The first step in developing perturbation theory is to make sure that
there is a complete, orthonormal set of eigenfunctions available.
To this end, the Gram-Schmidt orthogonalization method may be
needed.

11.2 Perturbation Theory

Gram-Schmidt Orthogonalization

Assume that we have a complete set of linearly independent eigen-
vectors that span a vector space (or Hilbert space), but they are not
orthonormal.

Assume for simplicity that the set is given by

§={lv1), lv2),- -, lon) } (1L1)

and we want to create a new orthogonal set

SJ_ = {|U1>, |UZ>, ) |un>} > (112)

that spans the same space as S. This is called the Gram-Schmidt
process.

Define a projection operator

_ {ulo)
)

P, (v) u). (11.3)

11



The GS process simply comprises repeated orthogonal projections,
subtracting the non-orthogonal parts and finally normalizing, see
Fig. 11.1 as well:

u
lur) = |o1), ler) = lur) ; (11.4)
lla l
. u
luz) = [02) = Py, (v2), le2) = Q; (11.5)
lluzl
5 5 |uz)
luz) = |v3) — Pu, (v3) — Pu, (03), les) = Tl (11.6)
. . . jua)
|u4> = |04> _Pul (04) _Pu2(04) _PM3(04)’ |e4> = ||u4|| (117)
The final orthonormal basis set is simply thus
S = {len). lea). -+ len)). (118)

Time-Independent Perturbation Theory

Assume that we have solved the SE for a given external potential
such that

By = Enin, (11.9)
and the energy eigenfunctions form an orthonormal set

WS = Sum, (11.10)

which can be generated by the Gram-Schmidt process if need be.

If the new problem is exactly solvable, we have

A

Hiy = Enin. (11.11)

If however the perturbation is “small” (see Fig. 11.2), we could try
writing

A=H+1RA", (11.12)
where now 1 < 1, such that we can (formally) expand

Yn = Y0+ AL + A2+ - (11.13)
E,=EX+AEL + N’E2 ..., (11.14)

where the superscripts denote the nth order corrections to the
unperturbed state denoted by 0. This expression is inserted into
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Projy, va
€

Figure 11.1: The first two steps of the
Gram-Schmidt process [1].

V(x)

N |

| a x

Figure 11.2: Small perturbation on
V(x).
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the modified SE to get
HOYD + A (HO + H'yR) + 2% (HOY2 + HYph) + - (1115)
= E0yn + A (Eaya + ELyh) + 22 (ESY2 + Exy + E2y0) + -
(11.16)
To lowest order this gives just the unmodified SE. To first order
H%, + H'Y)) = Epyn + Ey, (11.17)
and to second order

H%p + H'ypy = ESym + Epi + Eny). (11.18)

Taking the inner product of the first equation with /0 gives the
first-order correction as

= WalH'lYn)- (11.19)
Rewriting the lowest order correction as

(H° ~E2) g = = (1" - E3) vi. (11.20)

and expanding the first-order correction in the original SE basis
gives

> (Egn - Eg) Myl - _ (H’ - E},) y0. (11.21)

m#n
Taking the inner product with xﬁlo

(B~ BS) e wfvh) =~ 1 + EXPlyD),  (1.22)

m#n

and orthogonality gives

L _ WO |H' |[y2)

W= (11.23)
n m

which gives the first-order correction to the original SE basis as

Py D 1124

m#n

To get the second-order corrections, we use the second-order
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equation and operate with

(UnlHY) + UnlH V) = Ennlvm) + EnCUnln) + EnCUnlvn),

(11.25)
where
Ynlyn) = Zi e (Yalyh) =0, (11.26)
and thus
T Ll |<¢m|H/|¢n>| . 127)
=

In degenerate case, a general expansion in terms of eigenvectors of
the original SE should be used.
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Lecture 12

While the full time-dependent SE gives a complete solution to the
problem at hand, the formulation of quantum dynamics for states

and operators is not unique but can be done in different ways.

This does not of course change any of the underlying physics, but
is more of technical value. The different formulations are called
pictures and they are the main topic in this Lecture. First, the
adiabatic theorem will be briefly explained and at the end the
density matrix will be introduced.

12.1 Intended learning outcomes

» Understand the basis of the adiabatic theorem

» Understand the different dynamical pictures

» Become familiar with the important concept of a density
matrix (operator)

12.2 Time Dependence

Adiabatic Theorem

Assume that we have a system that “very slowly” evolves in time
s.t. the Hamiltonian A* — A/ as in Fig. 12.1.

Hf

f
Hi ;

~Y

Adiabatic processes carry the system from an initial eigenstate of
Hi(t = 1) to that of the final Hamiltonian A/ (¢t = tr).

For example, if for the infinite well the wall distance is adiabatically
increased from a to 2a (see Fig. 12.2):

Y'(x) = \/gsin gx - y(x) = \/gsin %x.

12

Figure 12.1: Adiabatic process evolu-
tion.
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Pi(x) W (x)

I ! — Figure 12.2: Increasing the infinite
a 2a a 2a well wall distance adiabatically.

For rapid (non-adiabatic) processes the final state is some combi-
nation of final eigenstates.

While usually in quantum mechanics an overall phase prefactor
e? is not measurable, a time-dependent Hamiltonian may make it
possible to measure. Such a prefactor is called the Berry phase and
it is discussed in Appendix A.1.

12.3 Temporal Dependence of Operators

The formulation of quantum dynamics is not unique for the states and
operators. Consider the expectation value of some (Hermitian)
operator

(A)) = WIAW (1) = Uy (0)IAIT (1)Y(0)) (12.1)

= GO OTATOIY() (122)
= (v(OI0* (1)) A(U®) 1y ) (12.3)
= WO (T (AT Iy (o)), (12.4)

where the time-evolution operator from the Schrodinger equation
propagates the wave function

¥, (x, 1) = Ut)Yn(x, 1), (12.5)

and follows the equation of motion

ihan;t’ ) -yt 1) (12.6)
giving
Pt
A ——/ dt’H(t")
O(t,t) =e " Jt . (12.7)

The form where the states evolve in time is the Schrédinger picture

(Aw) = (W10 ) A(0OI©) (128)



and where the operator(s) evolve in time but states stay the same
is the Heisenberg picture:

(A®) = WO (0T OAT(®)) 19(0)). (12.9)

Schrodinger Picture

The time evolution of the state is governed by

i< y(0)s =AY (1), (12.10)
or equivalently

Y (6)s = Ot )Y (10))s. (12.11)
For operators (expectation values)

ih%(llf(t) |Aly(t))s = i (<¢(t)|A|¢'(t)>s + (i (t) |A|¢(t)>s) (12.12)

= (W(OIAHY(1)s — (Y(D)|HAlY (1))s  (12.13)
= ([A H])s. (12.14)

If the commutator is zero, the expectation value of A is a constant
of motion.

Heisenberg Picture

In the Heisenberg picture (HP), the states do not evolve in time but
the operators (expectation values) do, and we can write

An(t) = U (¢, t0)AsU (¢, to), (12.15)

which agree at time ty. The wave functions are related by

¥(1)s = Ut to) Y )m. (12.16)
The operators depend on time now and their equation of motion
is given by
oAy oUTAsU
2 > (12.17)
ot ot
= = (0"AAD - 0" 4O (12.18)
i~ - P
=5 (HuAu — AuHn) (12.19)
- _2[A Al (12.20)
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Note that for time-independent Hamiltonian

Ay =U0'AU = A. (12.21)
There is also an interaction (Dirac) picture, which is used when
the system Hamiltonian can be divided into two parts as (in
Schrodinger picture)

Hs = A + A, (12.22)

where the first part is “easy” (usually solvable). Then a state vector
in the interaction picture is given by

[y (1) = Sy (). (12.23)
An operator in the interaction picture is defined by
Ai(t) = elfist/h fgeiHst/h, (12.24)

Recently a correlation picture (transformation) has been introduced
for open quantum systems [2], see Fig. 12.3.

12.4 Density Matrix

The formulation of QM for systems of many degrees of freedom
can also be done using the density matrix, which is a representation
of the density operator (in what picture?)

p) = [y ()P ()] (12.25)

12 Lecture 12

Figure 12.3: Description of the corre-
lation picture. At any time 7 (or 7 ), a
correlating transformation &, trans-
forms an uncorrelated state pg ® op
to a correlated state psp = 05 ® 0B + X,
at the same instant of time, due to an
abstract correlation-dependent par-
ent operator given by H,.. Using this
transformation, we obtain the tempo-
ral evolution of the uncorrelated sys-
tem with a universal Lindblad-like
generator LX constructed from Hgpg,
the generator of the total system dy-
namics in the Schrédinger picture.
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Consider a general wave function expanded in orthonormal basis
(e.g. energy basis)

[(£) = > en(t) In). (12.26)

n

The expectation value of an operator A is

(A1) = ) en(t)ep, (t)(mlAln), (12.27)

n,m

and the elements of the density matrix can be obtained with the
help of the decomposition

p(t) = ea(t)ch(B)In)(ml. (12.28)
They are defined by
Pnm(t) = cn(t)c,, (1). (12.29)

This gives the important result that

(A) = Y ea(t)ep (t)(mlAln) (12.30)
- Z Prm(mlAln) (12.31)
= gAm,npn,m(t) (12.32)
= T: (Ap(1)) . (12.33)

Properties of the density matrix (operator):

v

It is Hermitian (obviously)
It is normalized, Tr p(t) =1

\4

v

Tr p%(t) = 1 for pure states and Tr p?(t) < 1 for mixed states
» For mixed states, we can write in general (in a non-interacting
many-particle system)

Vi) = ) chlm). (12.34)

n

» The density matrix elements are

Prm = (n|plm) = Z<n|¢i><¢i|m> (12.35)

= >k (eh)" (12.36)

i nm

Here the density matrix elements represent the eigenstate coefficients

12 Lecture 12

Trace operator

It is bound from below and above by mixed and pure states:

Tr is the trace operator. It is the
sum of the diagonal terms of a
given matrix.
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averaged over the mixture. Diagonal elements give the probability of
occupying a quantum state |n), i.e., the populations. Off-diagonal
elements are complex (in general) and have time-dependent phase
factors that describe the evolution of coherent superpositions of the
eigenstates.

Temporal Evolution of The Density Matrix

Using the SE it is easy to show that (homework)

ap(t) B

=——[H 5 12.37
L] (12.37)

which is the famous Liouville-von Neumann equation. Its formal
solution is

() = U007 (1), (12.38)

where the time evolution operator is defined in Eq. (12.7).

The average of an operator can be computed either in the Schrodinger
picture (propagating the density matrix) or in the Heisenberg pic-
ture (propagating the operator):

(A(t)) = Tr (Ap(1)) (12.39)
~ Tr (AU 5(0)0F (t)) (12.40)
—Tr ( f(H)AD (¢ )ﬁ(O)) (12.41)
= Tr (A(1)p(0)). (12.42)

where in Eq. (12.41), we have used the cyclic property of the trace:
Tr (ABC) = Tr (CAB) = Tr (BCA).

For a time-independent Hamiltonian the dynamics of the density
matrix becomes simple as

Prm(t) = (nlp(6)m) = (nlU @Y (0)) Y (O)|TT (1)Im),  (12.43)
and thus for energy eigenfunctions
Prm(t) = e 1 Em=ED 5 L (0). (12.44)

This means that the populations are time-independent but the coher-
ences oscillate in time with a frequency corresponding to the level
splitting.

12 Lecture 12
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Density Matrix in the Interaction Picture

In the interaction picture (IP) we wrote, see Eq. (12.22):
As = A + Hj, (12.45)
and the evolution of the state vector is given by
() = By (0)s = U (8)9(2)s. (12.46)
This means that the density matrix in the IP can be written as

pr(t) = Uf () psUo(1). (12.47)

In analogy to the Schrédinger picture case, the equation of motion
then becomes

9pi(t) _

1 = LA, () (12.48)

where H;(t) = U] (t) BsUp(t).
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Appendix

The appendix contains some interesting extra topics that could not
be discussed during the course.

A.1 Geometric and Berry Phases

If the Hamiltonian is independent of time, a particle that starts in
the nth eigenstate

Hyn(x) = Enpn(x) (A1)
remains in that eigenstate and picks up a phase factor from the
Schrodinger equation

iEnt

Yn(x,t) = Yn(x)e .

(A.2)

If the Hamiltonian is time dependent, we can formally write (but
usually not solve)

I:I(t)¢n(xs t) = En(t)wn(x: t)' (A3)

According to the adiabatic theorem (see Section 12.2), the system
will remain at the nth eigenstate even with time dependence:

Yn(x,t) = U(6)Yn(x,1) (A4)

To obtain the time-evolution operator for a time-dependent Hamilto-
nian, we have to solve for

oU (¢, 1,
" (t, to)

= H(t)U(t, o) (A.5)

The formal solution of this equation for Hamiltonians commuting
at all times is (prove by expanding the exp function)

019 - o

Operating on the eigenstates gives simply that

¥, (x, 1) = n(x, t)e_i Jo ACER () iy (1) (A7)




The term

0,(x, 1) = - / ar 7(;’) (A8)

Is known as the dynamic phase and the extra phase factor y,(t)
is the geometric phase. We can plug in the solution back to the
time-dependent SE to get

h %ew"ei”" - h Epypeifnelrn +1dd Ypeifneltn (A9)
= [Ayn] e = Epipet®re™ (A.10)
and thus
a‘/’" ¢ndy" - 0. (A1)
Taking the inner product with 1,
Lo it 2, (A12)

Let us assume that the time dependence in the Hamiltonian is
given by some (classical) function R(t):
oY dR

BT (A13)

Wu_ndR | d

Yn _
ot AR dt = Yl

This can be integrated to give

_ 3% /_~ Rf alﬁn
ot =i [ g =i [l Sear

If there are N time-dependent parameters in the Hamiltonian:

O _ o dRs OgndRy  on dRy

= -_X Al
ot oR; dt * OR, dt ot ORy di (A15)
dR
= (VrYn Al6
= (Ve - 5 (A16)
This can be again integrated to give
ﬁf -
) =i [ Gl Vi) - R (A1)
If the Hamiltonian is cyclic with period T
(1) =1 § GulVa) - R (A1)

This is a line integral around a closed loop in the parameter space
and in general it is nonzero. y,(t) is called the Berry phase.
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The Berry phase only depends on the (adiabatic) path taken, not
on time! In contrast, the dynamic phase is time dependent, as

T
Qn(T):—% /O En(t))dt’ (A.19)

The Berry phase is real-valued and it is measurable [1]!
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