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Causal signals

A continuous time signal x(t) is called causal signal if the signal x(t) = 0O
for t < 0. Therefore, a causal signal does not exist for negative time.

x(t)

t
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Continuous time Linear Time
Invariant (LTI) Systems

Are described in time domain by a x(?) V()

. . . . . — W) —

linear differential equation with constant

parameters

7 = - — n order of the system

d d
S YO ==t y(O) == a, ) () + by — (O + by — o x() &4 b, x(0)

Improper system m>n
Proper system m<n
i(t

) «  Strictly proper system m<n
: . k
RO, L i
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v(?) v(t) V(1) L x (1) x2(?) “‘”T,’G) ""TZ) "*"“";(;)’
_ p: — M (1) — M F(8) = k(x, (1) - x,(2)) dAx(t) x
v(t)=Ri(t) v(t)=L " i(t)y=C " e Fi(t)=B Tt F@)=m ddtgr)
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Proper system (m<n)

 Response of the system does not depend on future values or
time derivatives of the input signal.

« Output signal y(t) depends directly on input signal x(t).
« Example: Pl controller

t
u(t) = Pe(t) +Ij e(t)dt
0
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Improper system (m>n)

 Response of the system does depend on the time derivatives of
the input signal.

« Example: Texbook PID controller

u(t) = Pe(t) +1 jte(r)dr + D%e(t)

0

 Improper systems cannot be physically realized
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Strictly proper system (m<n)

 Response of the system does not depend on future values or
time derivatives of the input signal.

« Output signal y(t) does not depend directly on input signal x(t).
« Example: RC filter

% =—x(t) 2 y(t) = .[Otx(r)h(t —1)dt

assuming causal input signal
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Example 15t order systems

dy(t)
dt

= —ay(t) + bx(t)

RC circuit
X

—
R

—,
I

Shock absorber

X input voltage
y output voltage (C

[_>V

X > m

x force
y velocity
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Impulse response

Impulse response h(t)

Example: RC filter

A7)

A1)

x(t)

v
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Impulse response corresponds physically discharging of the
fully charged capacitor



Response of LTI system to general
input

* In time domain the response of an LTI system to a general input x(f)

IS given by the convolution integral

(t) = j h(D)x(t — 7) dr

— 00

where h(t) denotes impulse response of the system.

Aalto University
School of Electrical

| Engineerin g



Stability

Bounded input — Bounded output BIBO stability

« Asystem is said to be stable if its response of the system y(f) is
bounded, |y(t)| < o ,when ever the amplitude of the input x(t) is
bounded |x(t)| < oo.

 For an LTI system, this is equivalent to requiring that the impulse
response fulfills

/ |h(A)|dX < o0
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Laplace transform vs Fourier
Transform

One-sided Laplace transform Inverse transform

~ *© y+ico R

X(s) = f x(t)e~tdt = L[x(t)] x(t) = f X (s)e stds « L tx@®)] t=0
0 Y+—ioco

s =y+i2nf a.k.a. Fourier-Mellin integral

for causal signals

Fourier transform Inverse transform

X(f) = [ x()e~?™tdt = Flx(t)]

x(6) = f X(Fe2mtdf s Bt [x(¢)]

= X (i2nf) If signal is causal x(f)=0 t<0 Set y=0
and [ and perform change of variables s = i2nf
f |x(t)|dt < oo

Aalto University
School of Electrical
|

Engineering



Laplace transform vs Fourier

Transform

Consider a signal x(t) = e*tu(t) | -_
| ;.
=0
f |x(t)|dt= f e“tdt—hmae ;eao:{—i a<o0 a
t—oo . aZO 7 a<0

X(f) =- ! a<0 Fourier transform does not exist is a>0
i2rnf—a

X(s)=—, — 00 <8< o0 Laplace transform exists for all a
Ss—a
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Laplace transform

LTI system (differential equation)

d™y(t) d"ly(t) _ d™x(t)
dt" + all—l) dtn—1 + -+ aOY(t) - bm datm +
d™ 1x(t
b1 gt + box(8)

Laplace transform when Initial values are set to O:

Y (S) + a1 STV (S) + -+ ayY (s)
= by s™X(S) + bpy_15™ 1X(s) + - + s™X(s)

Transfer function
def Y (S) _ b,,s™ + bmSn_1 + -+ by
X(s)  st+a,_,s"+-+a
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Causal signal f(t) Laplace transform F(s)
f(t)=0, t<0 F(s)=L[f(t)]
Time domain s domain
af(t) + bg(t) aF(s) + bG(s)
tf(t) =F(s)
" f(t) (-1)"F®)(s)
r'e® sF(s) - f(0°)
') $*F(s) —sf(07) — f'(07)
£ (1) s"F(s) - is" FrE07)
=
%f(t) /;m F(o)do
t
[ #ndr= s o ZF(s)
0
e f(t) F(s—a)
f(t — a)u(t — a) e “F(s)
flat) =)
1 ) c+iT
f(®)g(?) Z_mTh—l»Iolo/r - F(o)G(s — o) do

(F+g)(t) = /0 f(r)g(t — ) dr | F(s) - G(s)



Transfer function

Transfer function of a strictly proper (m<n) LTI system
M(s)  bps™ + bps™ Tt + -+ by

H(s) = —
(s) N(s) s+ a,_1s"+ -+ ag "
My, M; =m
)=z (s - 2,,) 2
- NTL np )
(s —p)N1(s — p)"2 (5 - Pnp) ’ 2 Ni=n
=1

where the ‘zeros’ z; are the zeros of the polynomial M(s): M(z;) = 0
and ‘poles’ p; are the zeros of the polynomial N(s): N(p;)=0
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Transfer function

Using partial-fraction expansion, the transfer function can be
written as

Np Nj

H(s) _KZZ(S—pl)k

=1 k=

c = [(Nl- - k) js\\ ; <(3 Y i)*\z%ﬂ” |
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Stability

Impulse response of a LTI
system

h(t) = L7Y[H(s)] = iic th=1epit

is BIBO stable if the poles have
negative real parts Re{p;}<0
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Poles plotted in complex plane

L im
&\
% > Re
%
Stable region | Unstable region

For real LTI system, complex poles
always appear in complex conjugate pairs.



Transfer function of a second

order system

Transfer function
% _ M(s)

H(s) = =
(s) s2+ 2 Cwes + wg  N(s)

Characteristic function N(s)=s2 + 2 Lwos + w§

Poles = solution to N(s)=s2 + 2 {wys + w3 = 0:

s=—(§i\/ﬁ)w0

Cwy >0 Stable

=0, wyg>0 Marginally stable (Oscillator)
|| <1 Underdamped (complex valued poles)
|| >1 Overdamped (real valued poles)
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h(t)

Amplitude

y() = h(®) @ u(t)

e
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Unstable systems

System is unstable if the real i
part of its poles are positive. “

Impulse Response

Impulse response of an |y

unstable system grows without

bound. e |
e

. . Time (seconds)
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Partial fractions example (1/2)

Consider a third order system with a transfer function
1

s34+ 5s3+7s+3

H(s) =

Poles: s3+5s3+75+3=0 => s={-3,-1,-1}
1 _ Ci1 Cyy Cy2

GI)GTD? G+3) G+D G+ D2

H(s) =

_ _ 11 1 _1
Cip = lim = 1)' (s+3)H(s) = lim Gy = 1 G =3
T 1 2 1 d 1 _ g1 -1 1
(21 = sl_l)ml (2— 1)'d ds2-1 (S +DH(s) = hrfll (2-1)lds (s+3) sl_lﬁllﬁ(sw)z T4
o = 1 1 d*? N2 = fim Lo L 1 1
22 = Jim oo g S F D) = lim v = 73373
Aalto University N;—k
ri 1 d : ‘M
A? S Cu= [t (= p¥ M
(N; — k)! ds™: N(s) —p;




Partial fractions
example (2/2)

Transfer function
1

H) = G102
1 1 1 1 1 1

TIG+3) 4dG+D 2GrD?

Inverse Laplace transform using formulas (B) and (H)
gives the impulse response of the system

1 1 1
— (2,3t __ -t L _ -t
h(t) (4 e 7€ + 5 te )u(t)
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[ 7 =zl

Formula

10 =1 RO = *
| f(t) = e F(s) (flu) ’
i F(s _g(v,l,: D) £

= sin(at) Fls) =5 :u-’ P
cos(at) | F(s) H'Ziuz F
sinh(at) Flo)=g—m r

| 7(t) = cosh(at) Fo)= 5= ¢
{neat | F(s) = ::;un 0 H

€% sin(bt) F(s) (ﬂ.ﬁ !

S(t) = e cos(br) F) =5 1Au)""i ¥ !
e sinh(bt) | Fe) =& {.'I)I'z' — =

€% cosh(bt) F(s) G Es,,i):"j 2 L

Amplitude
o
o
[}

Time [s]




Discrete time systems

Discrete time systems are described by difference equations
y[n] + a;y[n — 1]+ -+ ayy[n — N] = byx[n] + byx[n — 1] + -+ byx[n — M]

Continuous time system Digital control systems Digital filters

dy(t) Digital PID control
=—ay(t)+b x(t) = T
Wb 0 ay

dt
Discretized (sampled) system

N N
N N

ylnl = y(nTy), x[n] = x(nT;)

_____________________

eaTS_l

b x[n]

yln+ 1] = e%sy[n] +
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Z-transform

Discrete time systems are described by difference
equations

y[n] + a;yln — 1] + -+ ayy[n — N]
= box[n] + byx[n — 1] + -+ byx[n — M]

Z-transform
Y(2) + a1z7Y(2) + -+ ayz VY (2)
= boX(2) + byz71X(2) + -+ byz MX(2)

Transfer function
V(z) _bo+biz7' + -+ byz™™

X(2) 1+ a izt + -t ayz N
= Z[h[n]]

H(z) =
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Z-transform

Z[xm)] €X(@2) = Y x[n]z™

Sequence z -transform
definition Xp =X [n] X(2) = Zoa%¥nz™
1 addition Xn + ¥n X(z) +Y (z)
2 constantmultiple C Xn cX(z)
3 linearity CXp +d ¥y cX (z) +dY (z2)
1-
4 delayedunit step un-mj zz_:
5 time delay 1l tap Xnau[n-1] Lx (z)
=
6 time delayed shift Xn-m [N - 1] z="m ¥ (z)
7 forward 1l tap Xnel z (X (z) - Xq)
] forward 2 taps by z8 (X (2) - % - ¥ 270
- -1 i
9 time forward Hnem z" (X (2) -Zi=0 3 z74)
10 complex translation e X, X(ze™?)
11 frequency scale b %y, X (f:l
12 differentiation n X5 -zX' (z)
13 integration Lox, -JM dz
n =
: : : 1 -m [ X (=)
14 integration shift e Xn -z J\W dz
15 | discrete time convolution |Xn+¥n = ZT_9¥i ¥n-i X(z) Y (z)
16 convolutionwith v, =1 X "l X (z)
-
17 initial time X limg .. X (2)
18 final value iy, o X5, limgy (z-1) X (2)




Discrete time transfer function

Transfer function

H( ) M(Z) b0+b1Z_1+"‘+bMZ_M ZNb0+b1ZN_1 ++bMZN_M
7Z) = = =

N(@z) 1+4az7'+-+ayzV zN + azZN-1 + -+ ay,
Case M=N
SN b1 N-1, . bm (b_1_a )ZN—1+,,,+(b_M_a ) My My Mny, M1+ M2+...+an=N-1
H(z )_M(z) b Bo Do _ b 4 p. B0 bo Vo 4 ) (z=z)M1(z=2)M2-(2-21,,)
N(2) 0 ZN4a zN-14.tay 0 0 ZNiayzN-T4.tay 0 0 (prl)Nl(prz)NZ(prnpyvnp N1+ N2+---+an=N
M(z)
N(z)

i=1k=

Cir = {(N,. . k) zs\\ . <(Z_ pi)i\rl%ﬂ v

H(z) = by +b022 (Z—pl)k

Aalto University
School of Electrical
|

Engineering



Discrete time transfer function

Impulse response (inverse z-
transform)
tp M, (- 1)k6<n)+( “ "

— BS(n) + KZ Z Cir — 1

i=1 k=1

6(n) = 1if n = 0;otherwise §(n) =0

Impulse response stays bounded if
the poles are inside the unit disc in
complex plane: <1
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Poles plotted in complex plane
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Example

* First order discrete time system
yIn] = ay|n — 1] + bx|n]

e /-transform
Y(z) = az"1Y(2) + bX(2)

 Transfer function

Y(z) b __ bz
X(z) 1-az"! z-a

H(z) =

e Poleiz—a=0=>z=a

« Systemis stableif |a] < 1
A? gzltltgolilz)i\:’ E::i:t‘:ical

Engineering
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Discretization of a continuous time

system

« Zero order hold:
Keep signal output constant i'""[')Z\'c' """""""""""""" ADC
during sample time AT: | AT
Yzou () = x[k](u(t — kAT )-u(t — (k + 1)AT) )ﬂi, ZOH G(s) . E y[k],
for kAT <t < (k+ 1DAT ' |

Laplace transform:

1-— e_SAT :~=:\'\: """""""""""""""""" :/-,:/-:
Yzou(s) = S - -

« Sampled system

_ o=sAT
y[k]=L-1{1 : G(s)}

S t=kAT
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Discretation of continuous time

system

Example

G(s) = —
=511

G=tf(1l,[1 1]); %G(s)=1/(s+l) First order sy
Ts=0.5; %$Sampling time interval
Gd=c2d(G,Ts, 'zoh'); %ZOH method

step(G,Gd) %Step response
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