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Continuous LTI systems

Are described in time domain by a x(?) V()
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Frequency response , ——

System

A generic nt" order LTI system is described by differential equation

dry(t) d™"1y(t) dmx(t) d™ 1x(t)
I T e R s T

+ - + box(t)
Let us use input x(t) = e/2™/t and guess that the response is of the
form y(t) = H(f)e/?™ ¢, It follows that

G2rfYH (F)eT?™ + @y G2 Y H(f)eI2TE + o @oH ()2 = by (27 Y27 E 4 by (j2mf Y220 4 w4 e 2

Solving for H(f) gives the frequency response function

HOF) = by G270 )™ + by g (G27f )™ + - + by
(f) - Q-an)n + an_lgzn-f)n—l + -+ ag
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Frequency response

Input x(¢t) = e/2™t yields output y(t) = H(f)e/?™t

Input x(t) = e /2™t yields output y(t) = H*(f) e /2™t

Input x(t) = cos(2mft) yields output

y(t) = H(f)%ejznft + H*(f)ée_ﬂ”ft = |H(f)| cos(2mft + arg[H(f)])

| I

H(f) = |[H(f)| e~ /arslH(] Amplitude Phase

cos(2mft)= %ej27tft+ %e—jant

LTI system have an impact on the
signal amplitude and phase, but it
does not change the frquency.
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Frequency response/
Bode plot

x(t) = cos (27 ft) (f)— 27Tﬁ+
—  H()
;§ ) | Power attenuation
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Frequency response function vs
transfer function

* Frequency response function -+ Transfer function

HF) = by G21f)™ + by (21f)™ L + - + by A(s) = Y(s) _ b, s™ + b, s™1 + .. + b,
(jznf)n + an—l(izn-f)n_l + o + aO X(S) Sn + an_lsn_l + °° + aO
s = j2nf
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Discrete time LTI systems

Discrete time systems are described by difference equations

y[n] + a;y[n — 1] + ---+ ayy[n — N] = byx[n] + byx[n — 1] + --- + byx[n — M]

Continuous time system Digital control systems Digital filters

dy(t) Digital PID control
=—ay(®)+b x(t) " e
ay(t) x(t) x[n] .,.4,

dt
Discretized (sampled) system

N N
N N

ylnl = y(nTy), x[n] = x(nT;)

_____________________

eaTS_l

b x[n]

yln+ 1] = e%sy[n] +
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Frequency response . —— .,

System

A generic nt" order LTI system is described by difference equation

y[n] + a;y[n — 1] + ---+ ayy[n — N] = byx[n] + byx[n — 1] + -+ + byx[n — M]

Let us use input x[n] = e/2™T and guess that the response is of the
form y[n] = H(f)e/?™™T |t follows that

H(f)ejZanT + alH(f)e—jZHfTejZanT 4ot aNH(f)e—jZHfNTejZTEfnT — boejZanT + ble—jZHfTejZanT 4+ bMe—jZTL'fMTejZTL'fT

Solving for H(f) gives the frequency response function

bo + ble—jZTL'fT + -+ bMe—jZTIfMT
H(f) = 1+ a1e_j2nfT 4ot aNe—jZHfNT
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Frequency response

Input x[n] = /W7 yields output y[n] = H(f)e/?™ "

Input x[n] = e /27T yields output y[n] = H*(f) e /?2™/"T

Input x[n] = cos(2nfnT) ,n=--,-1,0,1, .. yields output

y[n] = H(f)éejznf"T +H*(f) %e_jZ”f"T = [H(f)| cos(2rfnT + arg[H (f)])

| I

H(f) = |[H(f)| e~ /arslH(] Amplitude Phase

cos(x)= %ejx+ %e‘j"

LTI system have an impact on the
signal amplitude and phase, but it
does not change the frquency.
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Frequency response/
Bode plot

x[n] = cos(2mfnT)
— HY

Bode Diagram
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Frequency response function vs
transfer function

* Frequency response function -+ Transfer function

u by + bye /2T 4 ... + by e~ /2T MT _ bo + bzt + -+ byz™
)= 1+ a,e /2™T 4 ... + ayeJ2T/NT ) = 1+az7 '+ +ayz™
7 = ej27th

Discrete Time Fourier Transform z-transform
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Continuous vs discrete time
system

Bode Diagram
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Time and frequency response

First order system

Bode Diagram
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Time and frequency response

2nd order system

Bode Diagram Step Response
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Freqguency domain stability
analysis

Stable open loop system

—  H(f) | Y(f) =HOX()

Is the closed loop negative feedback system stable?

+ H
> H(7) g Y(f)—1+g(Hf2f) )

A
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Freqguency domain stability

analysis

Closed loop system

=+

H)  —

>

Stable if

« |H(f)|]<1 when arg{H(f)}=180°
« arg{H(f)} < 180° when |H(f)|>1
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Passing signals through LTI
systems

In many applications we would like to pass a pulse x(t) through an
LTI system such as cable such that the pulse shape would not
change.

« Ideal case y(t) = ax(t — t,), where the attenuation a > 0 is a
constant and delay 7, is the same for all frequencies. This
corresponds to system H(f) = ae /?™/%d

A
A

Sv

20log;o([H(f)])

arg {H(f)}

v
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Passing signals through LTI
systems

LTI response to sinusoidal input x(t) = cos(2mft) :
y(t) = A(f) cos(2mft — ¢(f)) = A(f) cos(2nf (t — t4))

- Frequency response function H(f)

« Amplitude function A(f) = |H(f)]

* Phase function §(f) = —arg{H(f)}

(16D)

* Phasedelay t; = -
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Passing signals through LTI
systems

LTI response to narrowband amplitude modulated signal
* Input: x(t) = a(t)cos(2mf,yt)
« Output: y(t) = a(t — tg)cos(27tf0(t — td))

1d
9=5- q;(;c) Group delay
ty = @ Phase delay
2nf
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Example: Group delay of a RC
filter

1st order system such as RC filter .,

__ 1-j2nf :
H(f) = 1+]21Tf T 1+@rf)2 '

Argument angle

arg{H(f)} = ar g{1+]2nf} = arg {11_(;7;;} = arg{l — j2nf} = atan(—27f)

Phase function
O(f) = —arg{H(f)} = -atan(—2nf) = atan(2mf)

Group delay
_1de(f) 1 datan(x) 1
972 df 1+ (2nf)? dx 1+ x2
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Example: Group delay of a RC

Narrowband signal sees constant group delay

r_\ Bode Diagram 1 K_\
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Example: Group delay of a RC
filter

Pulse of length T passing the RC filter

1 — _T=100
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