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Preface

These lecture notes are aimed for an M.Sc. level course on sensor fusion. The
goal is to provide a gentle and pragmatic introduction to the topic with an empha-
sis on methods that are useful for developing practical solutions to sensor fusion
problems. The reader should be familiar with:

1. linear algebra and calculus,
2. ordinary differential equations, and
3. basic statistics.

The notes are based on the much more comprehensive and rigorous works on
sensor fusion, estimation theory, filtering theory, stochastic process theory, and
optimization theory by Gustafsson (2018), Kay (1993), Sarkka (2013), Sarkka and
Solin (2019), and Nocedal and Wright (2006), and the interested reader is highly
recommended to have a read in these books.

The topics covered in these notes range from simple linear observation models
and least squares estimation, to modeling of dynamic systems, and inference in
dynamic systems using Kalman and particle filtering. To lower the threshold to the
topic, we sometimes trade mathematical rigor for easier understanding. This is in
particular true for the probabilistic interpretations, especially in the beginning of
the notes.
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Chapter 1

Introduction

1.1 Definition and Components of Sensor Fusion

Sensor fusion refers to computational methodology which aims at combining the
measurements from multiple sensors such that they jointly give more information
on the measured system than any of the sensors alone. Sensor fusion has applica-
tions in many different areas of daily life and plays an important role in modern
society. For example, it is used to interpret traffic scenes in autonomous cars, for
navigation and localization in robotics, for controlling drones in aerial photography
and deliveries, and in the analysis of biosignals in biomedical engineering.

[Estimation Algorithm ]—[ Quantity of Interest]
Model(s)

Figure 1.1. The basic components of a sensor fusion system.

The common denominator and main objective of sensor fusion systems are that
they take measurements from different sensors and estimate or infer one or more
quantities of interest. For example, we can use multiple sensors to infer the position
of a drone or an autonomous car — possibly along with their velocities. On a high
level, this involves three main components (Figure 1.1):

e One or more sensor(s) that measure an observable quantity,
e model(s) that relate the observed quantity to the quantity of interest, and

e an estimation algorithm that estimates the quantity of interest by combining
the model and the measured data.
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Figure 1.2. A simple illustration of fusion of multiple sensor measurements made by a

drone. The height is measured with one sensor (say, barometer) and the distance from a

wall with another sensor (say, radar). The ’fusion” of the measurements in this case simply
means using both the measurements together to determine the drone’s position.

1.2 Model of a Drone

As an illustration of (simple) sensor fusion let us take a look at the Figure 1.2
with a drone whose position (p”, p¥) we wish to determine. In this case we have
two sensors: one sensor which measures the distance to a nearby wall — this sen-
sor could be, for example, radar or ultrasound-based sensor; and a second sensor
which measures the distance to the ground, that is, height — this sensor could be,
for example, radar or barometer. In this case neither of the sensors alone gives
the position of the drone. However, as the wall-distance sensor directly measures
the horizontal position p” of the drone and the height sensor directly measures the
vertical position p¥ of the drone, we can “fuse” the sensor measurement simply by
using the measurements jointly to determine the (p®, p¥) position. In this case the
fusion itself is trivial as no actual computations needs to be done to the measure-
ments since they directly measure the components of the quantity of interest, that
is, the position.

If we denote the sensor reading measuring the distance to the wall as y; and
the height sensor measurement as 9, then a mathematical model which relates the
observed quantities (measurements) to the quantity of interests is

vy =p",
y2 = p’, (1.1)
and the aim of the estimation algorithm is to determine (p®, p¥) from the measure-

ments (y1,y2). In this case it is indeed trivial as the measurements directly give the
position coordinates.
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In reality, the situation is not as simple as all sensors contain measurement
noise and a more proper model is actually

y1 =p° +r1,
y2 = pY + 1o, (1.2)

which says that the measurements that we obtain are the actual positions plus mea-
surement noises r; and r2. The measurement noises are typically modeled as zero-
mean Gaussian random variables. In this case we cannot exactly determine the
position from the sensor measurements because we only get to see noisy versions
of the positions. We could, however, approximate that the noises are ’small” which
implies that y; ~ p*, y2 =~ pY and thus we can use the measurement directly as
estimates of the position coordinates. In this case given only the two sensor mea-
surements, it is hard or impossible to get rid of the noise and hence our position
estimate will inherently be off by the amount of measurement noise — not even
sophisticated statistical methods will be significantly better than the small-noise
approximation. One way to cope with this problem is to average multiple measure-
ments which reduces the variance of the estimate, but it obviously requires us to
make more measurements with the sensor. Alternatively, by adding more sensors
we can diminish the effect of measurement noise even when each of the sensors
only produce a single measurement.

Let us now look at a slightly extended sensor setup show in Figure 1.3. We
still have the wall-distance and height sensors, but additionally, we measure the
distance from a wall that is at a 45° angle with the ground. From the geometry of
the problem we can now determine that the relationship of the measurements and
positions should be

y1=p° +ri,
Y2 :py+7”2>
]' T
= —xo) + y—'—T, 1.3
Y3 \/E(p 0) \/ﬁp 3 (1.3)

where x is the horizontal coordinate of the rightmost point of the wall and ry, 72,
and r3 are measurement noises.

The aim of the estimation algorithm is now to determine the position (p®, p¥)
given the 3 sensor measurements (Y1, y2,ys3). If we had no measurement noises,
then any two of the measurements would exactly give us the position (after possi-
bly solving a simultaneous pair of equations). It is indeed this over-completeness
of the model that allows us to use least-squares estimation to determine the po-
sition from the measurements such that the effect of the measurements noises is
significantly diminished — the more over-complete the model is, the better we can
diminish the noises. Furthermore, an important factor in the above model is that
the measurement ys3 is no longer a direct measurement of a position coordinate, but
a linear combination of them, and in that sense it is an indirect observation of the
position.
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Figure 1.3. An illustration of sensor fusion with an additional sensor as compared to
Figure 1.2. When we measure the drone position using 3 sensors instead of 2, the over-
completeness of the problem enables us to diminish the noises in the sensor measurements.

The model above (and in fact the more simple model also) is an example of
static linear model which will be covered in Chapter 3. More specifically, the
model above in Equation (1.3) can be also rewritten in vector notation by rewriting
it as

Yo | = (1) } [py} + 1 0 |+ |ref, (1.4)
(0]
Y3 Ve val—w—s L5 r3
o M x R\/,i_/ N~
y G b r
which has the form
y=Gx+b+r, (1.5)

and the estimation aim is to determine the unknown position vector x given the
measurement vector y and the parameters G and b. It is worthwhile to notice that
the matrix G is neither square nor invertible and additionally, the noise vector r
is unknown. Hence, we cannot just determine x by multiplying both sides with
inverse of G. Instead, we will use a least squares method to determine x.

1.3 Model of an Autonomous Car

Driver-assistance and self-driving systems in cars are also important applications of
sensor fusion. Let us now take a look at an autonomous car illustrated in Figure 1.4
where the car is determining its position by measuring the direction and/or range
(i.e., distance) to nearby landmarks whose positions are known. This kind of
measurement could be done, for example, with a camera-based computer vision
system (see, e.g., Hartley and Zisserman, 2003) that detects the landmarks in the
image and determines their direction and range. Another option to measure them
would be, for example, by using a radar (see, e.g., Richards et al., 2010).
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Figure 1.4. Illustration of positioning of an autonomous car from measurements of relative
locations of landmarks (e.g., traffic signs). When only ranges or directions of the landmarks
are measured, then the sensor fusion model becomes non-linear.

Even though, for example, radar or camera actually measures the direction
and range from the car to the landmark, provided that both the measurements are
relatively accurate, then by a simple coordinate transformation we can convert the
measurement into measurement of the landmark position in the car’s coordinate
system. Thus we get direct measurements of the relative positions of the landmarks

with respect o the car. In this case, if the landmark positions are (s}, s?) for
j =1,..., M, and the position of the car is (p”, p¥), then the measurements are
given as
y1=s1—p"+ri,
y2 = 51 —p¥ + 12,
Yori—1 = Sy — p* + rap—1,
yonr = sy — p¥ + 12, (1.6)

where the odd-numbered measurements corresponds on the horizontal measure-
ments and even-numbered the vertical measurements in the image. We can again
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rewrite the model in form (1.5) as follows:

U1 -1 0 sT 1
Y2 0o -1 Y 331’ T9
o= B’;y} T N S (1.7)
YoM -1 -1 0|~ |5} ToM—1
x Y
| yonmr | | 0 —1] Syl L Tem ]
—_——— ———— —_———  ————
y G b r

where the matrix G is again non-square and non-invertible. However, least squares
method will be applicable to estimate the car’s position x from the noisy measure-
ments y.

Sometimes it happens that the sensor only measures the range from car to the
landmark and does not provide information on the direction. This can happen, for
example, when a certain type of radar is used. When only range measurements are
available, then the range-only model can be written as

ol = (s =) + (st =02 f

R R
Yir = \/(8% — ")+ (shy —p¥)* + 70, (1.8)
and the aim of the measurement algorithm would be to determine the position
(p”,pY) based on the measurements yf?, e ,yﬁ in the presence of the measure-
ment noises rf%, . ,rﬁ. If we now define a function
Vst =)+ (7 — p¥)?
g(x) = : (1.9)
V(s =2 + (s — )2
z Lyl T R R1T R R1T
as well as x = [p p] , Y = [yl yM] ,andr = [7"1 TM] , then

the model can be written as
y =gXx)+r, (1.10)
where g(x) is a non-linear function of x.

Alternatively, let us now consider a case where we only measure the direction
(i.e., bearing) of the landmark with respect to the car, but no distance. This can
happen, for example, when we are using a camera without the knowledge of the
true size of the landmark. The measurement in this bearings-only model can be
written as

yi’ = atana(s{ — pY, s{ — p*) +r{,

yJ\D4 = ataHQ(S% —py, 5%4 - px) + 7’]\9[7 (1.11)
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where atans is the full-quadrant inverse of tangent function (e.g., function called
atan?2 in Matlab and Python). This model again has the form (1.10) provided that
we define
atang(sf — pY, s7 — p*)
g(x) = : ; (1.12)
atang (s, — pY, s%, — p*)

along with x = [p"”” py]T, y = [le yﬁ[]T, andr = [r{j ‘.- TAD/[]T.

The range-only and bearings-only models above are examples of static non-
linear models that we cover in Chapter 4. The estimation of x in these models
will be possible by solving the nonlinear least squares problem with an iterative
optimization method.

1.4 Dynamic Models of Drone and Car

The models of the drone and car in the previous sections are static in the sense
that the models do not model the time behaviour of their positions. Of course, if
the position changes, then we can use new sensor measurements to recalculate the
position. However, in this kind of approach, where we recompute the position from
scratch always when the device moves, we lose the information contained in the
sensor measurements that we did before. In order to use sensor measurements over
time, we need to build a dynamic model which ties the positions at different time
points together.

One simple model can be constructed by assuming that the position x =
[pm py] T could change to any other position near the current position on the next
time step. One way to model that is that, if the position at time step n — 1 was
Xn—1, then then the next time step is given as

Xp = Xp—1 1 Qn, (1.13)

where q, is a zero-mean random variable, which is typically modeled as Gaussian.
The model says that we do not know where the next position will be, but the closer
positions have higher probability than the further away positions. This model
is also called a random walk model, because it corresponds to random steps to
random directions that are taken at each time step transition. In components of the
vector X,, this model can be written as

Py = Pp_1 + q1n,
PY =01+ @n, (1.14)

where we need to use two indices for denoting the vector index and the time step
number.

Although a random walk model would be good for say a person or animal, both
drone and car have definite velocity which itself changes according to a random
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walk model. At the time step transition the velocity times the time step length At
is added to the position coordinates which leads to the model

P = Pp_1 + U1 At +q1p,
pL=p!  +vl At +qon,
Vp = Vp_1 + @3,

VY = v)_1 + Qun, (1.15)

where we have added noises g3, and g4, which act as the noises in the velocity
components.

At this point it is now convenient to change the notation so that our state
vector x not only contains the position coordinates but also the velocities x =

T . :
[p pY o* vy] . As the velocities are just 3rd and 4th components of x, we
can also then rewrite above model as

xT

Tin = Tin—1 T T3n-1 At + q1,n,
Ton = T2an—1 + Tapn—1 AL+ q2p,
T3n = L3n—1 1 q3n,

Tan = Ton—1 1 Q4.n, (1.16)

which can also be written in convenient matrix form as

Tin 10 At 0] [z101 qi,n

Ton 0 1 0 At T2 n—1 q2.n
= ' + | ", 1.17
T3.n 00 1 O T3n-1 q3.n (1.17)

Tan 0 0 0 1 T4mn—1 Q4an

—_— =
Xn F Xn—1 dn
that is,

X, =Fx,_14+qn. (1.18)

The above model is an example of a discrete-time stochastic linear state space that
we consider in Chapter 5.

The above model could also be derived by considering the state as function
of continuous-time variable x(¢) with ¢ being a time variable that can take any
value ¢ > 0. The discrete-time model can then be derived as a discretization of the
continuous-time model described as a differential equation with random input. For
example, the first random walk model corresponds to a continuous-time model

dp®(t)
= w1 (t),
dt
dp¥(t)
- vl (1.19)

where w (t) and wo(t) are continuous time white noises.
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The model with velocity components included can be derived as discretization
of the second order model

d?p*(t)

az

d?pY(t)

= wald). (1.20)

We will come back to these in Chapter 5.

1.5 Tracking a Moving Drone or Car

We can now combine the dynamic model of a drone or car in Section 1.4 with a
measurement model of a drone or car in Sections 1.2 or 1.3. For example, we can
combine the dynamic model in (1.18) with a linear measurement model of the form
(1.5), which leads to

Xn =Fx,_1+qy,
yn=Gx,+b+r,, (1.21)

where we get a measurement of the state at time step n when the state x,, is
changing according to the dynamic model. For this kind of linear (or in fact affine)
dynamic models we can use the Kalman filter to compute the statistical estimate
of the dynamic state x,, at each time step n. This methodology is covered in
Chapter 6.

We can also combine the dynamic model (1.18) with a non-linear measurement
model of the form (1.10), which leads to a model of the form

Xn = FXp-1+qp,
Yn = 8(Xn) + Ip. (1.22)

For this kind of models we can use extended Kalman filter (EKF), unscented
Kalman filter (UKF), or particle filter, which will also be covered in Chapter 6.
Additionally, these methods can also be used in the case that the dynamics are
modeled with nonlinear models instead of a linear model as we have above.
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Chapter 2

Sensors, Models, and Least
Squares Criterion

2.1 Sensors

A sensor is a device that provides a measurement related to the quantity of in-
terest. Usually, a sensor is implemented as a device which converts a physical
phenomenon into an electrical signal (Wilson, 2005) which is then further trans-
formed into digital form. The measurement may be direct or indirect: In direct
measurements, the quantity observed by the sensor is the quantity of interest, for
example, the temperature in a thermometer. Sensors that measure indirectly pro-
vide a measurement of a quantity that is only related to the quantity of interest. For
example, we might only be able to measure the distance to an object when we are
actually interested in the position. The indirect measurement can also be related
to dynamical properties of the quantity, for example, an accelerometer measures a
body’s acceleration which is the second derivative of the position.

There are many different types of sensors for measuring a wide range of phe-
nomena available today. These include electronic sensors, (micro-)mechanical sen-
sors, or virtual sensors and a (non-exhaustive) overview of a few commonly used
sensors, their measurements, and some of their application areas is shown in Ta-
ble 2.1.

Sensors are characterized by many different properties that affect their per-
formance. These include limitations such as measurement range, requirements and
sensitivity for the environmental conditions (temperature, humidity, etc.), sampling
frequency, as well as measurement noise, biases, and drifts. Some of these factors
have to be taken into account when designing the hardware whereas others can be
accurately dealt with when designing the estimation algorithm. In this course, we
will focus on the latter aspects of the sensors, that is, we will introduce tools that
are appropriate for taking into account the properties that can be handled by sensor
fusion.

11



12 CHAPTER 2. SENSORS, MODELS, AND LEAST SQUARES CRITERION

Table 2.1. Examples of common sensors

Sensor Measurement Application Examples

Accelerometer  Gravity, acceleration Inertial navigation, activity track-
ing, screen rotation

Gyroscope Rotational velocity Inertial navigation, activity tracking

Magnetometer Magnetic field strength  Inertial navigation, digital compass,
object tracking

Radar Range, bearing, speed  Target tracking, autonomous vehi-
cles

LIDAR Range, bearing, speed  Target tracking, autonomous vehi-
cles, robotics

Ultrasound Range Robotics

Camera Visual scene Security systems, autonomous vehi-
cles, robotics

Barometer Air pressure Inertial navigation, autonomous ve-
hicles, robotics

GNSS Position Autonomous vehicles, aerospace
applications

Strain gauge Strain Condition monitoring, scales

The measurement obtained by a sensor will be denoted using the symbol vy,
or y,. The subscript n denotes the nth measurement, which may refer to an
arbitrary measurement index, step number in time series, a sensor identification
number in a sensor network, depending on the context. The regular notation (y,,)
is used to denote scalar measurements (e.g., from a temperature sensor) whereas
the bold symbol (y,,) denotes a vector observation (e.g., as measured by a tri-axial
accelerometer).

2.2 Models

A model is a mathematical formulation that relates the quantity of interest to the
measurements in a systematic way. Additionally, in the dynamic case, models are
also used to describe how the quantity of interest evolves over time. We already
saw examples of models in Chapter 1.

As mentioned earlier, sensors suffer from several limitations that we need to
account for in models. In particular, it is important to take uncertainties in the mea-
surements such as sensor noise or measurement noise into account. Unfortunately,
measurement noise is difficult to quantify analytically. Instead, a suitable approach
is to use statistical modeling. It is based on the observations that the measurement
noise exhibits statistical properties that can be quantified. While the actual value
of the noise can not be observed or measured, its statistical properties can, and this
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allows us to design sensor fusion methods that are able to (statistically) minimize
the effect of the noise. A common assumption is that it is zero mean, that is, on
average, it is zero (but each individual realization is not).

2.2.1 Basic Model

Next, we introduce a very simplistic model, which turns out to be quite generic,
despite its simplicity. First, assume that a scalar measurement y,, of the quantity
of interests x (e.g., the position) is available. The objective is then to relate the
measurement y,, to the unknown quantity x such that the uncertainty is taken into
account. We know that the measurement might be some function of the unknown
quantity plus measurement noise. Hence, we can write the model as

Yn = gn(X) + 7n. 2.1)

Equation (2.1) is called a sensor model, measurement model, or observation model.
The generic anatomy of a measurement model is that

e the measured quantity v, is found on the left hand side of the equation', and

e on the right hand side there are two terms, a function g, (x) that relates the
quantities of interest x to the measurement ¥,, and a noise term r,.

As mentioned above, the measurement noise r,, is assumed to be a random
variable. As such, r,, follows some kind of probability density function (pdf), that
is, we have that

Tn ~ (), 2.2)

which reads as “r, is distributed according to p(r,)” where p(r,) denotes the
corresponding pdf. At this point, we will not concern ourselves with any particular
form of p(r,) but only assume that the r,s are zero-mean, independent random
variables with variance agvn. In other words, we have that

E{r,} =0, (2.3a)
var{r,} = E{r2} — (E{rn})* = 0}, (2.3b)
Cov{rm,rn} = E{rmra} — E{rn} E{r,} =0, (m #n), (2.3¢)

where E{r,,} and var{r, } denote the expected value and variance of 7, respec-
tively. Note that the measurement noise variance may vary for the different mea-
surements, as indicated by the subscript n on af}n (e.g., if the different measure-
ments are obtained by different sensors).

!There are more general formulations than (2.1) that do not share this trait, but we will not make
use of these in these notes.
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2.2.2 Vector Model

The basic model only considers scalar measurements. However, many sensors
actually provide vector-valued measurements, for example, accelerometers provide
full 3D-acceleration measurements at each sampling instant. The basic model (2.1)
can easily be extended to account for such vector-valued measurements. In this
case, the vector measurement model can be written as

Yn = 8n (X) + 1y, (2.4)

where y,, is an d,-dimensional column vector. In this case, the measurement noise
r, becomes a multivariate random variable with pdf

r, ~ p(ry). (2.5)

As for the scalar case, p(r,) can have any arbitrary form. For simplicity,
we again assume that the r,,s are zero-mean, independent random variables with
covariance matrix R,,, that is,

E{r,} =0, (2.6a)
Cov{r,} = E{r,r'} — E{r,} E{r,}T =R, (2.6b)
Cov{rm,rtn} = E{r,r)} — B{r,,} E{r,}" =0, (m #n). (2.6¢)

As it can be seen, the scalar model in (2.1) is just a special case of the vector
model in (2.4), where the measurement and noise are scalars (i.e., d, = 1). Hence,
it is often more general to work with vector model, but sometimes more instructive
to work with the scalar model.

2.2.3 Multiple Measurements and Measurement Stacking

In order to be able to fuse the measurements of one or more sensors, we need
multiple measurements. These may either be from one sensor at different time
instants (repeated measurements), from different sensors, or both. If we have

obtained a total of N measurements y1, ¥z, ..., yn, we will refer to the set of all
measurements using the notation y1.5 = {y1, 92, ..., yn} for the scalar case and
yi.N = {¥1,¥2,...,yn} for the vector case.

Sometimes, it is also helpful to write the complete set of measurements together
with the measurement model more compactly. This can be achieved by stacking
the measurements into a single measurement vector, which yields a much more
compact model of the form

y =g(x)+r. (2.7)
For scalar measurements of the form (2.1), we have that
Y1 91(x) "1
Y2 92(x) 2

y=1. , g(x) = : ,andr = - (2.8)

YN gn(x) N
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Furthermore, the overall noise covariance R for this model is a diagonal matrix of
the form

03}1 o ... 0
0 o2
R = Cov{r} = ™2 (2.9)
: 0
0o ... 0 U%N

For vector measurements, y, g(x), and r are constructed in the same way as
for the scalar case in (2.8), that is,

yi g1(x) r
X r

v= || @ = |72 anar= |7 (2.10)
YN g (x) ry

The measurement noise covariance is a block-diagonal matrix with the individual
covariance matrices R,, on the diagonal, that is,

R, 0 ... 0
R = Cov{r} = 9 Rz (2.11)
0
0 0 Ry

2.2.4 Gaussian Measurement Noise

A common assumption is that the measurement noise is zero-mean Gaussian noise.
In this case, the pdf of the noise is the (multivariate) Gaussian distribution given by

1 1 _
p(r) = W exp <—2I"TR 1r> , (2.12)

where |R| denotes the matrix determinant and we have assumed that the measure-
ment noise is a vector with M dimensions. Equation (2.12) may also be written
more compactly as

p(r) =N(r;0,R). (2.13)

More generally, N (z; u, ) denotes the multivariate pdf of an M-dimensional
Gaussian random variable z with mean @ and covariance matrix 32 defined as

N(z;p, %) = (277)M/12|2]1/2 exp <—;(Z —p) 2Nz - H)) - @214

Assuming the measurement noise to be Gaussian is indeed reasonable in many
(but not all) applications. Furthermore, it also has some important implications
on the algorithms that we will derive, in particular with respect to the estimators’
statistical properties. However, we will not focus on these aspects throughout most
of this course.
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2.3 Least Squares Methods

The estimation algorithm or inference algorithm combines all the available mea-
surements by using the measurement models to estimate the parameters (or states)
in a way that is optimal with respect to some criterion — which is defined by a
cost function. The cost function is here selected to be the least squares cost func-
tion. By combining the information from multiple measurements and sensors, we
can exploit the diversity of the measurements to obtain a better parameter esti-
mate. Hence, sensor fusion algorithms can essentially be seen as an application of
estimation theory, which provides a statistically sound and flexible framework.

2.3.1 Minimization of Cost Functions

In this course (with the exception of the particle filtering method introduced in Sec-
tion 6.6), we sacrifice the generality and rigor of estimation theory for simplicity
and only consider algorithms that minimize a cost function J(x). These types of
algorithms are a good starting point for many sensor fusion applications and have
historically proved useful. They also have sound statistical interpretations. How-
ever, we will not discuss these explicitly, but for the interested student, there are a
couple of exercises that delve into this topic.

Mathematically, minimizing a cost function J(x) to find an estimate of the
quantity of interest X (the hat indicates that X is an estimate of the unknown quan-
tity x), can be written as the optimization problem

X = arg min J(x), (2.15)

which reads as “the estimate x is the argument x that minimizes J(x)”. Typical
cost functions minimize a function of the error

€n = Yn — gn(x) (2.16)

between the measurement and the output predicted by the estimate. Two typical
functions are the absolute error (Figure 2.1a)

len] = yn — gn(x)]; (2.17)
which penalizes all errors equally, and the quadratic cost function (Figure 2.1b)
€2 = (yn — gn(x))>. (2.18)

which favors smaller errors over larger ones.

2.3.2 Least Squares

In practice, the quadratic cost is much more common. It implicitly imposes a
certain smoothness onto the problem by penalizing large errors more than small
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J(e) J(e)

(a) (b)

Figure 2.1. Examples of cost functions: (a) Absolute error, and (b) quadratic error.

ones. Additionally, it is closely related to the case where the measurement noise is
assumed to be Gaussian as discussed in Section 2.2. Minimizing the quadratic cost
function is also referred to as the least squares method. As we will see, many of
the most common estimation algorithms can be formulated based on this approach.

Typically, the aim of the estimation algorithm must be to minimize the error
over all measurements y;. rather than only one measurement ¥,,. Hence, the
resulting cost function is rather the sum over all the errors e,,. For the quadratic
cost (2.18), the cost function is thus

Jrs(x)

N
>
=l (2.19)
N .
= Z(yn - gn(x))Q
n=1
Similarly, for vector measurements, the quadratic error of a single measure-

ment can be written as

er = (Yn — 8n(x)) T (yn — 8a(x)), (2.20)
and thus, the cost function becomes

M

Jis(x) =D (¥ — &n(x))" (yn — 8a(x)). @21)

n=1

Finally, we can write (2.19) and (2.21) more compactly by using the vector
notation introduced in Section 2.2. This yields the compact cost function

Jis(x) = (y — g(x) " (y — g(x)). (2.22)

A method that determines the estimate X by minimizing the quadratic cost function
in Equation (2.22) is called a least squares (LS) method. The formulations (2.19)
or (2.21) and (2.22) are equivalent. Hence, we will use these formulations inter-
changeably, depending on the context.
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2.3.3 Weighted Least Squares

The least squares method assumes that all measurements are equally reliable. In
other words, each measurement is weighed into the estimate equally. However, not
every measurement might actually carry the same amount of information: Some
measurements might be more important (in some sense) than others and thus,
should contribute more to the solution than others.

This can be achieved by using the weighted least squares (WLS) cost func-
tion instead. By introducing the positive weights w,, for each term in (2.19), the
weighted least squares cost function for the scalar case becomes

Jwis (x an Yn — gn(x)). (2.23)

Similarly, for the vector case (2.21), we can introduce a positive definite?
weighing W, matrix and weight each term using this matrix. The resulting cost
function becomes

Mz

Jwrs(x "W, (yn — gn(x)). (2.24)

n:l

Again, (2.23)—(2.24) can be written using the compact notation as

Jwis(x) = (y — g(x))"W(y — g(x)), (2.25)

where the overall weighing matrix is given by either

wi 0 ... 0 W, 0 ... 0
W = 0 2 : or W = 0 W2
: .0 : .0

for the scalar or vector case, respectively. The forms (2.24)—(2.25) are indeed very
general and they will be the basis for many of the estimation algorithms derived in
this course.

An important question is the choice of the weights w,, (or W,). This can, in
principle, be arbitrary as long as they are positive (or positive definite). In practice,
however, a principled choice is to use

wp =1/07, and W, = R,

that is, use the inverse (co)variance of the measurement noise as the weighting fac-
tor. The rationale behind this choice is as follows: The covariance is a measure

That is, a symmetric matrix M for which it holds that x" Mx > 0 for any arbitrary non-zero
vectors x. The eigenvalues of this kind of matrix are all positive.
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for the amount of uncertainty in our measurement due to the measurement noise.
A large covariance means that there is a large uncertainty and vice-versa. Hence,
by weighing the measurements using the inverse of the covariance, measurements
with high uncertainty are given lower weights and measurements with low uncer-
tainty are given higher weights.

2.3.4 Regularized Least Squares

In plain (weighted) least squares we find an estimate that best explains the measure-
ments. This amounts to selection of the estimate that minimizes the cost function.
However, sometimes it is also useful to regularize the estimate itself by, for exam-
ple, forcing it to be ”small” or in some predefined part of space. This is advanta-
geous in particular when the estimate is not unique — in that case a regularization
term can be used to select the estimate that correspond to the area where we believe
that the estimate should be. This kind of ”prior belief” is called “’prior information”
and indeed regularization terms correspond to prior distributions of the unknown
quantity in estimation theory.
The general form of regularized least squares (ReLS) that we use is

JreLs(x) = (y —g(x)) "R (y —g(x)) + (x —m)"P~'(x —m), (2.26)

which has a quadratic regularization term defined by parameters m and P. We
have on purpose selected the weighting term to correspond to the measurement
noise covariance W = R™!, because in that case the regularization term has
the interpretation of corresponding to a Gaussian distribution with mean m and
covariance P. What it says is that our prior belief is that the estimate should have
a Gaussian distribution with mean m and covariance P. With covariance going to
infinity, our prior belief vanishes and the problem becomes an ordinary (weighted)
least squares problem.
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Chapter 3

Static Linear Models

In this chapter, we focus on static, linear models. These models are quite versatile
already and have several important properties, one being that we can find a closed
form estimation algorithm.

3.1 Linear Model

3.1.1 Scalar Model

The simplest measurement model arises when the measurement is a scaled and
noisy version of a scalar quantity of interest. In this case, the scalar measurement
Y, can be written as

Yn = gT + T, 3.1

where we assume that the scale factor g is known.

Example 3.1. 7o measure the wall-distance of the drone in Figure 1.2 we could
use, for example, radar which essentially measures the time difference between the
sent signal and the signal reflected from the wall. This time difference is ideally
equal to the double distance divided by the speed of light T = 2p®/c, where
¢ = 299792458 m/s. If we do this measurent N times, and each measurement
is corrupted with noise, then the measurement model is

2
ynzzpz—i—rn, n=1,...,N. (3.2)

which has the form (3.1) with g = 2/c.

With (3.1) in mind, we can construct similar models where the scalar measure-
ment linearly depends on a set of K unknown quantities 1, ..., Zxk:

Yn = 171 + goT2 + -+ + grTK + Ty, (3.3)

21
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with known scale factors g1, ..., gx and noise term r,. We can rewrite (3.3) in
matrix form as

€1
T2
=101 92 ... gx]| . | +re=gxtry, (3.4)
TK
where g = [gl g2 ... gK] is the vector of constants and x = [:1:1 To ... :CK]T

is the vector of unknowns. For further generality, we can replace g above with g,
which would allow for different set of coefficients for each measurement, which
yields

Yn = 8nX + Tp, (3.5)

For a total of N measurements y1,%2,...,YyN, We can use measurement stacking
as discussed in Section 2.2 to obtain the compact model

y=Gx+r, (3.6)

where y and r are the stacked measurements and measurement noise, respectively.
Moreover,

g1
g2
G=|_ 3.7
gN
is a matrix that contains the known factors g1, ..., gxn.

3.1.2 Vector Model

The scalar model can also be extended to the case where each measurement itself
is a vector. In this case, a single vector-valued measurement y,, can be written as

guin 12 ... 01K T
921 G922 ... JIK T2

VYn = : : . : : +r,. (3.8)
9d,1 9dy2 .- GdyK| |TK

We can now collect the terms g;; into a matrix and rewrite the above model in form

where G, contains the collected terms, and similarly to previous section, we have
already allowed it to vary for each measurement.
Again, by stacking the measurements y1,ys2, . . .,y into a single vector y, we
obtain the compact model
y=Gx+r, (3.10)
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where the matrix G is given by

G=| . |. (3.11)

Gy
Comparing (3.6) and (3.10), it can be seen that both the scalar and the vector
model can be written in the same form, the only difference being the matrix G.

Furthermore, that common model is completely linear in all the unknowns x and
thus, this model is called the linear model.

3.1.3 Affine Models

An important class of models is a slight extension of a linear model, called affine
model, where the model includes an additional known bias b:

y=Gx+b+r. (3.12)

Fortunately, it turns out that the same algorithms that are used for linear models
(without a bias) can also be directly used for model with a bias. This is because we
can now rewrite the above model as

y—b=Gx+r. (3.13)

and consider y = y — b as the measurement is a linear model. That is, we
start our estimation procedure by computing y by subtracting the biases from the
measurements and then apply linear model algorithm to the modified model

y=Gx+r. (3.14)

Example 3.2. The drone model in Equations (1.3) and (1.4) has this kind of form.
Thus, we can convert the model into linear model by defining de-biased measure-
ments as

Y1 =y,
Y2 = Y2,
y + ! (3.15)
= — o, .
Ys =Ys NG 0
which reduces (1.4) to
gl 1 O px 7’1
g2 | = (3 } [py] + |raf, (3.16)
Y3 7B Bl 13
—— M X =
y G r

which is indeed a linear model.
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Example 3.3. For the autonomous car model in Equations (1.6) and (1.7) we can
eliminate the bias by defining

~ xX
Y1 =91 — 81,

~ Y
Y2 = Y2 — 87,

YoM —1 = YaM—1 — Sir

Yonr = Yonr — Sy (3.17)

3.2 Linear Least Squares

The linear model introduced in the previous section in (3.10) can be seen to be a
linear equation system. Unfortunately, in addition to the K unknown parameters
of interest in x, there are also a /Nd, unknown noise values, which yields a total
of K + Nd, unknowns. Since we only have Nd, measurements (= equations)
the equation system is under-determined and can not be solved. Even adding more
measurements does not solve this problem since every new measurement adds a
new unknown (the noise values).

Fortunately, we have already introduced an alternative approach: Minimizing
the error cost as discussed in Section 2.3. In this section, we will pursue the least
squares approach for the linear model introduced in the previous section.

3.2.1 Scalar Model

We start our discussion based on the scalar model (3.1). For this model, the error
for each measurement is given by

€n = Yn — gT. (3.18)

Hence, the least squares cost function becomes

N

Jis(@) = (yn — g2)°. (3.19)

n=1

The least squares estimate g is the value of x that minimizes the cost func-
tion (3.19). The minima of the cost function with respect to x are found by setting
the derivative of Ji s () (with respect to x) to zero and solving it for x.



3.2. LINEAR LEAST SQUARES 25

The derivative is given by

3JLs

N
7 2~
—29(yn — g)

:—ZngnJrqu x

— _2g Z Yn + 2N g2z. (3.20)

n=1

I |
ﬁM QJ\Q;

Setting (3.20) to zero yields

0=-29> yn+2Ng’s,

n=1

and solving for z finally yields the estimator

i L i (3.21)
TLS = 77— Yn- .
Ng n=1 "

Two important aspects of an estimator are its mean and variance. The mean
indicates whether an estimator (on average) converges to the true parameter value
x and the covariance indicates how confident we are about the estimated value. For
the scalar least squares estimator in (3.21), the mean is given by

1N
E{f@Ls}ZE{NgZyn}
n=1
| XN
= — E{gx 4+,
Ngnzl { }
1
=—> gr+E{r,
Ngnz‘: {rn}

N
1
= Ngx + E{r

N
=x+ Z E{r,}.
n=1

Hence, if (and only if) the measurement noise is zero-mean, that is, E{r,} = 0
the mean reduces to
E{2s} = . (3.22)
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In this case, & converges to the true parameter value and the estimator is said to be
an unbiased estimator. Furthermore, for the zero-mean noise case, the variance is
given by

1 & ’

1 Y ’
=E { (Ng nZI(gx +7ry) — x)

1 al ’
E{<M<Ngx+n§:lrn>x>

AR

and finally assuming that var{r, } = o we get

0_2

N (3.23)

var{Zrs} =
where we have also assumed that the individual r,,s are independent.
The error in the estimator is measured by the standard deviation which is the
square root of the variance

1 o
VN lgl’
which shows that the standard error of the estimate diminishes as 1/+/ /N with the
number of measurements. Given the estimator and its standard deviation we can

also compute the confidence interval of (loosely speaking) the true parameter value.
The typically used confidence interval is the 95% interval

std{dLs} = (3.24)

[irs — 1.96 std{drs}, drs + 1.96 std{drs}], (3.25)

which under certain conditions (Gaussianity, etc.) contains the true parameter
value with a probability of 95%. For visualization purposes the coefficient 1.96
is often replaced with constant 2 as it is an approximation anyway. Furthermore, in
multivariate case the formula for confidence interval is a bit more complicated, but
using the multiplier 2 still provides a reasonable approximation to the confidence
interval.
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Example 3.4. Let us consider the wall-distance measurement model in Exam-
ple 3.1 and assume that we estimate p* by using (3.21) with N measurements:

N
C
1 = —— . 2
T n§1yn (3.26)

This estimator is unbiased. Further assume that the standard deviation of the
measurement is o = 107 s (I nanosecond). Then by (3.24), the standard deviation

of the estimator is
1 co

td{21} = —=—. 3.27
S {fL‘l} \/N 9 ( )
With a single measurement (N = 1) we get the error of 15 cm whereas by averag-
ing 100 measurements the error drops to 1.5 cm.

3.2.2 General Linear Model

We can now generalize the result (3.21) for general linear models of the
form (3.10). Using the vector form of the least squares criterion in (2.22) together
with the model (3.10) yields the cost function

Jis(x) = (y — Gx)T(y — Gx). (3.28)

To minimize this cost function, we can follow the same steps as in the scalar case.
First, we calculate the gradient of (3.28) with respect to the parameters x. Since
X is a vector, this can be done by calculating the partial derivative with respect to
each individual entry zj in x individually. A more compact alternative is to use
vector calculus. In the vector calculus notation we have

0Jis(x)

ox
0JLs %x)

02

0Jis(x)

I , (3.29)

915 (x)
which is the gradient of Jis(x) which in some literature is denoted as "V Jys(x)”.

We now have the following computation rules for the vector derivatives (Petersen
and Pedersen, 2012):

8xTa_ da'x T—a
ox  \ 0x R

OxT Ax
0x

= 2Ax,
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which then gives

0Jrs(x 0
Lt _ 0y~ axly - Gx)
= (;i((yTy —y'Gx—x'G'y +x'GTGx)
= —2GTy +2G"Gx.

Then, setting the gradient to zero and solving for x yields
xs = (GTG)'GTy (3.30)

for the least squares estimator. Note that (3.30) is valid for both scalar measure-
ments of the form (3.3) as well as (3.9), with the appropriate choice of the matrix
G.

Similar to the scalar case, we can calculate the statistical properties of the
estimator (3.30). The mean is found from

E{xis} =E{(GTG)'GTy}
=E{(GTG)'GT(Gx +1r)}
=E{(GTG)'GTGx+ (GTG)"'Gr}
=x+ (GTG)'GTE{r},
and we can see that if (and only if) E{r} = 0, we have that
E{%.s} = x, (3.31)

and the estimator is unbiased. Furthermore, for the zero-mean noise case, the
variance can be derived from

Cov{Xis} =E {(f(Ls — BE{xvs}) (Xus — E{ﬁLs})T}

_E{((GTG)lgT(GX+r) _X> <(GTG)flgT<Gx+r) —X)T}

_E { ((GTG)—lGTr) ((GTG)—lcTr)T}
= (GTG)GTE{rr"}G((GTG)™HT,
and is given by
Cov{xis} = (GTG)"'GTRG((GTG)™)T. (3.32)

Example 3.5. Let us recall the autonomous car shown in Figure 1.4 and its model
in Equations (1.6) and (1.7). The positions of the landmarks are

s]=2, s53=0, s5=10, sj=171,

3.33
531/:6, sg:(), s%z?7 SZ:& ( )
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®)

Figure 3.1. Least squares estimation example.

x1

The joint measurement noise covariance matrix is a diagonal matrix
1 T Y X Y T Y x Y
R—dlag( 1,R1, 2,R2, 3,R ,R4,R4), (334)
where the individial variances are given as

v, £=0.1, R:=08, R=0.5,

(3.35)
RY=03, RY=05 R{=2  RY=15.

Furthermore, in order to use the least squares equations in this section we
need to de-bias the measurements using (3.17). Figure 3.2 shows the least squares
estimate of the autonomous car position (red dot) and its confidence ellipse (red
ellipse) when the relative locations of landmarks (orange) where measured with
the standard deviations given above. The true position is shown in blue.

3.2.3 Weighted Linear Least Squares

As mentioned in Section 2.3, it is sometimes desirable to use a weighted least
squares criterion rather than the least squares criterion to take different levels of
certainty into account. In this case, the cost function (2.25) with W = R~! is
used together with the general linear model (3.10), which yields

Jwis(%) = (y — Gx)TR ™ (y — Gx). (3.36)

Following the same steps for the derivation as for the least squares case, we obtain
the weighted least squares estimator given by

xwrs = (GTR7IG)"!GRy. (3.37)

Comparing the linear least squares estimator in (3.30) and the weighted version
in (3.37), we see that the former is a special case of the latter if and only if the
covariance matrix is proportional to the identity matrix, that is, R = o2
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Figure 3.2. Weighted least squares estimation example.

x1

Similarly, the mean and covariance of the weighted least squares estimator can
be shown to be

E{xwis} =x+ (GTR'G)"'GTR ' E{r}

=X
and
Cov{xwis} = (GTR'G)"'GTR'RR!G(G'R!G)™!
=(G'R'G)L. 539
respectively.

As discussed in Section 2.3, it is possible to make other choices for the weigh-
ing matrix W. However, it can be shown that choosing the inverse noise covariance
matrix R™! is the optimal choice for W in the sense that it minimizes the trace of
the covariance of the estimator.

Example 3.6. Figure 3.2 shows the weighed least squares estimate of the au-
tonomous car position using the same data as in Example 3.5. It can be seen
that the confidence interval is now smaller and the estimator is closer to the true
position.

3.3 Regularized Linear Least Squares

So far, we have assumed that the unknowns x are completely arbitrary and de-
terministic. However, as discussed in Section 2.3, in many cases, we have some
prior information about the parameters, for example we know beforehand that they
might be distributed around some mean E{x} = m with covariance Cov{x} = P.
This prior information can be incorporated into the estimator by adding a regular-
ization term to the cost function, which leads to the regularized linear least squares
estimator.
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The cost function then becomes
Jrers(x) = (y—Gx) 'R (y—Gx)+ (x—m) P Y(x—m), (3.39)

where the second term (x —m)TP~!(x — m) is a regularization term that encodes
the prior information. The minimum of this cost function can now be derived by
setting the gradient to zero. The gradient is given by

OJReLs (%)
ox

which now has some additional terms resulting from the regularization. Setting it
to zero and solving for x then yields the regularized linear least squares estimator

= 2GR 'y +2GTR!Gx — 2P 'm + 2P !x

XreLs = (GTRIG + P HHGTRly + P lm). (3.40)

The estimator in (3.40) shows that when using the regularization approach, the
resulting estimate is a weighted average of the data, which enters through the term
GTR 'y and the prior information through P~'m. The contributions of each of
the terms are determined by two factors. First, there are the weighing matrices
R~! and P!, which directly weigh the contributions. Second, the number of data
points in y also affect how much emphasis is put on the data, and how much on the
prior information.

The covariance of the estimator can then shown to be

Cov{Xpers} = (GTR7IG + P~ 1)L, (3.41)

It can further be shown that the trace of the above covariance (which is the total
variance) is strictly smaller than that of the non-regularized version in Equation
(3.38). This is because including prior information decreases the variance of the
estimator. However, if we compute the expectation of the estimator (3.40), we
find that the estimator is biased — it is unbiased if and only if P~ = 0. This
bias is due to our inclusion of prior information which forces the estimate slightly
towards prior. However, if our prior belief is correct, the estimator is supposed to
be biased and the bias actually forces the estimate to be closer to the truth than the
measurements alone imply.

It is also possible to express the mean and covariance equations in alternative,
but equivalent form, which will be especially useful in sequential least squares that
we discuss in the next section. The matrix inversion formula, which is also called
Woodbury matrix identity, gives

(GTRIG+P ) '=P-PG"(GPG"+R)"!GP. (3.42)

If we further substitute this into the estimator equation and simplify, we can express
the estimator (3.40) and its covariance (3.41) as

XReLS = M + K(y — Gm), (3.43)
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Figure 3.3. Regularized least squares estimation example.
and
Cov{Xgpes} =P — K(GPGT + R)K", (3.44)
where K is a gain given by
K =PG'(GPG" +R) . (3.45)

In this form, a second interpretation of the regularized linear least squares estimator
is possible. Recall that m was the prior mean. Then, the term y — Gm is the error
between the output and the output predicted by the prior mean. The final estimate
is then the prior mean that is corrected by the error term through the weight K.

Finally, we also point out that the regularized least squares solution can also
be derived as non-regularized (weighted) least squares solution where the regu-
larization term is interpreted as additional set of measurements. Because (x —
m)"P7(x —m) = (m — x)TP~}(m — x), we can rewrite the cost function
(3.39) as

JreLs(x) = (y — Gx) TR}y — Gx) + (m — x) TP (m — x)

(G- [ e (][5

where the last form is a non-regularized (weighted) least squares problem where
the measurement contains y and m, the measurement model matrix contains an
additional identity matrix, and the covariance of the measurement is a block matrix
containing R~" and P! on the diagonal.

By using Equations (3.37) and (3.38) we can now derive the regularized estima-
tor and its covariance. This form will be used in nonlinear least squares problems
as it allows us to derive algorithms for plain weighted least squares problems and
then the solutions to regularized least squares problems can be solved with the
same algorithms by using the trick above.

Example 3.7. Figure 3.3 illustrates the effect of regularization in least squares
estimate of the autonomous car position using the same data as in Examples 3.5
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and 3.6. On the left we have prior information where the mean is close to the truth,
but the prior variance is quite large. In this case the estimate is slightly shifted
towards the true position. On the right, the prior mean is in the wrong place with
relatively small variance, which in this case shifts the estimate to the wrong place.
If the prior information were correct, the estimate would be even better.

3.4 Sequential Linear Least Squares

In many cases, the sensor data arrives sequentially at the estimator. Assume that we
have calculated the least squares estimate X,,_1 according to (3.37) with covariance
P,-1 = Cov{x,_1} as in (3.38) for the dataset y1.,—1 = {y1,¥2,---¥Yn-1}
When a new measurement y,, arrives, the weighted least squares cost function can
be written as

JSLS(X) = (y1:n71 - G’l:nflx)TR;%Lfl(yltnfl - Gl:nflx)

+ (¥ = Gnx) TR, (v — Gax), (3.47)
where the first part is the cost function that was minimized when n — 1 measure-
ments were available, and the second part is the additional cost for the nth sample.

Minimizing (3.47) is achieved in the same way as for the general linear model

in the previous section, except for that there is an additional term. The gradient is
given by

0JsLs(x)

Ox = _2G—1r:n71R;71171Y1:n—1 + QGEnflRi}LflGl:n_lX

- 2GR, 'y, + 2GR 'G,x. (3.48)
Setting the gradient to zero and solving for x then yields the updated estimate
Xp = (G—lr:n—lR;}z—lGlin—l + GIRglGn)il
% (Gl 1 Rip_1¥1m-1 + Ga R, yn)
= (P;il + GIRglGn)_l(GlT:n—lRiqleYI:n—l + GIR;1Yn)~

Using the matrix inversion formula as in the previous section and some further
simplifications, we can rewrite this as

)A(n = )A(n—l + Kn(yn - Gn*n—l) (3.49)

with the gain
K,=P, G (G,P,_.GT +R,)" 1. (3.50)

Knowing that E{%,,_1} = x (which follows from Section 3.2), the mean of the
updated estimate is given by

E{x,} = E{xn—1} + Kn(E{yn} — Gn E{Xs-1})

:X’

(3.51)
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Figure 3.4. Sequential least squares estimation example.

that is, the updated estimate is unbiased provided that the previous one was. Fur-

thermore, the covariance of the updated estimate is

Cov{x,}

= E{(f{n—l + Kn(Yn - Gn)A(n—l) - X)()A(n—l + Kn(yn -

Gn%n_1) —x)"}

= BE{(&n-1 — %) (Xn-1— X)T} + E{(Xn-1 —x)(yn — an{n—l)TLZ}

+E{K,(yn — GnXp_1)(Xp_1 —x)T}
+ E{Kn(yn - an(nfl)(yn -
=P, - K,(G,P, 1GT +R,)K].

Gn%,_1) LT}

(3.52)

Note how the covariance update in (3.52) illustrates how adding new measurements

reduces the uncertainty of the estimate.

It turns out that regularization can be easily incorporated into sequential esti-
mation. All we need to do is to set Xg = m and Py = P from the regularization
term in (3.39) and then proceed with the above update equations.

Example 3.8. Figure 3.4 illustrates the sequential least squares estimation of the
autonomous car position using the same data as in Examples 3.5, 3.6, and 3.7. On
the left top we have used only one measurement, on the right top two measurements,
on the bottow left three, and in the bottom right all the four measurements. It
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can be seen how each measurement gives more information and after all four
measurements the result exactly coincides with the weighted least squares estimate.
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Chapter 4

Static Nonlinear Models

In Chapter 3, we discussed problems where the sensor model is linear in the param-
eters of interest. For these model types, closed-form estimators exist and further-
more, we can analytically determine the estimators’ properties such as biasedness
or covariance. However, despite these desirable characteristics, linear models can
be limiting and a nonlinear model may be more accurate in describing the relation-
ship between the sensors’ measurements and the parameters of interest.

4.1 Nonlinear Model

In this section, we develop estimation algorithms for general models of the form
y = 8g(x) +r, 4.1)

where g(x) may be an arbitrary nonlinear (vector-valued) function. As for the
linear models, they aim will be to minimize the weighted least squares cost function

Jwis(%) = (v — g(x)) 'R (y — g(x)) (4.2)

with respect to x.

Although the above cost function does not contain a regularization term, we
can recall from Section 3.3 that a regularized linear squares problem can be re-
formulated as a non-regularized least squares problem. The same trick also works
for nonlinear problems and hence the algorithms presented in this section will also
work for regularized linear squares problems. We come back to this in Section 4.6.

In some special cases, it is still possible to find analytical expressions at least
for the (W)LS estimator and possibly even for its properties. Hence, it is always
worth trying to derive it. However, for the vast majority of models, this is not possi-
ble and we have to resort to iterative, numerical optimization methods to minimize
the cost function (4.2). For this purpose, we discuss the following methods here:

e Gradient descent,

37
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Figure 4.1. Illustration of the cost function for a nonlinear problem with two unknowns

X = [xl xQ]T. (a) Contours of the cost function, and (b) vector field defined by the
negative gradient.

e the Gauss—Newton algorithm, and
o the Levenberg—Marquardt algorithm.

Note that all of these algorithms typically only are able to find local minima,
unless there is only a global minimum. Hence, it is important to have good initial
guesses of the parameters.

4.2 Gradient Descent

The first approach, gradient descent is a method based on the following strategy.
Assume that we are given the current parameter estimate (%) at the algorithm’s ith
iteration. Then, the gradient of the objective function at %) indicates the direction
of the function input x in which the function value increases. Hence, taking steps
from %x() in the direction proportional to the negative gradient, the function value
should decrease (see Figure 4.1).

This leads to the update rule given by

D = 30 _ 5 8JW(9LS(X) ’ (4.3)
x 0

where 0.Jwys(x)/0x denotes the gradient of Jys(x) with respect to x and v > 0
is a positive constant defining the step length. For simplicity, we start our derivation
assuming scalar measurements y,, together with the (non-weighted) least squares
cost function and later generalize it to the general model (4.1)—(4.2). In this case,
we have that

N
Jis(%) = Y (yn — gn(x))?

n=1
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and thus
3JLS _ 9 ivj
ox —
N
Agn(x
= 3 200 - 02() Bf( )
n=1

The sum can be rewritten in vector form as

Y1 g1(x)
Ohs(x) _ _, (2500 25200 soneo] [ 2| - |92
ox 0x 0x T ox
YN gn (%)
[0g91(x)  Oga(x) 9gn ()]
oz oz te oz
= _9 T2 T2 o
: pan o | &~ 8X));
: : OrK_1
dg1(x) Ign-1(x)  Ogn(x)
L Oz T 0T Org J

and the matrix of derivatives can be identified as the transpose of the Jacobian
matrix given by

[091(x)  091(x) 991(%) 1]
ox1 02 T 2 e
Jg2(x)  9ga2(x) :
_ ox1 0o .
Gx(x) = | | 4.4)
. : ox
dgn (x) dgn(x)  dg(x)
L Oz T Ox g1 Orx |

which is a matrix containing the gradients of the elements of the vector valued g(x)
at each row. Hence, we have that

0JLs(x)

— _oxT —
We can now directly generalize (4.5) to the general cost (4.2), which yields
OJwrs(x) 0 1
T ox 8x(y g(x))"R(y — g(x))
0

3X[ Ry —y"R7'g(x) —g(x) "R 'y + g(x)R'g(x)
= 2GI(x) R\ (y - g(x)).

Note that the direction of the parameter update is given by —GJ (x) R~ (y —
g(x)) which we will multiply with the step size . We can now absorb the factor 2
into the step size which yields the gradient descent update (4.3) given by
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Algorithm 4.1 Gradient Descent

Input: Initial parameter guess x(°), data y, function g(x), Jacobian G (x)
Output: Parameter estimate Xwrs

I: Seti <+ 0

2: repeat

3: Calculate the update direction

AxUT) = GIED) R (y — g(x7))

he

Select a suitable (1)
Calculate

W

x0HD) = () A (4D Ax (+1)

6: Seti<—i+1
7: until Converged

Y2 x py //"I &

Figure 4.2. Gradient descent optimization example. The left figure shows the evolution of
the estimates from start to the end, and right figure is a zoom to the end of the optimization.

It remains to determine how long the step length « should be chosen. Choosing
~ too large may cause the cost function to increase, whereas too small steps might
cause unnecessarily slow convergence. A typical strategy is to simply choose it
small enough so that the cost decreases at every step. However, quite often it is
advisable to change the step length during the iterations in one way or another. One
approach is to use a line search for selecting it, but we will postpone the discussion
on line-search methods to Section 4.4, where we discuss it in the context of Gauss—
Newton methods. A general gradient descent algorithm is shown as Algorithm 4.1.

Example 4.1. Let us consider a similar car localization problem as in Example 3.5
which was depicted in Figure 1.4. However, let us assume that we are only able to
measure the ranges to the landmarks as specified in the model in Equations (1.8).
In this case the model becomes non-linear. We assume that the variances of the
range measurements are R{% =1, Rg = 0.1, Réq = 0.8, and RE = 0.5. The
result of applying the gradient descent algorithm to the corresponding weighted
least squares problem is shown in Figure 4.2. It can be seen that gradient descent
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indeed finds the minimum, but the route that it finds is far from a direct route and
when we get closer to the minimum, the steps become smaller and smaller although
we have kept v constant.

While intuitive, the gradient descent approach suffers from an important prob-
lem. In areas where the cost function is flat, the gradient is very small. Hence, the
algorithm can only take small steps, which leads to the problem that a large num-
ber of iterations is needed to cross such areas. Thus in general, the pure gradient
descent method is a quite inefficient algorithm and if, for example, Gauss—Newton,
Levenberg—Marquardt, or Quasi—-Newton methods can be used, they should be pre-
ferred. However, recently, gradient descent methods and in particular their stochas-
tic versions, stochastic gradient decent methods, have gained some popularity due
to its computational efficiency in models with high number of parameters such as
large neural networks.

4.3 Gauss—-Newton Algorithm

The second method, the Gauss—Newton algorithm, is based on a different approach.
Given the estimate %) of x at the ith iteration, the nonlinear function g(x) can
locally be approximated by using a first order Taylor series expansion. This ap-
proximation is given by

g(x) ~ g(x?) + G (%) (x — xV) 4.7)
where Gy is the Jacobian matrix of g(x) given by (4.4). Using this local linear

approximation of the nonlinear function, the weighted least squares cost can be
approximated by

Tis(a0) & (3 - 8E&0) - Ge(&?) (x - 2)) R
< (v — B&) - Gu(x) (x - xD))

_ (em G (x) (x — 5((2'))>T R-! (em G (5 (x — ;(u)))
(4.8)
were we have made use of e() = y—g(fc(i)) (which is the error of the sth iteration).
The approximated cost function (4.8) is linear in the parameters x (remember
that x(¥) is constant and given from the last iteration) and hence, we can derive
a closed form solution for the parameter update. This is achieved by setting the
approximative cost function’s gradient to zero and solving for x as

OJwis(X) 0 (1 (iN\Tr-1.0) (TRl (()\ (v ()
= N8X<(e TR e — (e)TR 1G4 (x?) (x — x@)

— (x—x)TGI xR te®
Fx - xNTGT (D) R1GR (%) (x — f<<i>))
_ _QGI()A((Z‘)) R le® + QG;IC'(;((i)) R_IGX(&“)) (x — 5((2’)) =0
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Algorithm 4.2 Gauss—Newton Algorithm

Input: Initial parameter guess %) data y, function g(x), Jacobian G«
Output: Parameter estimate Xwys

I: Seti <+ 0

2: repeat

3: Calculate the update direction

AxUHD = (G (%R Gx (%)) G (xR (y — g(x1))

4: Calculate
%+ — £ (@) L Ax(i+1)

(9]

Seti+i+1
until Converged
: Set Xwrs = %0

2o

and thus

D) = 30 1 (GT D) R 1G4 (x?)1GT (%) R e

X

4 . . 4 . 4.9
X0 4 (G](0) R G () 1G] ) Ry — (&)

The resulting method is given in Algorithm 4.2. The algorithm produces the
least squares estimate of the parameters Xwps. Given this estimate, we can also ap-
proximate the covariance of the estimate by using the linearized model analogously
to the linear case in Equation (3.38), which gives

COV{)A(WLs} ~~ (GI(XWLS) R_lGx()A(WLs))_l. 4.10)

A major disadvantage of the Gauss—Newton approach is that the linearization
of the measurement model is local. In highly nonlinear problems, this means that
it is dangerous to extrapolate too much and only small steps can be taken at a time
to avoid missing local minima. This problem can be diminished by using a line
search method to find a suitable step size. We discuss this kind of methods in next
section.

Example 4.2. Figure 4.3 shows the result of applying Gauss—Newton algorithm to
the problem that we considered in Example 4.1. It can be seen that Gauss—Newton
takes a large step already in the beginning and only a few additional iterations are
needed to obtain convergence.

Example 4.3. A problem of Gauss—Newton is illustrated in Figure 4.4. In this case
we have started the optimization from a relatively far away point and it can be seen
that Gauss—Newton’s initial step is taken to a wrong direction. As can be seen in
the cost function evolution, the initial step actually increases the cost — because the
initial step is too large.
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Figure 4.3. Comparison of gradient descent and Gauss—Newton in weighted least squared
problem. The full evolution of estimates is shown on the left and the end of the estimation
is zoomed on the right.
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Figure 4.4. Comparison of gradient descent and Gauss—Newton in weighted least squared
problem when the starting point is further away. The evolution of estimates is shown on
the left and the cost J(x) as function of iteration number is shown on the right.

4.4 Gauss—Newton Algorithm with Line Search

In practice, taking a full step according to (4.9) in Gauss—Newton algorithm might
be too large with respect to the neighborhood for which the Taylor series approx-
imation (4.7) is valid. To avoid this, a scaled Gauss—Newton step can be done
instead, proportional to the direction given by the local approximation. This yields

)A((H-l) _ X(z) + ,)/A)A((H-l)’

—x (4.11a)
AR = (GLEDRTGL () G ED )R (y — 9(xY)),

(4.11b)

where 7 is the scaling factor.

One way to select the scaling parameter is to use a line search as follows. If
we substitute the updated parameter vector to the cost function Jwis(x), we can
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Algorithm 4.3 Line Search on Grid

Input: Previous iterate x(*), the update direction Ax(*+1), the cost function Jys(x), and
the grid size N,.
Output: Optimal step size v*.
1: Setvy* <~ 0and J* < Jyrs (k(i))
2: forj € {1,2,...,N,} do
3: Sety < j /N,

4 if Jws (X7 +9A%F) < J* then
5: Set y* <y

6: end if

7: end for

consider the cost as function of the step size parameter:
Tots(Y) = Fwis (X“) - vAfc(i“)) : (4.12)

Then the idea of line search is that on every step we select the step size by locally
optimizing it in the range [0, 1].

One way to perform line search is simply by evaluating Jv(f,{s(y) on a grid of
values and then selecting the step size that gives the minimum. This is often called
exact line search in optimization literature (Nocedal and Wright, 2006). This grid
search algorithm is shown as Algorithm 4.3. It would also be possible to use more
sophisticated minimum search methods such as bisection algorithm or interpolation
methods to find the minimum.

However, it turns out that the line search does not need to be exact as we can
guarantee to find the minimum. One simple idea is to use backtracking, where we
decrease the parameter «y until it provides a sufficient decrease in the cost. One
way is to simply halve the step size until it causes a cost decrease. This kind of
approach is used, for example, in Gustafsson (2018) and it often works well.

The Armijo backtracking is an inexact line search method where we demand
that the cost is decreased at least with an amount that is predicted by a first order
Taylor series expansions as follows. Let us expand the right hand side of (4.12)
using a first order Taylor series expansion as follows (Nocedal and Wright, 2006):

JwLs (fi(i) + 7Aﬁ(i+1)) ~ JwLs (fi(i)) — 29[AxTITGL (xD) (y — g(xD)).

(4.13)
Then we demand that the cost decrease should satisfy the Armijo condition
JwLs (fi(i) + ’YAfi(iH)) — Jwis (i(i)>
< =209 AxTITGL(EY) (v — g(x1)), (4.14)

where (3 is a parameter that we can choose freely on range [0, 1), typical parameter
value being 5 = 0.1. In the backtracking we then decrease y by multiplying it with
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Algorithm 4.4 Line Search with Armijo Backtracking

Input: Previous iterate X(*), the update direction Ax(**1), the cost function Jw s(x), and
parameters /3 and 7.
Output: Suitable step size 7.

1. Sety < 1and Jy < JwLs ()A((z))

2: Setd + —26 [AXCTDITGI (%) (y — g(x®))
3: while Jyis (X9 +yAXHD) > Jy +yd do

4: Sety <717

5: end while

Algorithm 4.5 Gauss—Newton Algorithm with Line Search

Input: Initial parameter guess x(*), data y, function g(x), Jacobian G (x)
Output: Parameter estimate Xwis

I: Setz <+ 0

2: repeat

3: Calculate the update direction

AxH) — (GEER T Gx(x)) T GLE R (v — g(x)

£

Compute optimal v(+1) with line search (Algorithm 4.3 or 4.4)
Calculate

ed

%00 = (0 4 4D A (41

6: Seti<+i+1
7: until Converged
8: Set Xwis = %

a parameter 7 (e.g., 7 = 0.5) on the range (0, 1) until the condition is satisfied. The
resulting method is shown as Algorithm 4.4.

A Gauss-Newton algorithm with a generic line search is shown as Algo-
rithm 4.5. The algorithm produces the least squares estimate Xwps and its
covariance can be approximated using (4.10). More advanced line search methods
can be found in optimization literature (e.g. Nocedal and Wright, 2006).

Example 4.4. Figure 4.5 shows the result of applying the Gauss—Newton algorithm
with line search to the far-away initial-point case considered in Example 4.3. It can
be seen that the initial step is shorter than with plain Gauss—Newton and the cost
is decreased at every step. However, although the cost is strictly decreasing, the
intermediate costs during the iterations are larger than with plain Gauss—Newton.
However, the strict decrease in the cost enhances the stability of the algorithm.

4.5 Levenberg—Marquardt Algorithm

The Levenberg—Marquardt algorithm (Levenberg, 1944; Marquardt, 1963; Nocedal
and Wright, 2006) uses a different strategy from line search to enhance the perfor-
mance of Gauss—Newton algorithm. The underlying idea is to restrict the step
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Figure 4.5. Illustration of Gauss—Newton algorithm with (exact) line search.

size by using regularization in the least squares solution following the linearization
made in the Gauss—Newton algorithm.

One way of deriving the Levenberg—Marquardt algorithm is indeed to see it
as a regularized Gauss—Newton algorithm. The Taylor series approximation of
the nonlinear function (4.7) is only valid in the local neighborhood of the current
parameter estimate x(?). Hence, we can use this prior information to regularize the
approximated weighted least squares cost function using a regularization term as
introduced in Section 3.3. This yields the cost function approximation

JReLs (x) =~ (y —g(x®) — Gx(x)(x — ﬁ(i)))T

<R (v - 8(x?) - Gx(x)(x — %))
+ A(x —x)T(x — %)
— (e(i) — G(x ) (x — )A((i)))T R-! (e(i) ~ Gr(xD)(x — )A((i)))
+ A(x — xNT(x — x®)

where the second term is the regularization around the last iteration’s estimate with

weight or damping factor ). The gradient of the cost function approximation now
becomes

‘”‘f;j(x) ~ —2GT xR e + 2GTR G, (D) (x — %) + 2x(x — %)
= —2GTR e + 2(GIRIG, (%) + AI)(x — %))

4.15)
Setting (4.15) to zero and rearranging yields

(GIENR TG (%xD) + AI)(x — V) = G xR e
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and thus,
D) — ) 4 A&(iﬂ)’ (4.16a)
AxHD) = (GT(ED)R G (%) + AD G (xR (y — g(x)).

(4.16b)

Equation (4.16b) shows that when A approaches zero, the algorithm converges
to the Gauss—Newton algorithm. On the other hand, for large values of ), the term
AI will dominate. In this case, we have that

(i 1 - (i
AXD ~ SGIRH(y —g(x1)),

which is a scaled gradient descent step. Thus, an important question is how to
choose A. Ideally, in flat regions of the cost function where the linear approxi-
mation is good, A should be chosen small, whereas in steep regions, it should be
chosen large. Unfortunately, there is no definite method on how to chose and adapt
A and several different approaches have been proposed.

A simple strategy which is often used, and which is a simplified version of the
method proposed by Marquardt (1963) and used, for example, in Pujol (2007) is to
start from some damping value, for example, A0 (e.g. A9 =1072) and select a
fixed factor v (e.g. v = 10). Then at each step we do the following:

e First compute using Equation (4.16) a candidate x(*+1) using the previous
parameter value A=) Then proceed as follows:

— If Jwis(X0HD)) < Jwrs(x) then accept %+ and decrease the
damping parameter by A()) = X\(—=1) /.

— Otherwise continue with X(*1) = %) and increase the damping pa-
rameter by A() = p \(=1),

Furthermore, the regularization procedure in Equation (4.16) has the disadvantage
that it is not scale invariant. To make the regularization scale-invariant, Marquardt
(1963) suggested to normalize the regularized cost function approximation by us-
ing the diagonal values of G] (x())R ™1 G (x(*). This procedure is equivalent to
replacing the regularization term AI with \ diag(GJ (%x())R ™G, (%)), which
yields to the following scaled parameter update:

Ax+D) — Gl(fc(i))RflGx(f((i)) + )\diag(Gl(ﬁ(i))R’lGx(ﬁ(i))))*l
« Gl(ﬁ(i))R_l(y _ g(fc(i))). (4.17b)

The resulting Levenberg—Marquardt algorithm, including both the non-scaled
and scaled versions, is shown in Algorithm 4.6.
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Algorithm 4.6 Levenberg—Marquardt Algorithm with simple adaptation

Input: Initial parameter guess %0 data y, function g(x), Jacobian Gy, initial damping
2O and parameter .
Output: Parameter estimate Xwys
1: Seti < 0and \ < A0,

2: repeat
3: Compute the (candidate) parameter update:
4: if using scaled version then

AXTHD = (GTED)RTIG (%) 4+ Adiag(GL (X PD)R T Gy (%)) 71
x GLEFNR ™ (y — gx'))
5: else

A% = (GLEDRTIGL (%) + AI) T'GLRH(y — g(x1))

6: end if

70 if Jwis (X9 + A% < s (%)) then

8: Accept the candidate and decrease A:

)A((i-i-l) _ 5((2) + A)A((’H-l)
A Ay
9: Seti<+i+1
10: else
11: Reject the candidate and increase A:
A—vA
12: end if

13: until Converged
14: Set )A{WLS = )A{(Z)

Example 4.5. Figure 4.6 illustrates the operation of the Levenberg—Marquardt
algorithm in comparison to Gauss—Newton method with line search. It can be seen
that the performance of the algorithm is similar to the Gauss—Newton although the
path that the optimization takes is quite much different. Furthermore, Figure 4.7
shows the evolution of errors in all the considered optimization methods. It can
be seen that the performance of the methods is similar in this case although exact
path that the cost function takes differs between the methods.

4.6 Regularized Non-Linear Models

Although the optimization algorithms in this chapter have been formulated to com-
pute solutions to non-regularized linear squares problems, they can also be used to
compute solutions to regularized problems. Similarly to Section 3.3, we can rewrite
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Figure 4.6. Illustration of the operation of the Levenberg—Marquardt algorithm.

the regularized cost as follows:

JreLs(x) = (y — g(x)) "R (y — g(x)) + (m — x) TP~} (m — x)

RFED T I

which has the form of a non-regularized cost and hence all the algorithms presented
in this chapter are again applicable.

4.7 Quasi-Newton Methods

Although here we have only concentrated on least squares problems and restricted
our consideration to gradient descent, Gauss—Newton, and Levenberg—Marguardt
algorithms, there exist other algorithms that can be used for solving these optimiza-
tion problems. One class of algorithms is based on the classical Newton’s method
as follows.

Let us consider a generic cost function J(x) which we wish to minimize. The
so-called Newton’s method is based on the following iterative procedure. Assume
that our current guess for the minimum is x(). We can now Taylor expand the cost
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Figure 4.7. Evolution of cost in all the considered optimization methods.

function as follows:

T
J(x) = J(x@) + [&gix)] (x —x®)
x=x(%)

+ %(X _ X(i))T [32J<X)]

ox2

(x — x), (4.19)

x=x(%)

where 9%.J(x)/0x> denotes the Hessian matrix of J(x). The strategy is now to
minimize the right hand side with respect to x and use the result as the next guess.
The resulting Newton’s method takes the following form:

‘ Vo [020(x)] 7 9J(x)
(i+1) _ () _
* * [ ox? ] ox

(4.20)

x=x(%)

Unfortunately, computation of the Hessian is often not desirable and therefore, in
so called quasi-Newton methods the Hessian is approximated. This approximation
can be formed in various ways which leads to multiple classes of quasi-Newton
methods (Nocedal and Wright, 2006) and among them the Broyden—Fletcher—
Goldfarb—Shanno (BFGS) algorithm has turned out to be particularly successful.
In fact, the Gauss—Newton method can also be seen as a quasi—Newton method
where we approximate the Hessian by ZGIR_IGX. The line search procedure is
also typically an essential part of quasi-Newton methods.
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4.8 Convergence Criteria

The algorithms introduced in the previous sections are all based on an iterative
scheme, where the parameter estimates are improved iteratively, based on the last
estimate. An important question therefore is, when to terminate the search. Three
simple and easy to check criteria are:

e The absolute or relative change in the parameter estimate falls below a
threshold. We can, for example, stop iterations when the vector norm of the
update direction is below a threshold: [|Ax(?|| < ¢,

e The absolute or relative change in the cost falls below a certain threshold.
For example, a criterion could be |(J(x?) — J(x(1))) /J(x%)| < e..

e A maximum number of iterations is reached.

It is common practice to monitor all or at least a subset of these criteria (plus
possibly others, too) and terminate the search when at least one of the criteria is
fulfilled. In order to avoid infinite loops, the last criterion (a maximum number of
iterations) should always be checked for, possibly issuing a warning when this is
the reason for termination of the algorithm.
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Chapter 5

Dynamic Models

Most sensor fusion problems involve dynamically changing variables. For exam-
ple, in autonomous driving, other road users continuously appear, disappear, and
move in the traffic scene. In this case, we are interested in estimating dynamically
varying parameters. We refer to these parameters as states or the state, because
they describe the state a system is in (e.g., the location and velocity of a car, or the
position, attitude, and velocity of a unmanned aerial vehicle, etc.).

In such dynamic scenarios, we have to employ sensors that provide repeated
measurements in time, that is, they sample periodically. In between those samples,
the state of the system evolves according to some process and thus, the states
at different times are different from each other. However, since the evolution of
the state follows some dynamic process, they are related and thus, we can relate
the states at two times to each other. To do that, we need a principled way of
describing how the state evolves between samples. We find a suitable approach
in differential equations (for continuous-time processes) and difference equations
(for discrete-time processes), which can be used to describe dynamic processes.
Indeed, we will make use of differential equations to derive state-space models
that turn an Lth order differential (or difference) equation into a first order vector-
valued differential (or difference) equation.

5.1 Continuous-Time State-Space Models

5.1.1 Deterministic Linear State-Space Models

We start the derivation of the state-space formulation based on an example. Fig-
ure 5.1 shows a spring-damper system, a typical mechanical system. This system is
governed by Newton’s second law of motion, from which we can find the following
inhomogeneous ordinary differential equation (ODE):

ma(t) = —kp(t) — nu(t) + u(t), (5.1

53
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k

Figure 5.1. Example of a mechanical dynamic system: A spring-damper system with
forcing function u(¢). The positive direction of the motion p is defined to the right.

where p(t), v(t), and a(t) denote the position, velocity, and acceleration of the
mass m, respectively, k is the spring constant, and 7 is the damping constant.
Furthermore, the forcing function u(t) is a deterministic input to the system.

By introducing a second equation, v(¢) = v(t), which always holds, and divid-
ing (5.1) by m, we obtain the equation system

v(t) = v(t), (5.2a)

_Ep(t) ~ Do) + iu(zt). (5.2b)

a(t) - m m m

This can be rewritten in matrix form, such that we obtain

-1 e e

m m

Observe that in (5.3), the vector on the left hand side of the equation is the
derivative of the vector on the right hand side. Hence, we can define the vector

and rewrite (5.3) as

%(t) = [_0:; _17,2] x(t) + [3] u(t), (5.4)
where
(1) = 2

denotes the time-derivative.

The form (5.4) is the state-space representation of the dynamic system in Fig-
ure 5.1 and the vector x(t) is called the state vector (or simply state). The state
vector now encodes all the information about the state the system is in (position,
speed, etc.). Therefore, solving this first-order vector valued ODE representation
rather than the original differential equation in (5.1), in some sense, provides richer
information about the system.
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We can now generalize this approach. Consider the Lth order ODE of the form
dla(t dz(t dlta(t
© 0, g, 450
dt dt dt

Then we can introduce L — 1 equations of the form d'z(t)/dt! = d'x(t)/dt to
obtain the equation system

de(t)  da(t)

= apz(t) + a1 + bru(t). (5.5)

T - a (5.6a)
d?z(t)  d2z(t)
= 5.6b
dt? de? (5.6b)
: (5.6¢)
dla(t) dx(t) df=1a(t)
T2 = CL[)QT(t) + aq a —+ -+ aLilW + blu(t) (56d)
Rewriting (5.6) in vector form yields
da(1) 0 1 0 ... 0 (t) 0
d2x(t) 0 o0 1 . dz(t) 0
= Tl e
. : .. L7i$ .
% apg ai N | ddtL_ﬁt) bl
This in turn, can be written compactly as the dynamic model
x(t) = Ax(t) + Byu(t), (5.7)
where
x(t) 0o 1 0 ... O 0
da(t) .
0
xt)=| ¥ | a=|0 01 CBu=| . |, ul®) =)
: 0 :
L—lx
ddtL—Et) ag ai ... ap—1 b1
(5.8)

While quite general, Equation (5.7) is a state-space representation for models
of the type in (5.5). However, we can also derive the same type of representation for
other dynamic models. For example, consider a freshly brewed hot cup of coffee.
Newton’s law of cooling then states that the change in temperature of the coffee is
proportional to the temperature difference between the coffee and its surrounding
(assuming that the surroundings are much larger than the coffee cup). This can be
formulated as a differential equation of the form

dTe(t)
dt

where T¢(t) denotes the coffee’s temperature, 7;(t) the room temperature, and k;
is a constant. The change in room temperature on the other hand depends on the

= —ki(Te(t) = Ti(t)), (5.9)
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heat that is produced inside the room (e.g., due to heating) as well as the losses to
the outside. Again assuming that Newton’s law of cooling applies, we can write
the differential equation as

ATy (t)
dt

= —ko(Ty(t) — Tu(t)) + h(t), (5.10)

where ks is a constant, T}, (¢) denotes the outside temperature and h(t) is the heating
input. Observe that (5.9)—(5.10) is a coupled system that can be written as the
equation system

5 = h(G(t) = Tu(t) + h(t) (5.11a)
) _ gy (nae) - ), (5.11b)
dt
or equivalently on matrix form as
dZ: () —ky 0 ][T®)] [k 1] [Ta(®)
I R e 1 v

This has again the form of (5.7), where

Ti(t —ko O ka 1 T,(t

x0= [Tgtg] A [ B —kl] B [o o} ul) = [h((t))} - 513
Hence, the model (5.7) is a quite general dynamic model of the time-varying
behavior for many different processes. Recall that our original aim was to estimate
the dynamically changing state x(¢). This requires that we measure x(¢) in some
way, that is, we need to combine the dynamic model with a measurement model.
The simplest case is that of a linear measurement model of the form (3.10) where
we replace the static x with time varying state x(¢). Since the measurements are
obtained at discrete time instances t,, (i.e., at 1, ¢, ...), the measurement model

becomes
Yn = Gx(tn) + ry, (5.14)

where r,, denotes the measurement noise with covariance matrix Cov{r,} = R,,.

Defining x,, £ x(t,) and combining the dynamic model (5.7) and the mea-
surement model (5.14) then yields the deterministic linear state space model

x(t) = Ax(t) + Byu(t), (5.15a)

Yn = GXp + 1. (5.15b)

5.1.2 Stochastic Linear State-Space Models

Often, the behavior of dynamic systems is not completely deterministic, or the
input u(t) is not known. For example, when tracking an airplane using radar, we
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Sww (W)

(a) (b)

Figure 5.2. Example of a white noise process w(t) with 02, = 2. (a) One realization of
the process, and (b) its power spectral density .S, (w) averaged over 100 realizations.

do not know the inputs made by the pilots. Additionally, variables such as wind
or pressure fields are not known either and it is difficult to model them accurately.
Instead, such random effects can be modeled by including a stochastic process as
an input to the differential equation (and hence to its state-space representation),
which turns an ODE into a stochastic differential equation (SDE; @ksendal, 2010;
Sarkkéd and Solin, 2019).

A simple class of stochastic processes are stationary stochastic processes which
can be characterized by their autocorrelation functions. The autocorrelation func-
tion of a stationary stochastic process w(t) is

Ry (1) = E{w(t + 7)w(t)}.

An equivalent characterization is the power spectral density (which is the Fourier
transform of the autocorrelation function; Papoulis (1984)). A suitable assumption
in many models is that the stochastic process is a white noise process. In this case,
the autocorrelation function is

Ry (T) = 0121)5(7'), (5.16)

where d(7) denotes the Dirac delta function. Hence, the power spectral density is
a constant, that is,
S = 02, (5.17)

In other words, the white noise process contains equal contributions from each
frequency. One realization of such a process, together with its power spectral
density are shown in Figure 5.2.

The derivation of the state-space representation of the resulting SDE follows
the same steps as for the deterministic case, where the random process takes the
role of the input. Consider the Lth order SDE given by

dLx(t dx(t ALz (t
(t )y, 2

+ bw(t), (5.18)
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F,
Spacecraft

Earth ’

Figure 5.3. Illustration of a spacecraft orbiting the earth.

which is of the same form as (5.5) but with the stochastic process w(t) as the input.
Rewriting (5.18) into matrix form yields

dalt) 0 1.0 ... 0 () 0

d2z(t) . dz(t) 0

d,fz _ 0 0 1 : d‘t w1 w.
. . 0 : :

L L*lx

ddtxlgt) apg ai N s | ddthgt) bl

Hence, this can also be written compactly in the form of a first order vector
valued SDE system
x(t) = Ax(t) + B,w(t).

Naturally, also coupled models (like the coffee-cup example) can be written in this
form. Together with a linear measurement equation, the stochastic linear state-
space model becomes

x(t) = Ax(t) + B,w(t), (5.19a)
yn = GXp + 1. (5.19b)
Note that some dynamic models may contain both deterministic inputs u(t)

and stochastic inputs w(¢). Naturally, both of these can be incorporated in the
model as well.

5.1.3 Nonlinear State-Space Models

So far, we have only discussed the state-space form of linear ODEs and SDE:s.
However, many dynamic systems actually behave nonlinearly. Fortunately, we can
handle nonlinear models with a similar formalism.
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We start our discussion again based on an example. Figure 5.3 shows an illus-
tration of a spacecraft orbiting the earth. The forces acting upon the craft are the
gravitational pull of the earth F; and the propulsion force F},. The position p(t) of
the craft is defined according to the coordinate system shown in Figure 5.3, with
the origin at the center of the earth. The gravitational acceleration of an object at a
distance |p(t)| from the earth’s center is approximately

where go = 9.81 m/s? is the gravitational acceleration on the earth’s surface and
re = 6371 km is the mean earth radius. The gravitational pull is in the opposite
direction of p(¢) and hence, we can write it on vector form as

_ re \* p(t)
Fo= mw(nw>)rmw
— —mgyr? p(t)
TP

The propulsion force is perpendicular to the direction of the position vector p(t).
Hence, we can write
1 [—py(t)]

F, = Fpm P ()

When tracking the spacecraft from the ground, for example using radar, the magni-
tude of the propulsion force £}, is unknown. But since we know that the engines are
only used to make small flight path corrections to conserve fuel, we can model this
as a stochastic process, that is, we can assume that F}, = w(t) with some spectral
density o2

Using Newton’s second law it follows that the motion of the spacecraft is
governed by the vector-valued differential equation

IR0 RS B 10
alt) = a0 o Ly | 70 6

The highest order of the derivative here is the acceleration on the left hand

side. Hence, a suitable state vector includes the position (zeroth derivative) and the
speed (first derivative), that is,

T
x(t) = [p*(t) pU(t) v*(t) v(t)]
However, when trying to rewrite (5.20) into the form of a state-space representa-

tion (5.19), we notice that this is not possible since the right hand side of (5.20) is
not linear in p(¢). Nevertheless, we can still write it as a nonlinear equation system
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in terms of x(t) as

vY(t) vi(t) 0
()] = —gwéﬁzggs -8y |
a¥(t) 9072 o mlp@ (5.21)
[1(x(1) g
N ﬁggg; |- |
fa(x(1)) a0

where the f;(x(t)) are nonlinear functions of x ().

This idea can be generalized to any arbitrary nonlinear dynamic system that is
described by a nonlinear ODE or SDE, including coupled systems. Given the state
vector x(¢) = [w1(t) x2(t) ... zq, (t)]T of dimension d,, we can write the
ODE/SDE as a vector-valued, nonlinear equation system of the form

i1 (t) F1(x(t)) bu(x(t)) ... big,(x(t))

a‘sa.(t) _ f2(>f(t)) N b21(>.<(t)) wit), (522
a’sdm'(t) fdm(éc(t)) bdll(:x(t)) ba, a, (x(t))
More compactly, this can be written as
X(t) = £(x(t)) + Bu (x(t))w(t), (5.23)

where f(x(t)) is a vector-valued nonlinear function of the state, and B, (x(t)) is a
matrix that depends on the state x ().

In order to estimated the state x(t) based on observations y,,, we again need to
relate the measurements to the state. This is achieved by combining the dynamic
model (5.23) with a measurement model as introduced in Chapters 3—4. The most
general model arises if we chose a nonlinear observation model of the form (4.1)
where the state x,, = x(t,) at time t,, takes the place of the unknown x. This
yields the general nonlinear state-space model

x(t) = f(x(t)) + Bu(x(t))w(t), (5.24a)
Yn = &(Xn) + Tn, (5.24b)

where f(x(t)) is the nonlinear state transition function, w(t) is the driving stochas-
tic process, g(x,,) is the measurement model, and r,, is the measurement noise.
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5.2 Discrete-Time State-Space Models

5.2.1 Deterministic Linear State-Space Models

As discussed in the previous section, ODEs and SDEs are a natural way for mod-
eling the behavior of dynamic systems. Transforming them to state-space form
furthermore provides a way of describing how the state of a system evolves over
time.

However, not all dynamic systems can be modeled by using differential equa-
tions. For some systems, the state is only defined at some discrete points in time
t1,to,..., that is, only in discrete-time. In this case, another approach than dif-
ferential equations is needed to model the dynamic behavior. The discrete-time
equivalent to differential equations are difference equations that describe the rela-
tionship between the value of a variable at time %,, to its previous values at times
tne1stn_2,....

The process of obtaining a state-space representation from difference
equations is closely related to the approach used for differential equations.
Consider a d th order equation system with discrete-time, deterministic inputs
Ulp 2 ui(tn), Ugp 2 us(ty),. .. s Udy £ ug, (t,) of the form

Tip = 011T1,n-1 +  + 14, Tdyn—1 + b11urn + -+ + b1g, Udy n

Ton = 212101 + - + @24, Tdy n—1 + b21U1,n + - -+ + bog, Ug,

Tdym = Ady1T1,n—1 + * + Cdydy Tdy n—1 + bag1U1n + -+ + bdyd, Udyn

where z; ,, = x;(ty,) is the ith variable at time ¢,,. This can be rewritten in matrix
form according to

T1p ayr ... Q1d, T1p—1 bir ... bia, Uy p
=1 - : : +1
Tdym Ady1 -+ Odydy | | Tden—1 ba,1 - bdyd, | |Uden

More compactly, this can also be written as

x, = Fx,_1 + Byuy,, (5.25)
with
wl,n all e aldz bn Ce bldu
Td.,n ad,1 -+ Qd,d, bdzl ce bdzdu

Equation (5.25) is the general dynamic model for linear discrete-time systems with
deterministic inputs u,,.

Ul n

udu,n
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To convert the Lth order difference equation (with single input u,,)
Zp = C1Zp—1+ C22p—2 + -+ crzn_r +diuy (5.26)

to the form (5.25), we proceed as follows. First, we have to choose the state
variables x,,. This is easiest done at time n — 1 and for the model (5.26), we
can choose

Tin—1 = Zn—1, L2n—1 = Zn—2, --+5 Ldyn—1 = Zn—L-

Then we obtain that

Tln = 2n = C1%p—1 T C22n—2+ -+ Cr2pn— + dyup,
= C1T1n-1+ C2T2 -1+ + CLTg, n_1 + d1Un,
T2n = Zn—1

= T1n—1,

LTdyn = Zn—L+1

= Tdp+1,n—15

where we have expressed the state at time n solely in terms of the state at previous
times as well as the input u,,. Rewriting this on matrix form finally yields

Tin C1 (&) ... CI, T1n—1 dl

L2,n . 1 0 T2 n—1 n 0 "
- . . mny

‘Tdmy'”« 0 . 1 0 xdx,n—l 0

which is of the form (5.25).

Equation (5.25) only models the dynamic behavior of the state. As for the con-
tinuous case, only noisy measurements of the dynamic process are available for
estimation. Combining the dynamic model with a measurement model thus again
yields the complete discrete-time state-space model. Assuming a linear measure-
ment model of the form (3.10) then yields the linear discrete-time model

x, = Fx,_1 + Byu,, (5.27a)
yn = Gx, + 1. (5.27b)

5.2.2 Stochastic Linear Dynamic Models

As for the continuous case, the deterministic discrete-time dynamic model can not
take into account random effects, uncertainty, and unknown inputs. To account
for such effects, we need an approach that is similar to the random process input
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in the continuous case. For the discrete-time case, we can model this using a
random variable as the input to the dynamic model (compared to a stochastic
process for the continuous case). We denote this random input, commonly called
the process noise, as q,. Then, replacing the deterministic input u,, with q,, yields
the stochastic discrete-time dynamic model

xn = Fx,,_1 + Byqn. (5.28)
The random variable q,, follows some probability density function such that

dn ~ p(dn).

Here, we assume that q,, is zero-mean, that is E{q,} = 0, and that it has co-
variance Cov{q,} = Q. Furthermore, we also assume that the cross-covariance
between two random inputs q,, and qy, is Cov{qgm, g, } = 0 for m # n.

Together with a linear sensor model, we then obtain the stochastic linear
discrete-time state-space model given by

xn = Fx,_1 + Byan, (5.29a)
Vn = GXp + I'p. (5.29b)
5.2.3 Nonlinear Dynamic Model

Similar to differential equations, difference equations may be nonlinear. In this
case, we start from the nonlinear equation system with the random variables

Q1.ns92m5 - - - » 4d,,n @S the inputs given by
1 = fi(T1n-1, %201, Tdyn—1) + b11q1,0 + - - + D14, 9dy n;
€T2n = f2($1,n717 L2n—1y--- axdw,n—l) + b21q1,n +---+ deQqu,na
Tdym = fd, (T1n—1,T20-1,- -+ Tdyn—1) + bag1q1,0 + -+ + bd,d,ddg.n-

This can directly be rewritten into vector form, which yields
Tin f1(T1n-1, 2015 s Tdyn—1) bin ... b, q1,n
= : o BT e
Td,m fao (1 n—1,T2m—1,- -, Tdyn—1) ba,1 -+ bdyd,| |Gdyn

or more compactly
x, = f(xp—1) + Byqn. (5.30)

The nonlinear dynamic model (5.30) together with the general nonlinear mea-
surement model (4.1) yields the nonlinear discrete-time state-space model

xp, = f(xn-1) + Byan, (5.31a)
Yn = 8(Xn) + In, (5.31b)

where q,, ~ p<qn)’ E{qn} =0, COV{qn} =Q,,andr, ~ p(rn)’ E{rn} =0,
Cov{r,} =R,.
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5.3 Discretization of Linear Dynamic Models

In practice, modern sensor fusion systems are implemented in a digital computer.
Hence, dealing with continuous dynamic models, that are defined on continuous ¢
is not possible. Instead, we have to discretize the continuous-time model to obtain
an (approximately) equivalent discrete-time dynamic model. In other words, we
have to solve the differential equation on the interval between times ¢, and t,,
that is, we have to integrate the differential equation. For linear dynamic models,
this can be achieved exactly and we develop the necessary tools in this section. For
most nonlinear models, exact discretization is not feasible and we have to resort to
approximate methods. This is the subject of Section 5.4.

5.3.1 Deterministic Linear Dynamic Models

Scalar Model. To derive the necessary expressions for discretizing the linear
dynamic model, we first review how to solve a first order scalar case. Consider
the non-homogeneous first order ODE

&(t) = az(t) + bu(t), (5.32)

which we want to solve on the interval between the two sampling points ¢,, and
tn—1. To do this, we introduce the integrating factor e~ and note that it holds

that
d

&6
Rearranging (5.32) by moving the term ax(t) to the left hand side and multiplying
by the integrating factor yields

U (t) = e i(t) — e Tax(t). (5.33)

e Ui (t) — e Yax(t) = e bu(t)
and thus, using (5.33), we have that

i —at _ —at
€ x(t) = e “bu(t). (5.34)

Equation (5.34) is separable in ¢t. Hence, the ODE can directly be integrated
from t,,_1 to t,, according to

tn tn
/ d e *z(t)] —/ e “bu(t)dt,
tn—l tn—l

which yields

tn
[e*“ta:(t)}iltn_l /t e "bu(t)dt,
n—1

tn
e Mg (t,) — e Mn-lg(t, 1) = / e~ "bu(t)dt.

tn—1
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Now we can solve for z(t,) by rearranging and multiplying by the factor e%r,
which yields

tn
x(tn) = e“tn*at"—l:r(tn_l) + e%n / e*“tbu(t)dt,

tn—1

tn
= eltn=tn—t)p (4. 1) + / e Dbu(t)dt.

tn—1

Finally, letting At £ t,, — t,,_1 and using the notation z,, = x(t, ), we obtain

tn
T, = ey, |+ / ¥t =y (t)dt. (5.35)

tn—1

Note that the second term on the right hand side of (5.35) is the convolution be-
tween the factor e?(n 1) and the input u(t) on the interval between ¢,,_1 and t,,.

General Case. Based on the steps used for solving the scalar ODE (5.32), the
general case can now be solved. First, recall that the general dynamic model on
state-space form was given by the vector valued first order ODE system (5.15), that
is,

x(t) = Ax(t) + Byu(t). (5.36)

The key here is to note that (5.36) is a first order vector ODE just like (5.32).
Hence, we should be able to solve it using an integrating factor similar to the one
for the scalar case. Indeed, such an integrating factor can be found through the
matrix exponential. The matrix exponential for a square matrix A can be defined
in the same way as the regular exponential, that is, as an infinite sum of the form

o0
A=y
k=0

Similar to the (scalar) exponential, it holds that the derivative with respect to a
scalar x of €A% is

lAk
! .

x>

d
— AT = ATA (5.37)
dx

Another useful property of the matrix exponential is that of its transpose, which is
given by

(eM)T = AT (5.38)

With this in mind, we can solve the general case following the same steps as

for the scalar case. First, we multiply (5.36) by the integrating factor e~ % and
rearrange it to obtain

e Ax(t) — e A AX(t) = e A'B,u(t)
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Next, similar to (5.33) (product rule), the left hand side is

d
&e_Atx(t) = e Alx(t) — e A AX(t),

and thus, we have that

d —At _ —At
3¢ x(t) = e *'Byu(t).

This is again separable in ¢. Direct integration from ¢,,_1 to ¢, then leads to

/ " e ()] = / AR ().

tn—1 th—1

tn
Ax], = [ B

tn—1

t7L
e Alnx(t,) — e Aln-ix(t, ) = / e AB,u(t)dt.

tn—1

Aty

Solving for x(¢,,) by rearranging and multiplying both sides by e yields

tn
X(tn) = eAUn=tn=Ux(t, 1) + / A= B, u(t)dt,

tn—1
or .
x, = A%, |+ / A= B u(t)dt. (5.39)
tn—1

In this case, the factor in front of x,,_1 (i.e., the state at time £,,_1) 1S a matrix
exponential that again depends on the time difference At between the two discrete
times ¢,,_1 and t,,. Note that At can be arbitrary, meaning that there is no need for
uniform sampling between points ¢,,_s, t,—1, t,, and so forth. Furthermore, the
second term in (5.39) is again the convolution between the deterministic input w(t)
and the matrix exponential on the same interval.

If the input u(t) is a zeroth-order-hold (ZOH) signal, which is common in
control or robot navigation, the second term can further be simplified. In that case,
u(t) is constant on the interval between ¢,,_; and ¢,, and we can denote it as u,,_1.
Thus, we then have that

tn tn
/ eA(t”_t)Buu(t)dt7 = / eA(t"_t)Buun_ldt,

th—1 tn—1

tn
- / eA(tn_t)Budtun—la

tn—1

where B,, may or may not depend on ¢.
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Defining
F, £ eAlln=tn-) (5.40a)
t’!L
L, 2 / Aln=OB, dt, (5.40b)
tn—1
we can rewrite (5.39) as
X, = F,x,-1 +Lyu,_1. (541

Equation (5.41) is an exact solution to (5.36) and thus it is an exact discretiza-
tion and equivalent representation of the continuous-time model. Furthermore, it
also has the same form as the discrete-time state-space model (5.27).

5.3.2 Stochastic Linear Dynamic Models

Discretization of the stochastic linear dynamic model in (5.19) and given by
x(t) = Ax(t) + B,w(t), (5.42)

with Ry (1) = E{w(t + 7)w(t)} = 3,(7), follows the same steps as the
discretization of the deterministic model. This yields

ln
X(tn) = eAUn=tn-Ux(t, 1) + / Al=UB,,w(t)dt.

th—1

Now note that special attention has to be paid to the second term on the right hand
side. The noise process w(t) does not have the properties required for regular
integration rules to apply (@ksendal, 2010; Sarkkd and Solin, 2019).

However, we can define a random variable qy, as

tn
qn £ / eA(t"_t)wa(t)dt.

tn—1

Next, we can calculate the properties of q,,. The mean is given by

E{q,}=E {/tn eA(t”_t)BwW(t)dt}

tn—1

— / " E{eA(t"’t)wa(t)}dt

tn—1

tn
= / AtB, B {w(t)}dt

tn—1

=0.
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Similarly, we can calculate the covariance matrix

Cov{qn} = E{(qn - E{qn})(Qn - E{qn})T}
= E{anq}}

.
tn tn

-F ( / eA(t”t)wa(t)dt> ( / eA“nT)wa(T)dT)
tn—1 tn—1

tn

/tnl

t'n. tn
/ / eAnB Ry (t — 7)BT (A=) Tdrdt
tn—1 Jtn—1

tn
/ AOB, B {w(t)w(r)T} B (At Tardt
tn—1

n

tn tn
/ / AtIB,2,0(t — 7)B] (A=) Tdrde
tn—1 Jtn—1

t

= Q.

tn
/ Al B, 3, BT A () dr
n—1

Hence, the mean and covariance of the random variable q,, given that w(t) is a
zero-mean white noise process with autocorrelation function Ry, (7) = X,,0(7)
are given by

E{q,} =0, (5.43a)

tn
COV{qn} _ / eA(t"_T)szwBI}eAT(t"_T)dT L Q.. (5.43b)

tn—1

Furthermore, it turns out that in this case, the process noise q,, is actually a Gaus-
sian random variable, that is, it holds that

an ~ N (0, Qn). (5.44)

In summary, the discretized stochastic dynamic model (5.42) is

Xn =Fpxp_1 + an (545)

where
F, & Alln=tn-) (5.46a)
qn ~ N(07 Qn)a (5-46b)

with Q,, as in (5.43). Again, the discretized model (5.45)—(5.46) is an exact dis-
cretization of the continuous-time model (5.42) and thus completely equivalent.
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5.4 Discretization of Nonlinear Dynamic Models

Unlike the linear models discussed in Section 5.3, discretization of nonlinear dy-
namic models is generally harder. In particular, closed-form solutions to the dis-
cretization problem can only be found in a few special cases. In most other cases,
approximations have to be used. In this section three approaches for approximate
discretization are discussed.

5.4.1 Discretization of Linearized Nonlinear Models

The first approach is based on a Taylor series expansion of the nonlinear function.
Truncating the Taylor series expansion of the nonlinear function f(x(¢)) around
the state x,,— at the linear term yields the following approximation of the (deter-
ministic) nonlinear dynamic model:

(1) ~ £(xp_1) + Ap(x(t) — Xp_1) + Byu(t),

where A, is the Jacobian of f(x(t)) with respect to x(t), evaluated at x(t) = x,,—1.
Rearranging the terms on the right hand side yields

x(t) ~ Ayx(t) + f(xp—1) — Azxn—1 + Byu(t),

which is linear in x(¢), and f(x,—1) and A,x,_1 are constants. Thus, we can
use the same approach as for linear models in Section 5.3, that is, we can use the
integrating factor e A=, This yields

tn tn
x, ~ ePeBtx +/ eA“”(t"_t)dtf(xn,l) - / eBAeltn=tqt A x4

tn—1 tn—1
tn
+ / eAstn=B u(t)dt.
tn—1

Noting that the third term is the integral of the derivative of the matrix exponential
with respect to t (see (5.37)), we have that

tn tn
Xp & eAmAtanl + / 6Am(tn_t)dtf(xnfl) + [eAm(tn_t)} Xn—1

th—1 t=tn—1

tﬂ/
+ / eAstn=B, u(t)dt

tn—1

tn
= BBy, 1+ / eAetn=dtf(x, 1) + (I — eBelntn-yx

tn—1

tn
+ / At B u(t)dt,
tn—1
and finally,

tn tn
Xp N Xp_1 + / eAI(t"*t)dtf(xn_l) +/ eAI(t"*t)Buu(t)dt. (5.47)

tnh—1 tn—1
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As usual, the drawback of this Taylor-series-based solution is that the lineariza-
tion is only local and large Ats as well as highly nonlinear functions may be prob-
lematic. On the other hand, as it can be seen from (5.47), the approximation only
affects the deterministic term of the model, whereas the input is calculated in the
same way as for the linear model (but with the Jacobian A,). Hence, for the
stochastic dynamic model, the result immediately follows from (5.47) to be

tn
X ~ Xp_1 + / eAI(t"_t)dtf(xn_l) + dn, (5.48)

tn—1

with
an ~ N(O, Qn)a
tn
Q. ~ / Ar(tn=T)B,, B, Bl At (tn—T)dr,

tn—1

5.4.2 Euler Discretization of Deterministic Nonlinear Models

The second approach is based on the so-called Euler approximation. We know that
the solution for x,, can be written as

tn tn
Xp = Xp—1 —i—/ f(x(t))dt + B,u(t)dt,
th—1 th—1
and the problem is to calculate the integrals in the second and third terms on
the right hand side. However, for sufficiently small At = ¢, — t,_1, we can
approximate the integral by using the rectangle approximation. This means that
we can approximate the integral as

/ " £(x(£))dt ~ £(%n1)(tn — tn1)

tn—1

= Atf(anl),

and similar for the second integral with the input u(t).
This then yields the Euler discretization of the deterministic, nonlinear dy-
namic model given by

X N Xp—1 + Atf(Xn_l) + AtB,u,,_1. (5.49)

5.4.3 Euler-Maruyama Discretization of Stochastic Nonlinear Mod-
els

The Euler discretization is quite simple to implement. However, it does not readily
work for stochastic dynamic models. In this case, we are interested in solving the
integral equation

Xp = Xn_1+ / " e(x(t)dt + / " Byw(i)dL.

tn—l tn—l



5.4. DISCRETIZATION OF NONLINEAR DYNAMIC MODELS 71

We can still use the rectangle approximation for the integral involving the deter-
ministic part (second term on the right hand side), but for the stochastic part, we
are again lacking the integration rules. Thus, we can not use the rectangle approx-
imation in this case. However, we can again define the resulting random variable

as
tn

qn = B, w(t)dt
tn—1
and investigate its properties instead.
First, the mean is given by

E{qn} = E {/;n wa(t)dt}

_ /t" B, E{w(t)} dt

tn—1

:07

where we have made use of the assumption that w(¢) is a zero-mean process.
Second, the covariance can be found similar to the linear case as follows.

Covi{qn} =E ( /ttl wa(t)dt> ( /ttl wa(f)dT>T

th  ftn

:/ / B, E{w(t)w(r)T}B/ drdt
tn—1 Jtn-1
th  ftn

= / / B,X,0(t — 7)Bdrdt
tn—1 Jtn—1

tn
= / B, X,Bldr.

tn—1
At this point, note that the remaining integral does not involve any random process
anymore. Hence, we can again use the rectangle approximation of the integral,
which yields

Cov{dn} = (BuEuwBy)(tn — ta1)
= AtB, 3, B
£ Q..

This yields the Euler—Maruyama discretization of the stochastic nonlinear dy-
namic model given by

Xp = Xp—1 *+ Atf(xnfl) + dn, (5.50)
with
qn ~ N(O, Qn)»
Q, = AtB,X,B].
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Chapter 6

Filtering

In Chapter 5, we developed state-space models that describe the dynamic behavior
of time-varying processes and how the sensor measurements relate to the state. Un-
fortunately, the estimation methods developed earlier do not work for such dynamic
problems: These solve the estimation problem in the static case, but not when the
parameters (i.e., the states) vary between samples. Instead, new methods are re-
quired which are able to combine the prior information from the dynamic model
and the measurements at different points in time. This methodology is called filter-
ing and the general approach is discussed in Section 6.1, which is followed by the
exact solution of the filtering problem for linear state-space models in Section 6.2.
Approximate filtering methods for nonlinear systems are discussed in Section 6.3—
6.6.

6.1 The Filtering Approach

The basic discussion of the filtering approach is based on the general discrete-time
state-space model of the form

xXp = f(Xp—1) + dn, (6.12)
Yn = g(xn) + 1y, (6.1b)

where the process and measurement noises are zero-mean (E{q, } = E{r,} = 0)
with covariances Cov{q,} = Q,, and Cov{r,} = R,, respectively. Note that the
dynamic model (6.1a) may be an inherently discrete-time model (Section 5.2) or
the result of discretizing a continuous-time dynamic model.

An aspect of the state-space model that has been neglected so far are the initial
conditions. Since the dynamic model (6.1a) is based on a differential (difference)
equation, it also requires knowledge of the initial conditions of the system. Natu-
rally, in the sensor fusion and estimation context, the initial conditions are unknown
(e.g., it is not known where exactly a target is located in the beginning). Instead, it
is suitable to specify the initial conditions in a probabilistic way. In other words,

73
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we assume that the state at t(, denoted as xg = x(tp), is a random variable which
follows a probability density function p(xy), that is,

x0 ~ p(xo)-

This allows us to specify the prior knowledge about where the initial state may be
but also take into account that this is an uncertain guess. In practice, the distribution
of the initial state is often assumed to follow a Gaussian distribution, but this does
not need to be the case. Here, we only make the assumptions that the mean and
covariance of the initial state are given by

E{Xo} = Imy, (623)
Cov{xo} = Py. (6.2b)

Given the state-space model defined by (6.1) and (6.2), the filtering approach
can now be formulated. In particular, filtering iterates between 1) a prediction
step, which predicts the current state using the dynamic model and the previous
estimate of the state (also called time update), and 2) a measurement update step
that estimates the current state using the prediction and the new measurement. This
prediction—update strategy is actually very general, and as it will be shown, all the
algorithms discussed in this chapter make use of these two steps.

Prediction. The aim of the prediction step is to estimate the current state x,, at ¢,
given the set of all the previous measurement data y1.,—1 = {y1,¥2,---,¥Yn-1}
and hence, given the estimate of the state x,,_1 at t,_1. Here, the mean of the
prediction is denoted as x,,|,,_;, which is read as “the estimate of the state at ¢,
given the data up to ¢,—1”. The hat indicates that it is an estimation, whereas
the subscript is closely related to the notation for conditional expectations and
densities, that is, it is read as “n given n — 1”. Similarly, the covariance of the
predicted x,, is denoted as P, 1.

Measurement Update. In the measurement update, the newly obtained measure-
ment y,, is used together with the prediction (and its uncertainty) to estimate the
current value of the state x,. Similar to the prediction, the mean of the updated
state estimate at time ¢, is denoted as X, which is read as “the estimate of the
state at ¢, given the data up to ¢,”. In other words, this estimate is now based
on the set of all measurements including the latest measurement at ¢,, given by
Yin = {¥y1,¥2,--.,¥n}. Again, the covariance of the updated estimate is denoted
as P
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6.2 Kalman Filter

In this section, filtering for linear state-space models is considered. Recall that the
linear state-space model with continuous-time dynamic model is (see Section 5.1)

%x(t) = Ax(t) + Bw(t), (6.3a)
Vn = Gpx(tn) + 1. (6.3b)

Together with the initial distribution (6.2), the model (6.3) has the discrete-time
equivalent

Xp = FpXpo1 + dn (643)
Yn = Gpx, + 1y (6.4b)
with
E{x0} = mg, Cov{xo} = Py, (6.52)
E{an} =0, Cov{an} = Qu, (6.5b)
E{r,} =0, Cov{r,} =R,,. (6.5¢)

Based on (6.4)—(6.5), the prediction and update steps can now be derived. For ease
of presentation, the measurement update step is presented first, followed by the
prediction.

Measurement Update. For the measurement update at time ¢,,, assume that there
exists a prediction of the mean of the state X,,|,,_; and its covariance P,,,_;. This
can be seen as the prior knowledge of the state at t,,. Then, the new measurement
yn provides the actual (noisy) information about the true state. Hence, the ob-
jective is to minimize the error with respect to the measurement, taking the prior
information (prediction) into account.

Recall that we have based our estimators mainly on cost functions in general
and quadratic cost functions (least squares) in particular. A cost function that is
particularly well suited for this kind of problem is the regularized least squares
cost function. Hence, for the filtering problem with the linear measurement model,
the cost function becomes

JReLs (Xn) = (Yn - Gan)TRﬁl(Yn - ann>

) _ ) (6.6)
+ (Xn - Xn|n71)TPn\1L_1(Xn - Xn|n71))

where the first term accounts for the measurement y,, and the second term, the
regularization term, accounts for the prior information from the prediction.
To estimate the state, we can now solve the regularized least squares problem

Xp|p = argmin JreLs (X )- 6.7)

Xn
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Since the cost function is completely linear in the unknown x,,, solving (6.7) fol-
lows the same steps as solving the linear least squares problems in Chapter 3 and
we can find a closed-form solution.

Fortunately, we have already solved this problem for the static case. The solu-
tion is given by (see Section 3.3)

kn\n = }A(n\nfl + Kn(Yn - Gnknmfl) (6.8)
where K, is called the Kalman gain that is given by
K, =P, 1G, (G.P,,_1G} + R,)"". (6.9)
Furthermore, we have also shown that the covariance of x,,,, is
Pon =Pyt — Kn(GnP,,1G) + RyK]. (6.10)

An important property of the measurement update step is that the updated
estimate and its covariance actually are the mean and covariance of the state given
the set of all measurements y1., = {y1,¥2,--.,¥n} (Sirkkd, 2013). In other
words, it holds that

E{xn | y1n} = Xn|ns (6.11a)
Cov{xy | y1:n} = P, (6.11b)

where E{x,, | y1.,} denotes the conditional expectation of y,, given the data y.,
(and similar for the covariance).

Prediction. Given the estimated mean E{x,,—1 | y1.n—1} = X,_jj,—1 and its
covariance Cov{x,—1 | y1.n—1} = Pp_1},—1 from the previous time step ¢, 1,
the predicted mean and covariance can now be calculated. The mean is given by

)A(n|n71 = E{Xn ’ Y1:n—1}'

Substituting x,, in the expectation using the dynamic model given in (6.4), the
mean can be rewritten as

E{Xn | Y1:n71} = E{annfl + an ‘ y1:n71}-

Distributing the expectation over the sum and noting that E{q,, | yim—1} = 0
yields
E{Xn ’ yl:n—l} =F, E{Xn—l ‘ yl:n—l}

= ann—1|n—17

(6.12)

where the last equality makes use of (6.11).
Similarly, the covariance is found from

Pn\n—l = COV{Xn | y1:n71}
= E{(Xn - E{Xn | y1:n71})(xn - E{Xn | y1:n71})T | y1:n71}-
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Algorithm 6.1 Kalman Filter

1: Initialize fcg‘o = my, Po|0 =Py
2: forn=1,2,... do

3: Prediction (time update):
)A(n|n71 = Fn&nfl\nfl
Pn|n71 - FnPnfl\nleI +Qn
4: Measurement update:
Ky = Pyjp1 Gy (GnPrjp—1 G + Ri) ™!
}A(n|n - )A(n|n—1 + Kn(yn - Gn}zn\n—l)
Pn|n = Pn|n—1 - KTL(GTLPn|n—1Gn + Rn)KZ
5: end for

Using the expression of the dynamic model (6.4) for x,, and (6.12) for E{x,, |
Yin-1} yields

COV{XTL ’ y1:n—1}

= E{(ann—l +aqn — ancnfl\nfl)(Fan—l +aqn — an(nflmfl)—r ‘ y1:n—1}-

By rewriting and expanding the quadratic term and distributing the expectation we
obtain

COV{Xn ‘ yl:n—l}

= E{(ann—l - an{n—lm—l)(FﬂXn—l - Fnin\n—l)T}
=+ E{qn(Fan—l - Fnin—lm—l)T ‘ YI:n—l}

=+ E{(ann—l - Fnﬁn—lm—l)q;l; | Yl:n—l} + E{anII | Y1:n—1}-

Noting that the middle terms are zero due to the factors being independent and q,,
being zero-mean, what remains is

COV{Xn ‘ yl:n—l}

= E{(ann,1 - an{n—lm—l)(Fanfl - Fnkn—l\n—l)T | y1:n71}
+ E{qnq-rl; | Yl:n—l}a
and finally,

Cov{xp | Y1m-1} = FuPy_1jn1F) + Qn. (6.13)
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Kalman Filter. Gathering the results (6.8)—(6.10) and (6.12)—(6.13), the filtering
algorithm for linear state-space models can now be formulated. First, during the
prediction (time update) step the predicted mean and covariance are calculated
according to

£n|n—1 = Fnin—l\n—la (6.14a)

Popn1 = FoPyp 1 Fy + Qo (6.14b)

Second, in the measurement update step, the new measurement is incorporated and
the new state is estimated using

K, =P, 1G,} (G.P,,.1G,} + R,,) ™", (6.15a)
)A(n|n = )A(n|n—1 + Kn(Yn - Gn&n|n_1), (6.15b)
P =P — Kn(GnP,,, 1G] + RK]. (6.15¢)

Furthermore, the recursion is initialized by letting X = mg and Pgjg = Py. This
leads to the algorithm shown in Algorithm 6.1, which is called the Kalman filter
(KF) (Kalman, 1960).

It is worth pointing out several aspects of the prediction and measurement
update (6.14)—(6.15). First, note that in the prediction, the covariance increases
due to the scaling factor F,, and the added uncertainty by the process noise. On
the other hand, during the measurement update, the covariance is decreased by a
factor that scales quadratically with the gain K,,. This follows the intuition that
a prediction should increase the uncertainty, while incorporating new information
should decrease it.

Second, the measurement update is a sum of the prediction Xx,,,,_; and the
term y,, — GpXp|,,—1 scaled by the gain K;,. Noting that G, actually is the matrix
relating the state x,, to the measurement y,, the term G, X,|,,_1 can be interpreted
as a prediction of the output, which it in fact is. To show this, consider the expected
value of the output y,, given all the data up to ¢,,_1, that is,

E{Yn | y1:n—1} = E{ann +r, ’ y1:n—1}
= Gn E{Xn ’ y1:n—1} + E{rn | y1:n—1}

and thus
E{Yn ‘ y1:n—1} = an(nm—l- (616)

Hence, the difference between the measurement and its prediction gives an indi-
cation about how far the predicted state is from the true state: If the difference is
large, the predicted state is far and should be corrected a lot, if it is small, it is close
and does not need to be corrected much. Hence, this difference is also called the
innovation.
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Third, the covariance of the predicted output y,, is given by

Coviyn | y1m-1}
= E{(yn — E{yn | Yo 1) (¥n — E{yn | Y11 )" [ Y11}
=E{(G.x,, + 15, — ancnm_l)(ann +r, — ancn‘n_l)T | Yin—1}
= E{(Gn(xn — Xpjn—1)(Xn — f(n|n_1)TGI + rnrl | Yin—1}
and finally,
Coviyn | Y1m-1} = GuPppp_1G) + Ry, (6.17)

which is the denominator of the Kalman gain K,,. Similarly, the cross-covariance
between the predicted state x,, and predicted output y,, is

Cov{xn,¥n | Y1n—1}
= E{(xn — E{xs | y1n—1})(yn — E{yn | Y1:n71})T | Yin-1}
= B{(%n — Xnjn—1)(GnXn + tn — GuXpjn-1)" | Yim-1}
= E{(xn — Xpjn—1)(Xn = Xpjn—1) Gy, | Y11},
which yields
Cov{Xn,¥n | Yim-1} = Ppjn_1Gy. (6.18)

Thus, using (6.16)—(6.18), the measurement update can be written in the alternative
form as

K, = COV{Xn>Yn | y1:n71} COV{Yn | y1:n71}_17 (6.19a)
)A(n|n = )A(n\n—l + Kn(yn - E{yn | Y1:n71})a (619b)
P =Pt — K, Coviyn | yrn—1 K. (6.19¢)

From (6.19), we can see that the denominator of the Kalman gain K,, is the covari-
ance of the predicted measurement. Hence, if the uncertainty of the prediction is
large (either due to a large uncertainty in the predicted state or due to large mea-
surement noise covariance R,,), the gain becomes small. This in turn means that
the innovation only contributes little information to the updated state. Conversely,
if the uncertainty of the prediction is small, the gain becomes large and the innova-
tion contributes a lot.

6.3 Extended Kalman Filter

Similar to the static, linear case discussed in Chapter 3, the Kalman filter is the
closed-form solution for the state estimation problem in linear state-space models
and thus an exact solution. However, if we consider general nonlinear state-space
models of the form (6.1)-(6.2), closed-form solutions are normally not available.
Similar to the nonlinear static case, we need approximative solutions instead. A
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first approximation is found in the extended Kalman filter (EKF), which is based
on a linearization using a Taylor series approximation of the nonlinear dynamic
and measurement models. Using this linearization, prediction and measurement
update steps similar to the Kalman filter are found.

Prediction. For the prediction, assume that the state estimate and its covariance
for ¢, are given by x,,_1|,,_1 and P;,_y},,_1, respectively. Then, the linear (first
order) Taylor series approximation of the dynamic model around the linearization
point X, _1},,—1 is given by

Xn = f(Xn—l) +an
. . . (6.20)
~ f(Xn—l\n—l) + Fr(xn—l\n—l)(xn—l - Xn—1|n—1) + dn,

where F,, is the Jacobian matrix of the vector-value function f. Then, based on the
linearized dynamic model (6.20), we can predict the mean and covariance of the
state x,, at t,, given the set of all the measurements y1.,—1 = {y1,¥2, .-, ¥Yn—1}-
The mean is given by
Xnjn—1
=E{x, | y1m-1}
~ E{f(X,1jn-1) + Fa(Xn_1jn—1)Xn—1 = Xp_1jn—1) + dn | Y11}
=f(Xp—1jn-1) + Fa(Xn_1jn—1) E{xn1 | Y11} — Fo(Xn—1jn—1)Xn-1jn—1
= f(Xp—1jn-1) + Fa(Xn_1jn-1)Xn—1jn-1 — Fz(Xp_1jn-1)Xn—1jn-1
= f(Xp—1jn-1);
and thus
Xnn—1 = F(Xn_1jn—1)- (6.21)
Similarly, the covariance is
Pon1
= E{(x%n — Rpjn—1)(Xn — Knjp—1)" | Y11}
~ E{(f&Xp—1jn-1) + Fa(Xn—1jn-1)(Xn-1 — Xn_1jn—1) + dn — £(Xp_1jn-1))
X (E(Xp_1jn-1) + FoFXn_1jn—1) Xn-1 = Kn_1jn—1) + an — F(Xp_1jn—1)) "
| Yin—1}
= E{(Faﬁ(f{n—un—l)(xn—l - )A(n—1|n—1) + an)
X (Fo(Xn-1jn-1) Xn—1 — Xp_1jn—1) + an) " | Y1n—1}
= Fo(Xp—1jn—1) E{(xn-1 — Xp_1jn—1) (Xn-1 — )A(n71|n71)T | Yin-1}
X Fl(Xp_1n-1) + E{anay, | y1m-1}
and finally,

Pn|n—1 =F, ()A(n—1|n—l)Pn—1|n—1F-xr()A<n—1|n—1) + Qn. (6.22)
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Measurement Update. The derivation of the measurement update follows very
similar steps as the prediction in the EKF and the measurement update in the KF.
Given the predicted mean x,,,, 1 and covariance P,,,_1, the nonlinear measure-
ment model is linearized using a first order Taylor series expansion around the
prediction x,,,,_1. This yields

Yn = &(Xn) + 1

R . . (6.23)
= g(xn|n—1) + GI(Xn\n—l)(Xn - Xn|n—1) + Ty,

where G, denotes the Jacobian matrix of g.
Next, introducing the regularized least squares criterion for the linearized
model (6.23) yields

JReLS (Xn) = (yn - g(inm—l) - G’x(&nm—l)(xn - )A(n\n—l))Tszl
X (YN - g(&nmfl) - Gw(fcnmfl)(Xn - }A(n\nfl)) (6.24)

+ (Xn - }A{n|n71)TP;\f1n_1(xn - }A{n|n71)’

By introducing a change of variables with z, =y, — g(X,—1) +
G2 (Xpjn—1)Xpn—1, (6.24) can be rewritten as

JReLS(Xn) = (Zn - Gx(&n\n—l)xn)TRgl(Zn - Gx(in\n—l)xn)

) B ) (6.25)
+ (Xn - Xn|n—1)TPn|2_1(Xn - Xn|n—1)a

which is linear in x,, and has the same form as (6.6) but with the Jacobian matrix
G (Xp|p—1) rather than the measurement matrix G,,. Hence, solving

Xp|p = argmin Jrers(Xn) (6.26)

Xn

yields

)A(n|n = )A(n|n—1 + Kn(zn - Gx(&nm—l)f{nm—l)a

K, = Pn|n—1GI(£n|n—l)(Gx ()A(n\n—l)PnM—lG;vr()A(nm—l) + Rn)_l’
with covariance
Pn|n ~ Pn|n—1 - Kn(Gac ()A(n|n—1)Pn|n—lG;:r(>A(n|n—1) + Rn)K;IL—
Finally, changing z,, back to its definition yields

}A(n|n - )A(n|n—1 + Kn(yn - g(}zn\n—l) + Gy (f(n\n—lbzn\n—l - Gz(ﬁnm—l)fcn\n—l)

= )A(n|n—1 + KTL(YH - g(xn\n—l))

for the measurement update.
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Algorithm 6.2 Extended Kalman Filter
1: Initialize )A(0|0 = my, PO\O =Py
2. forn=1,2,... do
3: Prediction (time update):

}A(n|n71 = f<§(n71|n71)

Pn|n71 =F, ()A(n71|n71)Pn71|n71F;cr(§(nfl|n71) +Qn
4 Measurement update:
K, = Pn|n71GZJcr(5cn\n71)(Gx(in|n71)Pn|n71GI(§(n\nfl) + Rn)il

}A(n|n - )A(n|n—1 + Kn(yn - g(}zn|n—1))
P,,=P — K, (G (Xnin-—1)Pnin_1Gr (Xpm_1) + Rp) K]
nln nln—1 n\Mz\Anln—1)4 njn—1"z \&njn-1 n ) xn

5: end for

Extended Kalman Filter. We can now summarize the prediction and measure-
ment update steps for the EKF. First, during the predictions step, the predicted
mean and covariance are calculated according to

)A(n|n—1 = f(f(n—l\n—l)a (6.27a)
Pn|n—1 = Fx(&n—l\n—l)Pn—1|n—lFI(§(n—l|n—1) + Qn, (6.27b)

where F';, is the Jacobian matrix of the dynamic model. Second, the measurement
update is

K, = Pn|n71G;pr(}A(n\nfl)(Gx(in|n71)Pn|n71G;—(}A{n\nfl) + Rn)ilv
(6.28a)

Xnjn = Xpjn—1 + Kn(yn — 8Xnjn-1)), (6.28b)
P =Pt — Kn(Go(Xnjn1)Pupn1Gy Kppno1) + R)K]. (6.28¢)

These two steps are then performed iteratively, and the algorithm is initialized
with the initial conditions. This yields the complete EKF algorithm shown in Algo-
rithm 6.2. Note that this is essentially the same algorithm as the original KF where
the nonlinear function takes the place of the prediction (both in the prediction step
and the prediction of the output) and in the covariance updates, the Jacobian matri-
ces take the place of the matrices in the dynamic model and measurement model.
Furthermore, if either of the models is linear, the corresponding step (prediction or
measurement update) may be replaced by an exact update step from the Kalman
filter in Section 6.2. Finally, note that Algorithm 6.2 is an approximation of the
filtering problem since the nonlinear function is approximated around the filtered
and predicted state, meaning that both the state estimate and its covariance may or
may not converge to the true state (similar as for static nonlinear problems).
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6.4 Unscented Kalman Filtering

One of the major problems of the EKF is that the linearization is local, which
often leads to problems such as the covariance of the state being underestimated
(which in turn affects the Kalman gain in the next iteration). Another approach to
solve the filtering problem within the Kalman filtering framework is the unscented
Kalman filter (UKF) (Wan and Van Der Merwe, 2000; Julier and Uhlmann, 2004),
which makes use of a so-called unscented transform. Hence, this transform will be
discussed first, and then the prediction and measurement update steps for the UKF
are derived.

Unscented Transform. The unscented transform is based on calculating the mo-
ments of the nonlinear transformation of a finite set of deterministic sampling
points as follows. Given a random variable x with mean m and covariance P,
we can find a set of J points {x°,x2, ..., x” 71}, so-called sigma-points, such that
their weighted sum is equal to the mean and covariance of x, that is, such that

J—1 o

m = w) x7, (6.29a)
7=0

P=) wh(x) —m)>x) —m)T, (6.29b)
7=0

where it must hold that Z}]:_ol w?, = 1 since the expected value of the sum should
be unbiased.
Then, given the nonlinear function z = h(x), we can calculate the transformed
sigma-points according to
7/ = h(x?).

Based on the transformed sigma-points, the mean and covariance of the trans-
formed variable z as well as the cross-covariance between x and z can then be
calculated according to

J
B{z} ~ ) wj2, (6.30a)
j=1
J .
Cov{z} ~ Y wh(z/ — B{z})(z/ — E{z}), (6.30b)
j=1
J .
Cov{x,z} ~ Zw%(xj —m)(z/ — E{z})". (6.30c)
j=1

The question then is how to chose the sigma-points x/ and their weights for the
mean wj, and covariance wgp. The unscented transform is one such approach for
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choosing sigma-points that fulfill the conditions (6.29). Here, J = 2L + 1 (with L
being the dimension of the vector x) sigma-points are chosen according to

x¥ = m, (6.31a)
x) =m + VL + A[VP];, j=1,...,L, (6.31b)
x) =m—VL+AVP],_), j=L+1,... 2L (6.31c)

In (6.31), VP denotes a matrix square root such that P = \/5\/131— (in practice,
this can be implemented using the Cholesky factorization) and [\/ﬁ] ;j denotes the
jth column of the matrix v/P. The weights corresponding to the above sigma-
points are

A
0
= — 32
A
0 2
=——+4+(1-— 32
wp L+)\+( a® + ), (6.32b)
. . 1
J = J = —— ) —
wy, = wp AL+ N’ 7=1,...,2L. (6.32¢)
In both (6.31) and (6.32), A\ is
A=a*(L+kr)-L, (6.33)

and «, B, and k are tuning parameters. The parameters « and x determine the
scaling of the spread of the sigma-points in the direction of the covariance P
whereas (3 is related the higher order moments of x and only affects the weight
for the central sigma-point in the covariance calculations.

The choice of the tuning parameters may greatly affect the performance of the
filter and several default choices have been suggested. The value for x is most
often chosen to be zero (i.e., x = 0), which leaves the choices for o and 3. First,
note that with x = 0, the weight of the central sigma-point becomes

0 A La®? - L |

= = == 6.34
™ L4+X L+La?—-1L a? (6.34)

and the scaling factor of the root of the covariance matrix becomes

VL+A=+VL+a2L—L=aVL. (6.35)

One suggestion is to choose o = 1 x 1073 (Wan and Van Der Merwe, 2000).
This gives a quite large and negative weight w?, [see (6.34)] and a small scaling
factor [see (6.35)], which makes the sigma-points lie close to the mean. To avoid
this, it is sometimes more intuitive to instead start from the weight of the central
point w2, and then determine o based on reformulating (6.34), which yields

1
= . 6.36
o=\ iour (6.36)

w,
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Furthermore, since all the weights for 7 > 0 are the same [see (6.32)], it must also
hold that

. 1—w?
w) = m

m 2L

Finally, 8 only affects the central weight of the covariance and a good starting
point is normally to chose § = 2 (see, for example, Wan and Van Der Merwe
(2000)).

Prediction. The unscented transform as introduced above can directly be used in
the prediction step to calculate the predicted mean and the covariance. In this case,
the nonlinear transformation is the function of the dynamic model, that is, f(x,_1).
The sigma-points are calculated using the estimated mean and covariance at t,,, that
is,

Xg—l = ﬁn—l\n—l (6.37a)
x) 1 =%y 11+ VLA N}Tm_lj , j=1,...,L, (6.37b)
X)) =K i1 — L*w\/fm(j,m’ j=L+1,... 2L

(6.37¢)

The weights of the sigma-points are given by (6.32) and A is as in (6.33).
Then, the moments of the transformed variable, that is, the moments of the
prediction become

x) =f(x_)), j=0,...,2L, (6.38a)
2L

Rpno1 = Y wh,x), (6.38b)
7=0
2L

Pn|n—1 = Z wg (X‘z’L - )A(n\n—l)(xgl - )A(n|n—1)T + Qn. (6.38¢)
j=0

Note that the additional term Q,, in the covariance is due to the fact that the dy-
namic model also includes the process noise term q,, which increases the uncer-
tainty. In other words, the unscented transform only calculates the covariance of
the x,,_; transformed by f(x,,_1) and does not take the effect of the noise into
account in this form.

Measurement Update. For the measurement update, first recall that it can be
written in terms of the predicted output, its covariance, and the covariance between
the predicted output and the state, see (6.19). Hence, we can also use the unscented
transform to calculate these means and covariances.
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Algorithm 6.3 Unscented Kalman Filter

1: Initialize )A(0|0 = my, PO\O =Py

2: forn=1,2,...do ‘

3 Calculate x),_;, wi,, and w}, using (6.37) and (6.32)
4: Calculate x,,,,_1 and P,|;,_; using (6.38)

5 Calculate x%, wfn, and w%, using (6.39) and (6.32)

6

Calculate E{y,, | Y1:n—1}> Cov{yn | Y1:n-1}, and Cov{x,,yn | Yi:n-1}
using (6.40)

7: Measurement update:
K, = Cov{xy,¥n | Y11} Coviyn | 11}
)A(n|n = )A(n|n—1 + Kn(yn — E{yn | y1:n-1})
Pn|n = Pn|n—1 - K, COV{Yn | y1:n71}KI
8: end for

In this case, the sigma points are calculated from the predicted mean x,,,,_;
and the covariance P, according to

xV =%

n n|n—1 (6.39a)
X, = Kot + VLA /Py j=1,...,L, (6.39b)
x, = Xnjn1 — VEFA[/Popu s . j=L+1,...,2L (639%)

(G—-L)

with the weights as in (6.32). Then, the necessary moments become

y,=g(x)), j=0,...,2L, (6.40a)
2L
E{yn | yin-1} =) whyh, (6.40b)
7=0
2L )
COV{y | y1:n71} = ngj(yg’b - E{yn | Y1:n71})(ygz - E{Yn | Y1:n71})T
7=0
+R,, (6.40c)
2L )
Covi{xn,yn | Y11} = Zw;?(x% - >A<n|n—1)(}’% —E{yn | YI:n—l})Ta
j=0
j (6.40d)

and the measurement update given in (6.19) can be performed.
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Unscented Kalman Filter. Based on the prediction and measurement update
discussed above, the unscented Kalman filter then becomes as shown in Algo-
rithm 6.3. Note that the UKEF still performs the two steps very similar to the orig-
inal Kalman filter for linear systems, that is, it basically estimates the mean and
covariance of the state at each time step and propagates this information between
time steps, but without analytical linearization. The latter also implies that the
UKEF does not require any Jacobians to be calculated and is thus somewhat easier
to implement.

6.5 Iterated Extended and Unscented Kalman Filters

In Section 6.3 we derived the extended Kalman filter (EKF) update by computing
the regularized (weighted) least squares solution to a linearized model. However,
this is exactly the same procedure that was used in Gauss—Newton and Levenberg—
Marquardt algorithms except that this linearization was iteratively used to compute
the solution to the non-linear regularized least squares solution. This same ap-
proach can also be used to improve the EKF — instead of taking just a single step,
we solve the non-linear regularized least squares problem using a least squares
optimization method.

When the non-linear least squares problem is solved using subsequent lin-
earization — which is equivalent to Gauss—Newton optimization — we obtain the
iterated extended Kalman filter (Bell and Cathey, 1993). The iteration helps to
solve highly non-linear problems where the single linearization used in EKF —
which is equivalent to single step of Gauss—Newton algorithm — is not enough.
This concept can also be extended to include line search procedures and we can
also use Levenberg—Marquardt algorithms to solve the non-linear least squares
problem (Skoglund et al., 2015).

Furthermore, the unscented Kalman filter (UKF) introduced in Section 6.4 can
also be improved by using iteration. In this case the optimization criterion is no
longer the non-linear regularized least squares problem, but instead, we optimize
the Kullback—Leibler divergence to the posterior distribution. Nevertheless, the re-
sulting iterated posterior linearization filter (Garcia-Fernandez et al., 2015) takes a
similar form as the iterated extended Kalman filter, but the Taylor series lineariza-
tions are replaced with sigma-point approximations.

6.6 Bootstrap Particle Filter

Another approach of solving the estimation problem in dynamic systems is particle
filtering, which differs quite a lot from the Kalman filtering approaches discussed in
the previous sections. Rather than being based on predicting and updating the mean
and covariance from time step to time step, particle filtering propagates a set of
weighted random samples (called particles) and hence there is some resemblance
to the unscented Kalman filter. The particles can be seen as qualified but random
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guesses of the state whereas the weights provide an indication of how good the
guess is. Particle filtering is a very general methodology and comprises a large
class of filtering algorithms. Here, we focus on the bootstrap particle filter, which
has an intuitive explanation but also a rigorous mathematical background (Gordon
et al., 1993; Doucet and Johansen, 2011; Sarkki, 2013).

To derive the particle filter, we first take another look at the general discrete-
time state-space model given by

Xn = f(xn—l) + an,
Yn = g(xn) + Iy,

with q,, ~ p(qy,) and r,, ~ p(r,). Recall that the dynamic model is a stochastic
process, meaning that every time a system is observed, a new realization of that
stochastic process is observed. For example, consider the scalar (one-dimensional)
random walk dynamic model

Ty = Tp—1+qn
with

zo ~ N(0,1),
qn ~ N(0,1).

This model essentially states that the initial state is a random variable distributed
around zop = 0 with variance 1 and as time elapses, random steps from that initial
point are taken. Then, at any time ¢,,, there are infinitely many random steps that
can be taken through g, (i.e., g5, can take on any value, but with some values more
likely than others as specified by the distribution of the random variable). This
implies in turn that no two realizations of any random process are the same. As an
example, Figure 6.1a illustrates 20 realization of the random walk process. As it
can be seen, each realization takes a completely different path, and the realizations
diverge as time elapses.

In practice, when estimating a system’s state, all the observations (measure-
ments) come from one single realization out of all the infinitely possible realiza-
tions of the process. The measurements then give us the information about the
particular realization that is observed and the realization and the measurements are
linked through the measurement model. For example, Figure 6.1b illustrates one
particular realization of the random walk process together with the measurements
from the linear measurement model

Yn = Tp + Ty

with r, ~ N(0,1).

This leads to a new strategy for filtering where we first simulate a set of trajec-
tories and then evaluate how well each of these trajectories explain the measure-
ments that we are observing. More formally, in the framework of the prediction
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Figure 6.1. Random walk process example: (a) 20 realizations of the random walk process,
and (b) one realization of the process together with its measurements.

Tn
10 |- ® UYUn

Figure 6.2. Random walk example with measurements ¥, (blue) from one particular
realization of the random walk process (red) and 20 other realizations.

and measurement update steps introduced in Section 6.1, this approach alternates
between:

1. Prediction: Given a set of simulated states X1j1_1 (forj =1,...,J), simulate
from ¢,,_1 to t,, to obtain a set of simulated states x, (j = 1,...,J);

2. Measurement update: Evaluate how well the simulated states <2, explain the
observed measurement y,,.

For example, Figure 6.2 combines the different realizations of the state trajectories
in Figure 6.1a (gray) with the measurements (blue dots) in Figure 6.1b (together
with the true trajectory that generated the measurements in red). As it can be seen
from the figure, several of the gray realizations could be the trajectories that gener-
ated the measurements in blue, at least at some points in time, whereas other real-
izations are very unlikely to be the trajectories that generated the measurements.
To develop a filtering algorithm based on this reasoning, we need to find a

strategy to a) simulate samples x7, given the samples x? _, and b) evaluate how

well a particular sample x7, of the state explains the current measurement y,.
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An intuitive way to generate new samples is to use the dynamic model to
simulate one time step. In other words, we can generate a realization of the random
variable q,, and use the nonlinear function f(x,,_1) to pass the sample from ¢,,_; to
tn. This means performing the following two steps for each sample j =1,..., J:

1. Sample qf, ~ p(qpn).
2. Calculate x3, = f(x),_,) + qi.

In practice, the process noise q,, is often Gaussian, that is, qy, is a Gaussian random
variable (e.g., when the discrete-time model comes from the discretization of a
continuous-time model with a white noise process as the input). In that case,
sampling q,, amounts to sampling from the normal distribution N (0, Q,,) where
Q,, is the covariance matrix of q,,.

To evaluate the importance of each sample with respect to the current measure-
ment y,,, we assign a weight w3, (called the importance weight) to each sample x7,.
Intuitively, the weight should represent how well each sample explains the mea-
surement, and thus, the closer the sample is to the true state, the higher the weight
should be. If we ensure that the weights sum to one, that is, if

we can also loosely interpret the weight wl, as the probability of the jth sample
representing the correct state. The question then is how the weights should be cal-
culated, given the sample x7, and the measurement y,,. So far, cost functions have
been used to evaluate whether a state explains the measurements well. However,
in this approach the cost should be low for a state that explains the measurements
well, whereas the importance weight should be high and hence, we can not use cost
functions'.

Instead, we have another look at the measurement model. Recall that we have
assumed that the measurement model is of the form

yn = g(Xn) + I,

where r,, ~ p(r,) is a random variable with probability density function p(ry,).
Hence, y;, is a random variable too. Assuming that x,, is given, y,, follows the
same distribution as r,, but offset by the constant term g(x,,). We can express this
probability density function for y,, as p(y, | x,) which is read as “the probability
density function of y,, given that x,, is known”. The probability density function
p(¥n | Xn) is commonly known as the likelihood because it indicates how likely a
certain state x,, is when observing the measurement y,,. Hence, the likelihood is a

'In practice, cost functions are closely related to the way the importance weights are calculated,
but this is beyond the scope of this course.
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suitable measure for how well any given sample 'x% explains the measurement y,,,
and we can define the non-normalized weight 1, as

@), = plyn | xJ,).

w3, is non-normalized because the sum over all weights does generally not ful-

fill the requirement that the weights should sum to one. This can be ensured by
simply dividing each non-normalized weight by the sum of all the non-normalized
weights, that is,
~J
w), = ;Uinw
> im1 Wh

In practice, the measurement noise is often assumed to be a zero-mean Gaus-
sian random variable with covariance matrix R, that is, p(r,,) = N (r,;0,R,,).
In this case, the likelihood is also a Gaussian random variable with mean g(x,,)
(due to the offset) and covariance R,, (due to the uncertainty introduced by r,,).
Hence, the likelihood becomes

p(yn | Xn) = N(Yn;g(xn)’Rn)'

Once the importance weights have been calculated, a point estimate of the
current state and its covariance can be obtained. Similar to the unscented Kalman
filter, these are given by the weighted sum of the individual samples x7,, weighed
by the importance weights wy,, that is,

J

R = > wixl, (6.41a)
j=1

Pn|n = Z’w%(x% - }A(n|n)(x¥1 - )A(n\n)T- (6.41b)
j=1

Observe that the covariances for the process noise (Q,) and measurement noise
(R,) do not enter these equations (contrary to the Kalman-filter-type algorithms).
This is due to the fact that this uncertainty is accounted for when sampling and
calculating the weights.

It would appear that this now yields a working algorithm. However, there is one
important problem, illustrated for the random walk model in Figure 6.3: Assuming
that the red trajectory represents the true realization of our state trajectory, the
other simulated trajectories start to diverge from that trajectory as time elapses.
Consequently, toward the end of the time scale, there are only very few trajectories
in the neighborhood of the actual trajectory. In practice, this means that the weights
for almost all but a few trajectories would become zero and eventually, after some
more time has elapsed, there would be no trajectory close to the true realization
anymore and the filter would break down completely.
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Figure 6.3. Illustration of the divergence problem when simulating trajectories.

To address this problem, one additional step called resampling has to be in-
troduced. The basic idea of resampling is to make sure that samples with low
weights, that is, samples that are unlikely to be close to the true state, are discarded
and replaced with copies of the samples with high weight. Hence, resampling
essentially regenerates the sample x7, such that there are a total of approximately
|wy,J | copies of x7, in the resampled set of particles. Thus, if X!, (fori =1,...,J)
denotes the resampled particle, that particle is equal to particle x}, with probability
wi,, that is, we have that

Pr{x, =)} = w},

where Pr{-} denotes the probability. This ensures that trajectories with low weight
are discarded and that the samples remain close to the true state.

The final bootstrap particle filtering algorithm then consists of the following
three steps:

1. Propagate the particles using the dynamic model,
2. calculate the importance weights using the measurement model, and
3. resample the particles according to their weights.

These three steps are then repeated for the complete dataset and the recursion is
initialized by sampling from the initial distribution of the state p(xo). Assuming
Gaussian distributions for the initial state, process noise, and measurement noise,
that is,

X ~~ N(mo, PO),
qn ~ N(07 Qn)a
r, ~N(0,R,),

the resulting algorithm is as summarized in Algorithm 6.4.
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Algorithm 6.4 Bootstrap Particle Filter (Gaussian Process and Measurement
Noises)

1: Initialization: Sample (j = 1,...,J)
Xg) ~ N(mg, Po)

2: forn=1,2,... do
3: forj=1,2,...,Jdo
4: Sample

al, ~N(0,Q)

bl

Propagate the state
x), = £(x], 1) +
6: Calculate the importance weights
@), = N(yn; 8(x}), Rn)

end for
Normalize the importance weights (j = 1,...,J)

~J

j Wn
w) = S Nam—
i=1Wn
9: Calculate the mean and covariance

J
X — E J xJ
Xnln = Wp Xy
Jj=1
J
— E J (xJ 2 J 2 T
Pn\n = wn(xn - Xn|n)<xn - Xn\n)
7=1

10: Resample such that
Pr{x;, =)} = w},

11: end for
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