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NTERNATIONAL ECONOMIC REVIEW 
Vol. 13, No. 3, October, 1972 

EFFICIENCY ESTIMATION OF PRODUCTION FUNCTIONS* 

BY S. N. AFRIAT' 

INTRODUCTION 

THE METHOD for production analysis which is to be studied has relationship 
to the approach Farrell [18] has made to production efficiency measurement 
with constant returns to scale, and also to the indirect approach to production 
function construction of Nerlove [29] where a cost function is constructed as 
intermediary. It departs from the standard production function or cost function 
technique which involves a parametrically defined family of functions and seeks 
a determination of values for the parameters. Such technique often carries quite 
standard statistical procedure into econometrics without peculiar adaptation, and 
also has some important obstructions to its development. The available work- 
able functions, typically Cobb-Douglas, CES and such types, are scarce. Also 
they are too restrictive in their properties, which include homogeneity, complete 
additive separability, constant substitution elasticities and so forth. Such pro- 
perties, which are often declared in the description, are not deliberate empirical 
hypotheses but are accidental to technical convenience of the functions. The 
same poverty of employable functions prevents a variety of structural hy- 
potheses to be entertained of the data and investigated for significance. The 
Cobb-Douglas production function in logarithmic form is linear in the para- 
meters and this brings use of it into the general framework of linear statistical 
analysis, as is quite familiar. Other typical functions are without similar sim- 
plicity and advantage. Each type has special difficulties and devices for com- 
putation and interpretation, so there is lack of an overall scheme within which 
various analyses are systematically related to each other. A further symptom of 
limitation of the parametric production function technique is that beyond lack 
of versatility with a single output it is not at all readily adapted to joint pro- 
duction. Production is typically joint production so this is a radical objection. 

Another kind of objection can be brought to bear on a determination of error, 
appart from error in the data, which is not based on an economic concept. 
Economic exactitude is efficiency so an economic error can be expressed as an 
inefficiency. A Euclidean sum of squares is in itself devoid of economic mean- 
ing. Farrell's efficiency method is safe from such objection but it bears on some 
econometric methods. Any distance however large is negligible economically 
if it corresponds to a negligible difference in the economic account. In eco- 
nomic analysis error can have expression in terms of failure to reach an op- 
timum value, and this gives basis for an economic principle of estimation or ap- 
proximation which is as generally applicable as the commonly used least-squares. 

* Manuscript received June 10, 1971; revised March 21, 1972. 
1 Presented at the Summer Meeting of the Econometric Society, Boulder, Colorado, August 

23-24, 1971. The work has been carried out with partial support from the National Science 
Foundation under grant GS 2195. 
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PRODUCTION FUNCTIONS 569, 

Apparently all functions used in the parametric technique have the classical 
convexity and monotonicity properties so the classical production function ap- 
pears to be the basic model, regardless of the further restrictive properties en- 
countered. It appears just as well therefore to fit functions which are subject to 
the classical form but no other general restriction unless some specific empirical 
hypothesis is in view, and also to fit them with an economic concept of devia- 
tion. The function is to give maximum feasible output, so observed output must 
be bounded by it from above, in a ratio which measures efficiency. This is the 
view which is to be explored. There has been a similar investigation for demand 
analysis [1, 2, 3, 4]. The procedures are simple and, except in the further 
method which is considered where stochastic development is involved, compu- 
tations are entirely in terms of linear programming formulae. The extension to 
joint production is natural and immediate, as is considered further elsewhere. 
There appears an escape from several objections that bear on the parametric 
production function technique. The imposition of homogeneity on one of the 
procedures reproduces Farrell's method. Also there is a general extension of 
Nerlove's indirect or dual technique. In the corresponding approach to demand 
analysis already elaborated, the algebraical development is different because the 
hypothetical output of consumption has a different metrical character, being 
without a specific magnitude and hence also without a price. A further con- 
sequence of this is that in demand analysis the only applicable concept of effi- 
ciency is cost-efficiency, but this has been shown to give a straightforward 
general procedure for construction of approximate utility functions. 

Godambe [23] has shown that a certain statistical optimality criterion is 
satisfied by the maximum likelihood estimate, even for small samples, provided 
that certain regularity conditions hold. He restricts attention to the case of a 
single parameter. Thompson [33] has made an extension to several parameters 
which bears on the estimation method in Section 3. The required regularity 
conditions hold if the parameter ,B in the beta distribution is greater than 2 a 

priori. But this is just the condition that as efficiency increases to 1, density 
decreases to 0, but with derivative increasing to 0, presenting what can be con- 
sidered the proper shape for efficiency density near 1. 

It should be recognized that the efficiency method to be followed applies just 
as well to parametrically defined functions as to the basic classical model, where 
it is most simple, especially when done without the stochastic development. 

1. PRODUCTION FUNCTION HYPOTHESIS 

Consider production of a single good from some n goods. Any production 
operation is described by a point (x, y) eQn X Q, xeQhl being the vector of in- 
puts and yFQ the output. Here Qn is the n-fold Cartesian product of the non- 
negative numbers Q, or the non-negative orthant in Rn. Let data be given of 
some k such operations (x,, y) (t = 1, . .. , k). Such a scheme of production 
data will be discussed first in terms of the concept of a production function 
y = f(x), which determines the exact output ysQ obtained from an input x. 
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The given data admits a production function f as hypothesis if 

y, = f(xt) for all t. 

This condition can be denote HO(f). The data certainly admits some production 
function as hypothesis, that is Ho(f) for some f, provided x5 = x, when ys = yt. 
But it may or may not admit a production function possessing a particular pro- 
perty P. If it does the production data can be said to satisfy the condition of 
P-consistency. If P(f) means a production function f has the property P, and 

Hp(f) H(f) A P(f), 

then P-consistency is the condition Hp that there exists an f such that Hp(f). 
It has been remarked that Ho is not a proper condition since it is always satis- 
fied, but Hp is proper, that is for sDme properties P it may or may not be satis- 
fied with various data. 

In examining P-consistency of data for any property P, it is required to have 
a test which decides whether or not it holds, and for when the test is affirmative 
to have a procedure for constructing a production function f (x) which has the 
property Pand which is admitted by the data, that is, which is such that Hp(f ). 

This question will be considered with three increasingly restrictive possibili- 
ties for P 

(P1) f non-decreasing (free disposal of input) 
(P2) f non-decreasing concave (classical) 
(P3) f non-decreasing concave conical (classical constant returns to scale) 
A function f (x) is non-decreasing if 

x?y if(x) ? f(y) 

THEOREM 1.1. For any given (xt y,)(t = 1, .. , k) the funictionI 

F(x) max [yt: xt x] 

is non-decreasing and such that yt F(x,). There exists a non-decreasing func- 
tion f (x) such that y, = f (x,) for all t if and only if 

Xs ? X1 x, ys ? Yt 

and this is if and onily if yt = F(x,). In this case F(x) is itself one such funlction 
and it is everywvhere not greater than any other. In any case F(x) is everywhere 
not greater than any other non-decreasing function F(x) such that y, < f (x,). 

From the definition of the function obviously it is non-decreasing. Also 

xt < x Yt ? F(x) for all t, x. 

Therefore, since x, _ x, it follows that y, ? F(xt) for all t. 

If any f (x) is non-decreasing then 
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It follows that if y, = f (x,) then 

Xs __ Xt ---. s _ yt 

Thus this condition is necessary for the existence of a non-decreasing function 
admitted by the data, that is such that y, = f (xt) for all t. 

Also this condition immediately implies 

max [ys: xs < xt] ! yt 

which can be stated F(xt) ? yt . But, from the definition of F(x), in any case 
F(xt) > yt . Thus F(xt) < yt is equivalent to F(xt) = yt. But this is the con- 
dition for F(x) to be admitted by the data. But also F(x) is non-decreasing. 
This shows that the considered condition is also sufficient for the data to admit 
a non-decreasing function, and exhibits F(x) as one such function. If f (x) is 
any other, or even just such that yt ? f (xt), then 

Xs < x--- Ys < f (x) 
so that 

F(x) = max [Ys xs < x] ? f (x). 

The theorem is now proved. 
A function f (x) is concave if for all xt and i, 0, 12, = 1, 

'Ef (xt)2t _< f (Xxt2t). 

If it is non-decreasing then for all x, xt and i, 

Tx,2, < x --- f (Ex,s) < f(x) . 

It follows that if it is concave and non-decreasing then for all x, xt and , 2 0 
where I2, = 1 

Zx,i, ! x #Zf (xt)2t _ f (x). 

Conversely if this condition holds then, taking Zxt2t = x, it appears that the 
function is concave, or taking xt = y, i, = 1 and is = O(s # t) it appears that 
the function is non-decreasing. Thus this is the condition that f(x) be both 
non-decreasing and concave, in other words that it be a classical production 
function. 

THEOREM 1.2. For any given (x,, yt)(t = 1, ... , k), the function 

F(x) = max [Yy,,: Yx,2, _ x, 2, = 1, i > 0] 

is non-decreasing concave and such that y, < F(x,). There exists a non-decreasing 
concave function f (x) such that y, = f (x,) for all t if and only if 

fxt2t _?E - Xs I Ztt _ YS (it 2f 0, Zjt = 1), 

and this is if and only if y, = F(xt). In this case F(x) is itself one such function, 
and it is everywhere not greater than any other. In any case F(x) is everywhere 
not greater than any other non-decreasing concave function f (x) such that y, < 
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f (xt) . 

From the form of definition of F(x), it is non-decreasing and concave, and 
thus a classical production function. Also from the definition, 

it > 0, ,t = 1, ZXxtt < x Zyt2t ? F(x). 

Therefore, taking 2, = 1, it O(t # s) and x = xs it follows that ys < F(xs) 
for all s. 

Similarly, the rest of the proof is on the same lines as the proof of the previ- 
ous theorem. 

Thus, if f (x) is classical then, for it ? 0, 2t 1, 

2xt2t _ x I f (xt)2t f (x), 
so if yt= f(xt) then 

Ixt2t ~< x5- I YA YS, 

which is to say ys _ F(xs). But in any case ys < F(xs), so this is equivalent to 
the condition Ys = F(x,) for all s. Thus this condition is necessary for the ex- 
istence of a classical function f (x) such that ys = f (xs). But F(x) itself is a 
classical function, so the condition is also sufficient. Further, for any classical 
f(x) such that ys _ f (xs), if it > 0, 1t = 1, then 

Tx'2t _ x I YAi _< f (X), 

which shows that F(x) < f (x). Thus the theorem is proved. 
By linear programming dualites, an equivalent dual expression for F(x) is 

F(x) = min [s + gx: yt < s + gxt, g > 0] 

The Fenchel convex conjugate can be verified to be 

E(g) = min [s: yt < s + gxt], 
and then also 

F(x) = min [E(g) + gx: g > 0] 
and 

E(g) = max [F(x) - gx: x _ 0] 
= max [Tyt - gx: Xt2t- x _ O, 12t = 1, it > 0]. 

The domain where F(x) is finite is the orthoconvex closure of the xt, given by 

[X: IXtt _ X, it = 1, it _> 0]. 

A set S is orthogenous if x E S and x _ y implies y E S, and orthoconvex if also 
it is convex. The orthoconvex closure of a set is the smallest orthoconvex set 
containing it 

For any x, it can be asked what is the maximum M(x) of f (x) for all classi- 
cal production functions f such that f(x,) = Yt for all t, the corresponding 
minimum having already been established as F(x). 

Consider any such f (x). At each xl it must have a support, say st + gtx. 



PRODUCTION FUNCTIONS 573 

Then 
f(x) = min [s, + gtx: t] 

is also such that f(xt) = Yt, and moreover f(x) < f(x). For st + gtx to be in 
support at xt, the condition is 

s _ st + gtxs for all s 

Yt = St + gtxt- 

It follows that 

M(x) = max [min [st + gtx: t]: yS - St + gtxs Yt = St + gtxt] 

= max [y: y < St + gtx, Ys <_ S + gtxs, Yt = St + gtxsx j 

Thus, for all y, y = f (x) for some classical production function f (x) such that 
f (xt) = Yt for all t if and only if f (x) _ y < M(x). 

A function f (x) is conical if 

f (x) = f (x)2 (2 _ 0). 

If it is conical it is concave if and only if, for all x, 

Zf (xt) _ f (2xt) . 

It follows that if it is non-decreasing concave conical then, for all x, xt and 
2t > 0 

Zxtxt < x If (Xt)4t _? (X) . 

Conversely, if this condition holds then it holds in particular with the restric- 
tion Zt = 1, which, by the earlier discussion, shows that f (x) is non-decreas- 
ing concave. Also it requires in particular that 

y2 = x f (y)2 < f (X) 

for all x, y and i > 0. But then just as well 

x2A - y f(x)1 2 < f(y) 

Thus it requires 
y2 = x = f(y) f = (x) 

which is to say f (x) is conical. Thus the considered condition is both necessary 
and sufficient for f (x) to be non-decreasing concave conical, that is a classical 
production function with constant returns to scale. 

THEOREM 1.3. For any given (xt, yt)(t= 1, ... , k), the function 

F(x) =max [2yt2t: Zx,2t < x, it - 0] 

is non-decreasing concave conical and such that yt < F(xt). There exists a non- 
decreasing concave conical function f(x) such that yt = f (xt) for all t if and 
only if 
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and this is if and only if yt = F(x,). In this case F(x) is itself one such function, 
and it is everywhere not greater than any other. In any case, F(x) is everywhere 
not greater than any other non-decreasing concave conical function f (x) which is 
just such that yt _ f (x,). 

The proof depends on the preliminary remarks and is on the same lines as 
for the previous two theorems. 

These theorems show that, when P is any one of the three typical properties 
P1, P2 or P3, a function Fp(x) is associated with the data, which has the pro- 
perty P, and is such that 

Hp # y, = Fp(x,) for all t . 

To apply this test for P-consistency, the linear programming problem for deter- 
mining the value of Fp(xt) has to be solved, for each t. The test just requires 
these values obtained to coincide with the values yt. 

The function Fp(x), since it has the property P, that is since P(Fp) auto- 
matically, therefore is such that 

Hp a Hp(Fp) , 

that is, the data is P-consistent, that is admits some P-function, if and only if it 
admits the particular P-function Fp. A further property of Fp(x) is that, for 
any function f (x), 

Hp(f) y Fp(x) < f (x) for all x 

and more generally, even without P-consistency, 

P(f ) and yt _ f (x,) for all t. S Fp(x) ? f (x) for al x. 

The importance of this will appear in the next section. 
For the function F(x) in Theorem 3 it can be noted that, setting a = xtIyt, 

so that at is the vector of average input for a unit of output, it is also given by 
the formula 

F(x) = max [Z1,: Yat2t < x, i, > 0], 

or again, 
(F(x))-l = min [t: Za,2t < xt, 1,z = 1, 2i > 0, t ? 0]. 

A form of discussion has been illustrated by application to three increasingly 
restrictive possible properties P for a production function, but which could be 
applied generally to any property P which might be entertained. 

As a final illustration, it will be applied to a further property (P*), which 
represents a different type of restriction, and which requires a production func- 
tion to have the general Cobb-Douglas parametric form 

f(x) = bIxl'! 

Such a function is non-decreasing if ai > 0. Then it is concave if Icei < 1, and 
then it is conical if Zoia = 1. Let (P1*), (P2*), (P3*) denote these three cases 
of (P*), exhibiting an additional restriction imposed on each of the three in- 
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creasingly restrictive properties (P1), (P2), (P3). While parametric description 
of functions, such as occurs with this property (P*), is the first basis for the 
most usual approach to analysis of production data, it is not natural to the 
present approach which can deal with more general functions with greater sim- 
plicity. However, this particular property, here as with usual experience of it,, 
permits a particularly simple discussion. 

Let x,i be the elements of xt, let Xi = log xt, and let X be the matrix with 
these elements. Let Y, = log Yt be the elements of the vector Y. Let a be the 
vector with the function parameters cai as elements and let ,B = log b. Then the 
test for HP1*, or consistency in regard to (P1*), is that the system 

3 + Xa =Y, aO > , 

have a solution, where column-vector I has elements all 1, for HP2* that 

13 + Xa = Y, Ja _< 1, a_> 0, 

have a solution, where row-vector J has elements all 1, and for HP3* that 

j3 + Xa = Y, Ja = 1, a a_ 05. 

have a solution. These tests, as with the earlier ones, can all be decided by 
application of the linear programming simplex algorithm. 

The last case P3* has the usual requirement Ja = 1 for a Cobb-Douglas pro- 
duction function. It is noticed that the locus of Y = I,B on ,B varies in a line,. 
and the locus of Xa on a varies subject to a _ 0, Ja = 1 is a convex polytope.. 
A solution a, 3 exists when the line cuts the polytope. But there always exist 
points on the line at the polytope which are at minimum Euclidean distance,. 
whether or not it is granted that Euclidean distance means anything in this 
economic context. Moreover, such points, on the line and the polytope and at 
the minimum distance, are either unique or in one-one correspondence. The. 
one-one correspondence exists between points of a segment of the line and a 
certain line-segment in the boundary of the polytope. That is, even if there are 
several (a, P) describing such a pair, any such pair is fixed by fixing a or ,B in 
it. In particular, there is a unique pair where 3 is a maximum or a minimuni 
corresponding to one end or the other of the segment on the line, or where a is 
at either end of its segment in the boundary. This accounts for the "least- 
squares" principle of "estimating" a, ,B in the Cobb-Douglas production func- 
tion and there is a similar discussion for P1 * and P2*. But it is a principle 
belonging to a general statistical method which does not incorporate an eco- 
nomic meaning for error. Another method more related to economic ideas 
can be considered. 

It must be admitted that any of the various tests which have been considered 
can fail with given data, and can mostly be expected to fail. The discussion so 
far is a theoretical first step to a further approach in view, which allows that 
these rigid tests in general do fail. The question of associating production data 
with a production function will now be reviewed in a wider framework. 
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2. PARTIAL EFFICIENCY 

The more explicit economic concept of a production function f (x) is that 
there is a generally available production technology, and the function deter- 
mines the maximum possible output f (x) with an input x which is attainable 
with that technology, so it merely requires y ? f (x) for any observed output 
y with an input x. Thus, for any observed production operation (x,, yt), the 
hypothesis of the prevalence of a production function f (x) merely imposes the 
requirement yt < f (x). The more stringent requirement yt = f(x,) corresponds 
to the further requirement that the observed operation is perfectly efficient. 
What has been explored so far is the condition that a given set of observations 
admit the hypothesis that they are all efficient with respect to some production 
function f (x) with a given property P. If the observations reject that hypothe- 
sis, a less rigid scheme can be applied. The actual efficiency of the operations 
,could still be a basic hypothesis, but since it is rejected as an hypothesis, there 
could be attempt to determine a production function with the property P which 
represents the given operations to be as nearly efficient as possible. Such a 
further scheme is the obvious successor to the forgoing which deals just with 
perfect efficiency. But it still retains the idea that production operations are 
efficient. Instead it might be deliberately recognized that operations are not 
efficient, that maximum output with a given input might be defined technologi- 
cally, but because of information deficiencies, adjustment costs, lags and so 
forth the absolute technological maximum is never attained. Perusing the usual 
artifice of statistical analysis there might be an association of efficiency, as 
measured by the ratio of actual output to maximum possible output, with a 
probability distribution. The search then is for a production function which 
determines efficiencies for the given operations which conform best to a pro- 
babilistic hypothesis, and this will be considered in the next section. 

A production operation (xt, Yt) has associated with it an efficiency 

et(f ) = Yt/f (Xt) 

determined in respect to any production function f (x). Denote 

e(f) = min et(f) 
SO 

e ? e(f) ef (xt) _ Yt _ f(xt) for all t. 

Instead of requiring Yt = f(xt) for all t, and f C P as in the condition Hp(f), 
it could be required, more generally, that 

ef (xt) _ Yt ? f(xt) for all t 

for some e, thus defining a condition Hp(f, e), for the admissibility of a P-type 
production function f (x) with a level of efficiency e. Another statement is 

e ? et(f) < 1 for all t. 

In particular when e = 1 this condition becomes again Yt = f (x,), that is Hp(f). 
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That is, the condition Hp(f; 1) coincides with Hp(f), for all functions f and 
properties P, 

Hp(f; 1) _ Hp(f), 

and Hp(f; 0) just means f,P and Yt _ f(x,). Also, 

e ? 0 Hp(f;e) K 4I 

e > 1 )Hp(f; e)K 0. 

'That is, Hp(f; e) is always true if e ? 0, and never true if e > 1, so to make 
Hp(f; e) a proper condition it will be taken that 0 < e ? 1. 

From the definition 

Hp(f; e), e' < e -)Hp(f , e'), 

that is, any admissibility with a level of efficiency e implies admissibility with 
every lower level. Let Hp(e) mean Hp(f; e) for some f, and define P-consistency 
vith efficiency e. It follows that 

Hp (e), e' < e )Hp (e'). 
Hence define 

ep = sup [e: Hp(e)] = sup [e(f): f C P] 

as the critical P-efficiency of the given production operations. Then 

Hp(e) e < ep, e < ep z Hp(e). 

So in case it happens that 

ep = max [e: Hp(e)], 

as with the scheme of data and the properties P considered will appear to be 
the case, it will follow that 

Hp(e) e ? ep. 

'Thus e ? ep is necessary and sufficient for the existence of a production func- 
tion f(x) with the property P such that ef (xt) <Yyt _ f(xt), equivalent e < 
.et(f), for all t, and in particular 

Hp( ep = 1. 

'The number ep thus appears as an index of the closeness with which a produc- 
tion function of type P can be fitted to the given operations simultaneously, an 
exact fit being in the original sense, where Yt = f(xt) for all t. It could be 
taken that a type P fits better than a type P' if ep > ep,. If P' I P then 
certainly ep, < ep, and e(P', P) = ep,/ep can be taken to measure the significance 
of P', with P as null-hypothesis. For instance, P could describe classical pro- 
duction functions and P' denote classical constant returns to scale, or P the 
latter and P' the same but with the Cobb-Douglas form. 

It might appear that a different, possibly better principle of approximation 
would be to take, for instance, e(f) = (et(f))/k, and define 
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ep = max[(f): f cP], 
or even take 

e(f) = O(el, **,ek) 

where 0 is any increasing function. But it is going to appear that any such 
elaboration can make no difference whatsoever to what functions emerge as 
fitting best, at least when P requires functions just to be on the classical model,, 
with or without constant returns to scale. 

As it concerns classical functions, everything essential for this further scheme 
with partial efficiencies is already present, from the earlier scheme which was 
explicitly concerned only with total efficiency. The identical functions Fp(x) 
which occurred there will have a corresponding role in the more general dis- 
cussion. This could seem to make this further methodology lose point. But 
the object is to show a methodological point to the results to follow now. Also 
a method is produced which has a more general scope than is explored here. 

In the following theorem P is any one of the three properties P1, P2, P3 
dealt with in the last section, and Fp(x) is the function associated with it in 
Theorems 1, 2, 3. 

THEOREM 2.1. f = Fp simnultaneously maximizes e,(f) for all s for f C P 

subject to Yt < f (xf) for all t. 

This follows from Theorems 1, 2, 3 of the last section. 

COROLLARY (i). ep = e(Fp). 

COROLLARY (II). If O(el, . . ., ek) is any increasing function then f = FF 
maximizes O(e, (f), . .. , ek(f)) for f C P subject to Yt _ f (xt) for all t. 

- In other words, the functions Fp(x) are all that could be wanted, with this 
idea of approximation, for which exact fit means simply that the function re- 
presents all operations as efficient, and a close approximation is when they are 
all represented as highly efficient. However if a method is wanted which gives 
recognition that operations have an essential inefficiency then such a method of 
approximation becomes less appropriate, as the method of the next section can 
be applied better. 

The present method can be applied in particular to the three considered cases 
P1*, P2*, P3* for the Cobb-Douglas form of function P*. Then it is required 
to determine the maximum of e subject to constraints 

ebHxc i < Yt _ bIlx i for all t 

and further constraints, in the first case just ai > 0, in the second also fat ? 1, 
and the third also 2at = 1. Equivalently, in logarithms, the constraints are 

I(E + ,) + Xa < Y < I,B + Xa . 

with further constraints 

a > 0 , Ja < 1, Ja = 1 



PRODUCTION FUNCTIONS 579 

correspondingly. In each case this is a linear programming problem, which is 
feasible and bounded, and thus has a solution e, a, c. Let F*(x) denote a func- 
tion with parameters obtained from a solution, and e* the value of e, when P 
is P*i(i = 1, 2, 3). Then e* > e* > e4 . Similarly, for the efficiencies ei as- 
sociated with the properties Pi, el _ e2 > e3. Also ei > e*.- Then e*/ei gives 
an index of the significance of the Cobb-Douglas specialization P*i of the pro- 
perty Pi as against the general property Pi. These six numbers constructed 
from the data, with interpretations as efficiencies, have necessary relations form- 
ing the scheme 

el ? e2 ? e3 
IIV IIV IIV 

e* > e* > e* 

-and they should convey certain structural information, about technology and 
efficiency, communicated by the data. 

3. EFFICIENCY DISTRIBUTION 

The last two sections have dealt with attempt to associate a production func- 
tion with given production operations, subject to the limitation that the pro- 
duction functions have a certain property, and that the operations are repre- 
sented as efficient, or if not exactly so then as nearly as possible. There would 
be more scope if it could be acknowledged that operations are not perfectly 
efficient, and the production function which represents the maximum is to be 
inferred from some probabilistic hypothesis about efficiencies. The following is 
a parallel question which gives a basis for development. 

A random sample of k individuals from a population run as fast as they can 
over 100 yards, and the average speed of each is recorded, say v1,... , Vk It 
could be asked on such data what is the maximum possible speed v,, with which 
100 yards can be covered. This speed must be greater than any in the sample. 
If it could be assigned then et = vt/vm is a 100-yards running efficiency. 

Let p(x) be a probability density on <0, 1 > representing a fixed hypothesis 
about the distribution of efficiency. -Then vm can be determined to make the 
likelihood H, p(v,/v,,) of the efficiencies in the sample a maximum. More 
generally [e0(x) can be a probability density carrying parameters 0, representing 
a hypothesis about the form of the efficiency distribution. Then both--v u and 0 
can be determined to make l1t p,(v,/v 1) a maximum. 

Models for distributions of efficiencies can be derived on the basis of different 
probability mechanisms, but with neither any theory which brings a particular 
mechanism into view, nor any empirical basis for a particular form of distribu- 
tion, a simple model could be appropriate such- as the beta distribution. It carries 
two parameters coordinated with mean and variance of efficiencies. Also it 
derives theoretically from an appropriate type of probability mechanism, in the 
usual framework with the gamma, Poisson and binomial distributions. The 
beta distribution density is 
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p(X) = r(a +? i) X-'(l - X)y- F(a)F(/9 
with mean and variance 

t = a/(a + /), q2 = CY(a + S + 1)(a + )2 

Denoting a + / = r, it is seen that 

1 
[= -- (- - 1 

and then 

p(x) = - F ) X-l( - XY-)- 
Rpr)M'- P)r 

In particular, with ; = 1, this is 

p(x) = I()( - ) x-(I-)(1 - X)yl, 

with mean p and variance l/2p(p - 1). 
If the beta distribution parameters are given in advance, v,, can be determined 

to make 
L(vm) = P(VI/IV,) ... P(Vk/Vm) 

maximum. But for a multiplier which is independent of v, L(v) is 

1(lIvy'r-l(i - Vi/V)Yl-)r-l = v(2r)kT(v - Vi)( t)r 
I z 

or in logarithms, 

(2 - ;)k log v + ((1 - t)r - 1) Z log (v - vi). 

Then the conditions for a maximum are 

(2 - r)k/v + ((1 - p)T - 1) E 1/(v - vi) = 0, 
equivalently 

( - 2)/((l -t2)r- 1) =(llk) 1/(1 -vilv) 

- 1/(1 - e*) 

where 1 - e* is an inefficiency which is the harmonic mean of the inefficiencies 
1 - ei, corresponding to efficiencies ei = vi/v. Thus 

e* = (tr - 1)/(; - 2). 

In case r = 1 this requires 1 -e* = p, that is, the harmonic mean inefficien- 
cy in the sample coincides with the mean efficiency pt. If the vi are all the same, 
say vo, or if k = 1, this just requires 1 - vo/v = p. If vo/v is identified with 
p, this requires p = 1/2. 

Returning to the general case, substituting the thus determined value of 
V = V," in L(vm), it can now be asked to determine p, ; so that this is maximum. 
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This does not appear to have an explicit formula, but requires numerical solu- 
tion. The same applies to the determination of v,, for given t and 2, though 
this is much simpler. Now with the t and r, a further vur can be determined, 
aind so forth. By this iteration there might be convergence to 4a, z and v,, which 
obtain maximum likelihood. 

As applied to production, let the efficiency e = y/f (x) of an operation (x, y), 
as determined by the hypothetical production function f (x), have a hypotheti- 
cal distribution p,e(e), which is independent of x. 

For given et, there exists a classical production function such that et = e,(A 
that is yt/et = f (xt), if and only if one such function is 

Fe(x) = max [Zy.tt/et: 2x,2t ? x, 1t = 1, t _ ?] . 

This appears from Section 2. 
Now let et, under the constraint 

Yt/et = Fe(xt) for all t, 

and, in case it is not given in advance, also 0, be determined by the condition 
that 11i p(ei) be maximum. With the e = (el, ... , ek) thus obtained, let f (x) 
= Fe(x). Thus a production function f(x), together with a probability dis- 
tribution p0(e) of efficiency, is constructed so that the derived efficiencies et - 

yt/f(xt) have maximum likelihood. 
This is one rather direct approach to constructing production functions, which 

subjects them only to the restriction that they have the classical form, and which 
fully recognizes the concept of a production function as determining a maximum 
output. Clearly it can apply with production functions subject to other restric- 
tions beside just the classical. Also the hypothesis that efficiency is independent 
of x could be modified, for instance to represent large-scale production as tend- 
ing to be more efficient. 

The constraints on the et are best restated as a system of inequality con- 
straints 

Ixt2t _ X5, 9 t = I it_? > 0 -yt2tlet _ ysles 

that is, as a system of homogenous linear constraints in the reciprocals I/et, 

determining a convex conical polyhederon to which the vector of reciprocals 
belongs. 

For the more restricted classical case with constant returns to scale, the limita- 
tion Zt = 1 is omitted, to obtain a larger system of inequalities, and a corres- 
pondingly smaller cone. 

With restriction to the Cobb-Douglas form, the vector E with elements Ei= 
log ei is confined to the set of 

E= Y-I9-Xa _?0 for a? 0 

with further restrictions Ja < 1 for the classical case and Jca = 1 for constant 
returns to scale. With this restricted form, it is natural to deal instead with the 
distribution of log l/e as a gamma distribution. 
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4. COST EFFICIENCY AND EFFICACY 

If a vector Pt E Qn of prices of inputs is also given as part of the data of each 
production operation, so the complete data is described by (xt, Yt, Pt), then the 
input cost is determined as C, = ptXt. Besides the enquiry about the efficiency 
of the output Yt in respect to its input xt, with this further element of data there 
can also be enquiry about the efficiency of the cost C, in two senses. Consider- 
ing a production function f (x), which is assumed to express the available tech- 
nology, so et = y,/f(x,) is the output efficiency attributed to the operation, the 
minimum cost for which f(x,) could have been produced is 

C' = min [ptx: f(x) > f(xt)], 
and certainly 

C' <Ct 

The minimum cost for which Yt = etf (xt) ? f (xt) could have been produced is 

C" = min [ptx: f (x) yJt], 
so that 

C" < C' 

Even if Yt = f(xt), that is if et = 1, which is to say there is complete efficiency 
of output in respect to input, still there might have been a cheaper input which 
could have produced the same output. The total gap between C" and Ct, which 
represents cost inefficiency in the production of Yt is partitioned as a part between 
C"' and C' due to the inefficiency of output with respect to the input, and a 
part between C' and Ct, due to misplaced allocation of the cost over the inputs 
having regard to the prices. Then C"' = C1 if and only if both these gaps are 
null. For this it is necessary, but not suffiient, that Yt = f(x,). 

The ratio C7IlCt can define the cost-efficiency of the operation. Also with 

m* = Max [f(x): px ? Ct], 
so that 

JYt < ytI 

the ratio Yt/Y* can define the cost-efficacy of the operation. It expresses the actual 
output as a fraction of the maximum output attainable for the actual input cost, 
while the cost-efficiency expresses the minimum input cost with which the 
actual output is attainable, as a fraction of actual input cost. While these two 
ratios are generally different numbers, between 0 and 1, nevertheless the equality 
of one to unity implies and is implied by that for the other, if f(x) is granted 
to be continuous and semi-increasing about xt. There is simplification if f(x) 
is taken to be conical, that is f(xi) = f(x)>(2 ? 0). But discussion first will 
be on the assumption that f(x) is just classical. 

The cost function associated with a production function f(x) is 

Cf(p, y) = min [px: f(x) ? y]. 
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This is in any case a non-decreasing closed concave conical function of p, and 
if f (x) is concave it is a non-decreasing convex function of y. With f (x), it 
satisfies the functional inequality Cf(p, f (x)) ? px. 

In particular, for the production function 

F(y) = max [Zy,t: Zx,2, _ x, it = 1, it _ 0], 

the cost function is 

CF(P, y) = min [px: 2Yt2t _ y, Ixt2t _ x, nt = 1, t >? 0] 

A dual expression is 

CF(P, y) = max [sy - 0: 0 > syt- PtXt, s 0] 

equivalently 
CF(P, Y) = max (sy - H(s)) 

where 
17(s) = max (sYt - P,xt)v 

With _1t(s) = syt- ptxt as the profit on the t-th operation when the output price 
is s, H(s) = maxt H1(s), and 

CF(P, y) = max min (sy - lt(s))v 
S5O t 

Evidently 

F(x) ? f (x) for all x ) CF(P, y) ? Cf(p, y) for all y. 

It follows that CF(P, Y) gives a maximum determination for the minimum cost 
of producing any output y at input prices p, in respect to all classical production 
functions f (x) such that f(xt) ? yt. Accordingly, CF(Pt, yt)/Ct is the most 
favourable measure of the cost-efficiency of the t-th operation. 

The return function associated with F(x) is, as with other functions con- 
sidered, also given by a linear programming formula. Thus 

BF(P, C) = max [Zyt2t: 2xt2t _ x, px ? C, Z2t = 1, it > 0] . 

It has already been seen that ytjF(xt) is the most favorable measure of the 
transformation efficiency of' the t-th operation, that is efficiency in the purely 
technical task of transforming given inputs into the maximum possible output. 

Considering a production operation described by (p, x, y) and a production 
function f such that y ? f (x), with cost and return functions C and B, there 
are relations 

C(p, y) _ C(p, f (x)) ? px 
and correspondingly 

y ? f(x) < B(p, px). 

Cost efficiency and efficacy of the operation are defined by the extreme ratios 

C(p, y)/px, y/B(p, px). 
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These are products of intermediate ratios 

C(p, y)/C(p, f (X)), C(p, f (x))/px 

defining efficiencies on the sides of output and input, and 

y/f (x), f (x)/B(p, px), 

defining efficacies on output and input. In each of these pairs, the first ratio is 
unity if and only if there is perfect transformation efficiency, that is y = f (x). 
These ratios express transformation efficiency in real terms y/f (x) and cost terms 
C(p, y)/C(p, f (x)), for the given input x. The second pair express, again in real 
and cost terms, an efficiency which reflects on the actual choice of the input x, 
having regard to the input prices. These are unity if and only if the input is in 
equilibrium with the prices, that is, any change to an input of no greater cost at 
the prices can only diminish the maximum possible output. 

Beside the properties already remarked for a cost function Cf(p, y), and cor- 
respondingly for the implicitly determined return function Bf(p, C), it should 
be added that, for any production function f (x), assumed continuous and non- 
decreasing, if 

f(x) = min Bf (p, px), 
p 

then generally 
f (x) < f(x) for all x, 

and a necessary and sufficient condition that f(x) be quasiconcave and hence 
classical, is that it can be recoverable, through its cost or return functions, as 

f (x) = f(x). 

Thus for classical production function, quasiconcave since concave, there is a 
duality, as signifying a reversible derivation, as between the function and the 
derived return function y = Bf(p, C) or equivalently the inverse cost function 
C = Cf(P, Y). 

For another point of view of the cost return functions, let 

g(ut) = max [f (x): ux ? 1] 

define the adjoint of f (x). Then 

Bf(p, C) = g(C'p). 

Also 

f(x) = min [g(u): ux ? 1 ] > f (x) . 

In any case g(u) is non-increasing and quasiconvex, just from the way it is con- 
structed, and a necessary and sufficient condition that f (x) be quasiconcave is 
that also 

f (x) = min [g(u): ux ? 1]. 
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Also, given that f(x) is quasiconcave, a necessary and sufficient condition that 
it be concave is that g(C-1p), equivalently Bf(p, C), be concave in C, or Cf(p, y) 
be convex in y. These remarks are more fully developed in the context of utility 
functions. 

Defining 
p,(p, x) = Cf(p, f(x)), 

= min [py: f (y) 2 f (x)], 

as this being the minimum cost at input prices p of producing the output f (x) 
obtainable from an input x, there is the functional inequality 

P(p, x) _ px, 

where, for all p and C, there exists an x such that 

P(p, x) = px, px = C, 

and a necessary and sufficient condition that f (x) be quasiconcave is that for 
all x there exists a p such that p(p, x) = px, in which case p can be chosen so 
that px = C, for any C. It is assumed here that f (x) is continuous and semi- 
increasing. In case f (x) is linearly homogeneous, there are peculiar further con- 
nections, and simplifications, such as appear in the next section. 

5. CONSTANT RETURNS 

Consider a continuous non-decreasing production function f (x) and the 
derived function 

p(p, x) = min [py: f (y) > f (x)] = Cf (p, f (x)), 

for which necessarily 

P(p, x) ? px 
for all p, x. Also 

f(x) Bf(p, p(p, x)) 

= g((P(p, x))f-p) 

A necessary and sufficient condition that f(x) have constant returns to scale, 
that is, be such that 

f (xi) = f (x)2(2 > 0) 

is that (p, x) be separable into a product of functions of p alone and x alone, 
in which case necessarily one of the functions can be f(x), so 

p(p, x) = c(p)f (x) 

for a certain function c(p). In fact c(p) = (g(p))-1 = Cf(p, 1). Then 

c(p)f(x) px 
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for all p, x and 
c(p) = minpx(f(x))1, 

x 

which exhibits c(p) as a closed concave conical function, and as the support 
function of the set 

X = [x(f(x))-*: x 0], 

described by all inputs which produce a unit of output, since, for all x, 

f(x(f(x))f ) = (x)(f = 1. 
Let 

f(x) = min (c(p))-1px, 
p 

so this also is a closed concave conical function, and such that 

f(x) ?f(x), 

and a necessary and sufficient condition that f (x) be closed concave conical is 
that f (x) = f(x). 

A pair of closed concave conical functions thus symmetrically related can be 
called antithetic, drawing on a term of Irving Fisher, appropriate when f (x) is 
a utility function, so c(p) and f (x) become antithetic price and quantity func- 
tions, in correspondence with his notion of a price index and the quantity index 
which is its antithesis. 

By the further relation 
f (x) = min (c(p))-lpx, 

p 

also f (x) appears as a support function of the set 

P = [(c(p))-,p: p _ 0] 

described by all input prices which given unit input cost for a unit of output, 
since 

c((c(p)) lp) = (c(p)) c(p) = 1 

c(p) being the cost of a unit of output at input prices p. 
Consider data of production operations described by the scheme (Pt, Xt, Yt) 

or equivalently (Pt, xt, Uwt), where ptxt = wtyt(t = 1, . . ., k), so one of Yt and 
wvt is redundant. There is to be analysis of such data in the framework of the 
hypothesis of a production function f(x) with constant returns to scale. As 
before, Pt and xt are vectors of prices and quantities of inputs, Yt is output and 
vt is unit cost of output, in the t-th operation. 

An analysis for part of such data, represented by the scheme of (xt, Yt), the 
Pt being omitted, has already been slhown. There can be identical treatment for 
the scheme of (Pt, lVt), the xt now being omitted. Then the cost function c(p) 
will take on the role of the production function f(x) and the cost-efficiency 
Wt/C(pt) will take on the role of the output efficiency yt/f(xt). This method 
need not be stated in detail, because as being the precised dual it is identical 
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with what has already been shown with the production function as primary 
object. This idea of fitting a cost function to data of prices, or unit costs, for 
inputs and output, and in this way to fit the production function from which the 
cost function derives, has been applied by Nerlove [29] to econometric study of 
electricity production, using parametrically defined functions. 

Now it is to be seen how the analysis can develop using the full scheme of 
data with input prices and quantities, output and unit cost. 

Equilibrium between input prices and quantities Pt and xt, in respect to a 
conical production function f (x) with antithesis c(p) is expressed by the con- 
dition 

C(Pt)f (Xt) pitXt 

Thus if there is the strict hypothesis Wt, C(p,); Yt = f(x,), this corresponds 
to the identity 

( 1 ) W,yt = PtXt 

If such a strict hypothesis is possible, as for some conical function f (x) with 
antithesis C(p), then 

c(p&)f(xt) _< PsXt 

so necessarily 

( 2 ) wsyt < p,xt for all s, t . 

Now suppose this condition holds, and consider 

tP(x) = max [t: t _ wT lptx, t _ 0] 

k(x) = max [Zy,2t: Xxtx2 < x, it ? 0] 
and also 

?Y(p) = max [s: s ? pxtyY1, s _ 0] 

C(p) max [Z,twt: 12tpt _ p, it _ ?] . 

Generally, by (1), 
P(x,) Y" Oy5, d ) WS 

But then (2) assures that 

s(xs) Ys , '(Ps) Ws 

Also generally, as already seen, for the previously considered function F(x) now 
called t(x), 

F(XS)_>YSs C~(Ps) _> Ws 
But by (2) 

w- 'psxt > Yt for all s, 
so that, for it > 0, 

Ws- Psxt2t > Zytitt 

But, from the definitions of , F this shows that 

t(x) > F(x) for all x. 
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It follows now that 

Ys = '(Xs) _ 
, 
(X) _ Ys 

and hence that P(x,) = ys, Thus, with the dual, (2) implies also that 

F(xs) = Ys , (ps) = Ws 
and moreover 

F (x) < F (x), C (p) _ ?(p). 

For any antithetic pair f(x), c(p) to be such that 

f(xt) = Yt, C(pt) = ivt for all t 

it is necessary and sufficient that 

F(x) < f (x) < F'(x), C (p) < c(p) < ?(p). 

The sufficiency is obvious, from what is already shown. 
To see the necessity, consider such an antithetic pair. Then 

c(pt)f (x) ? ptx for all t, 

which, with C(pt) = Wt, shows immediately that f (x) < t(x). Also, with f (x) 
concave conical non-decreasing, from f(xt) = Yt, with 2t > 0, follows 

fxt2t _ x - Yyt2t <f (X),I 

which shows that F(x) _ f (x). Then half the proposition is proved, and the 
other half is the dual equivalent, obtained just by interchanging the-roles of f 
and g in the proof. 

It will now be shown that F(x) and Ci(p) form an antithetic pair of produc- 
tion and unit-cost functions, and similarly with F(x) and C(p). 

It has to be shown that 
C(p) = minpx(ft(x))-' . 

From the definition of F(x) 

wt < ptx(F(x))'- for all x. 
Hence, for 2i - 0, 

114)t2t _< (-y2tpt)x( F(x))-l. 

But with w, = Ci(pt), and the definition of Ci(p), this shows that 

C(p) < px(t(x))- 
that is 

C(p)F(x) < px for all p, x. 

It now will be enough to show that for all x there exists a p such that the equali- 
ty holds. But, by definition of F(x), for all x there exists a t such that 

t(x) = WUt1Jptx, 
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but, since C'(pt) = W, this shows what is wanted. The results of this discussion 
are gathered in the following theorem. 

THEOREM 5.1. With any Pt E Qn, xt E Qn and Yt, wt E Q such that 

( i ) PtXt = iVt)'t 

t = 1, . .. , k, for there to exist a production function f(x) which is classical with 
constant returns to scale, with associated unit cost function c(p), such that 

(ii) f(xt) = Yt c(pt) = 1vt 

for all t, equivalently which represents each output yt as that maximum attainable 
with the input cost ptxt, it is necessary and sufficient that 

(iii) ~~~~~~~Psxt <` wsYt 

for all s, t. In that case F(x), F(x) are particular such production functions, 
with C(p), C(p) as associated unit cost function, and any f (x), with associated 
c(p), is another if and only if 

(iv) P(x) < f(x) ? t(x), C(p) < c(p) ? C(p). 

Since (i) is an accounting identity, (iii) is equivalent to 

psxtJpsxs < Yt/ys 
and also to 

psxt/ptxt < vs/wvt 

It should be noticed that nothing would have been altered if, from the start, 
xt had been replaced by at = xty7 ', that is the vector of inputs for a unit of 
output, and Pt had been replaced by ut = w-lpt, that is, prices where the money 
unit is the cost for a unit of output. Then automatically 

utat = 1 

and the consistency conditions become 

u,at ? 1, 

and the functions introduced have expressions 

t(x) min utx 

F(x) max [Lit: Za1,2 _ x, it 0] 
and 

C(p) min pat 

C(p) = max [Z1t: Tutt < p, it _ 0] 

The conditions for admissibility of a production function f(x) with unit cost 
function c(p) are 
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The condition Yt _ f(x,), required for admissibility of the hypothesis of a 
production function f (x), implies 

c(pt)yt = min [ptx: f(x) _ Yt] > PtXt = 4'tYt, 

that is C(pt) > wt, and conversely. Hence, given this condition, it follows that 

PtXt = Wtyt ? C(p)f (Xt), 

with equality if and only if 

Wt = c(Pt) , Yt = f (xt)- 

Thus the question in the foregoing investigation was to decide, among the 
f (x) such that Yt _ f (xt) for all t, so that 

at = ivtyt/c(pt)f (xt) ? 1 for all t, 

whether or not there exists one such that the equalities att = 1 hold for all t. 
Necessary and sufficient conditions were found. Now it is to be allowed that 
those conditions do not hold, so no such function exists. 

The input-output cost-efficiency at is a product 

at = (tlf/f(xt))(Wtlc(pt)) P= trt 

of an input-output efficiency Pt and an input cost-output cost efficiency t,, where 

Pt = Ytjf (xt) , rt = wt/C(pt) - 

Here an overall economic factor is decomposed into product of a transforma- 
tion factor and an exchange factor. These factors are independent, and both 
must be unity for their product to be unity. Such a factorization of an overall 
efficiency into a product of two types of efficiency has been remarked by Farrell 
[18], and what is set out here relates to his method. 

It is clear that there are production functions f(x) such that Yt _ f(xt) for 
all t which can represent each of the factor efficiencies, and hence their product, 
as arbitrarily small. Therefore it remains to ask what are the maximum values 
that they can be represented to have. It is evident that they simultaneously 
attain their maximum values, and hence their product attains its maximum value 
in each case t, when f(x) is taken to be the function J(x) considered earlier, 
which, from its construction, is automatically such that Yt < F(xt) for all t, and 
is such that F(x) ? f(x), with any other such function f (x). These values 
have reciprocals 

= max [Z1t: Tat2t < a, it > 0] 

= min [uaS. uat > 1, u > 0], 

Ts = min [usx: 12t > 1, 2atat < x, it > 0] 
= min usat 

with product 
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as = min [uyx: ux _ vax, uat-? 1, vat _ 1, u, v > 0]. 

An alternative statement of the relation between a classical constant return 
utility function f (x) and its unit cost function c(p) is 

c(p) = min [px: f(x) > 1], 

f(x)= min[px: c(p) 1]. 
Thus with 

f (x) = max [yt,t: Zx,2, _ x, i, > 0] 
it is verified that 

c(p) = min [p2XZx,2: Zy,2, > 1, it > 0] 

= minpxt/yt 
t 

and reversely, 

f(x)= min[px: c(p) > 1, p > 0] 

= min[px: pxt yt, p > 0] 

= max [Zyt2t: 2xt2t ? x, it _ 0] 

6. PROFIT EFFICIENCY 

So far an operation has been taken to be described just by input quantities x, 
and output Yt, or by input prices and quantities pt and xt, and output Yt. Also, 
with hypothesis of constant returns, unit cost wt is determined from ptxt = wtyt . 
Still other kinds of analyses are possible on the basis of alternative schemes of 
-data, and different hypotheses. 

Now it is to be supposed that the output Yt explicitly has a price, qt. It could 
be taken that the currency unit is such as to make this unity, and input prices 
are expressed in this unit. Then the return in the t-th operation is yt, and the 
cost is ptxt, so the profit is yt - ptxt. Without this adjustment of unit the pro- 
fit is qtYt - ptxt. The hypothesis to be applied is that operations are, as usual, 
subject to a common production function f(x), so that yt ? f(xt), and are such 
as to achieve maximum profit, or to achieve it with a certain measure of effi- 
ciency. 

-There can be objection that the quantity of output in an operation should 
influence its price. Such objection can apply on the input side just as well. It 
asks that production activity not be viewed simply as an optimal reaction to 
given prices, limited by technological possibilities, but that the influence of 
activity itself on prices should be recognized. 

Insistence on this calls for a different formulation, which modifies interpreta- 
tion, but not at all the form of the intended analysis. 

To the producing agent, the entire importance of the market is in the function 
V(x, y) which determines the profit when inputs x are demanded from it and 
output y is supplied. The assumption of a perfect market is simply that V(x, y) = 
qy - px where p _ 0, q > 0 are independent of x, y. Instead of being thus 
linear, let it be assumed that V(x, y) is concave, semi-decreasing in x and in- 
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creasing in y. It can be supposed that the function V carries _shift parameters. 
For instance, when there is a perfect market, the prices themselves are the shift 
-parameters. 

A firm whose technology is expressed by a production function f (x), that is 
whose transactions with the market are described by (x, y) such that y f (x), 
will act with that such (x, y) which will make V(x, y) maximum. If 

y ? f (x) V(X, y) ? 0, 

this means that the firm has no opportunity for a profit, with its available 
technology and the prevailing state of the market. With the maximum profit 
motive,the firm's action is a solution of the convex programming problem 

max [ V(x, y):y - f (x) ? 0] . 

If x, y is a program solution and i = V(x, y), and assuming y -f (x) < 0 has a 
solution (x, y)sQf X Q, in other words that the firm is capable of production, 
or alternatively that V(x, y) > i has a solution, there must exist p > 0, q > 0 
and i such that 

y f (x) qy - px < t 
V(x, y) _ t qy - px _ t. 

This shows that the programming problem 

max [qy - px: y ? f (x)] 

has the same solution (x, y). But this is a programming problem which corre- 
sponds to a perfect market where the prices are p, q. Thus certainly the scheme 
of the form which applies to a perfect market has a wider scope. But with 
that the "prices" p, q must be identified as proportional to marginal profits in 
equilibrium, were there windfalls of technology which permitted any decreases 
in inputs or increase in output. Thus there is no need to suppose the function 
V(x, y) is observable and given in its entirety. It suffices that there can be 
sensibility to its level support direction at the point of equilibrium. This pro- 
vides a certain answer to the objection which has been made, about production 
function analysis involving price data. In the following, prices can be inter- 
preted as prices in a perfect market, or as "prices" proportional to marginal 
profitabilities. The language will be as if they were prices in a perfect market. 
But, from the above discussion, this does not involve that limitation altogether. 

The data consists in (Pt, xt, Yt) and determines profits vt = Yt - ptx1(t = 1, 
k). Another possibility is that it consists just in (Pt, vt). Now a produc- 

tion function f (x) is considered, but without any restriction whatsoever about 
its shape. However, its associated profit function 

g(p) = max [f(x) - px: x > 0] 

is, from its construction, semi-decreasing and convex. It is also the profit func- 
,tion of 
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f(x) = min [g(p) + px: p 0], 

which is semi-increasing and concave, and thus a classical production function. 
It is associated with f (x) as the minimal classical production function bounded 
below by f (x), or as its classical closure. 

If only price-profit data (Pt, v,) is available, an approach to production 
function construction is to fit a profit function g(p) such that g(p,) = vi, or 
more generally 

eg(pt) v Vt ? g(pt) 

where e, the profit-efficiency, is as near to 1 as possible. The profit function is 
the symmetrically associated with a classical production function f(x), with 
which the operations are represented as attaining a maximum profit, or a level 
-of profit efficiency at least e. This follows, but in a dual fashion, the procedures 
of Section 1. It is analogous to Nerlove's method of fitting a constant-returns 
production function through its associated unit cost function. 

The profit function which fits best, in terms of profit efficiency, is 

8(p) = min [12tvt: 12tPt _ P, p't = 1, 2t > 0] . 

The conjugate production function is 

P(x) = min [12tvt + px: 12tPt _ P, 12t = 1, it > 0] 
= max [s: s - PtY _ Vt, y < x, y _ O] 
= min (vt + ptx) . 

.t 

The profit efficiencies in respect to this are 

et = vtlG(Pt), 

with minimum e = mint et which is the maximum e such that the operations 
can be represented by some production function, regardless of its shape, as all 
achieving a level of profit efficiency at least e. In fact, f = F simultaneously 
maximizes all efficiencies vt/g(pt) over all f for which vt ? g(pt) for all t. 

The hypothesis that v, is the maximum attainable profit for prices Pt, with a 
production function f (x), means that 

Y - ptX > Vt )y > f(x), 

in other words, any (x, y) such that y - ptx > vt is revealed as an impossible 
input-output combination. This could be called the principle of revealed in- 
feasibility, by analogy with the similar principle of Samuelson, in demand 
theory, which is intelligible under the hypothesis of cost-effective utility pro- 
duction, with respect to some production function for utility. 

Thus each price-profit combination (Pt, v,) excludes an open half-space 
y- ptx > vt from feasibility, and together they leave the region, which is the 
intersection of the complementary closed half-spaces 

Y - ptX _ Vt, 
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which must contain all feasible points, and which is the catagraph of the already 
introduced function 

P(x) = min (v, + ptx). 

But, if maximum profit is attained in each case, each hyperplane y - ptx Vt 
must contain at least one feasible point. Hence there is a contradiction if any 
such hyperplane, which necessarily contains a feasible point, does not cut this 
region which necessarily contains all feasible points. The exclusion of any such 
contradiction is exactly the condition vt = G(pt) for all t. If this holds, then 
the conjugate t(x) is a classical production function permitted by the data with 
the maximum profit hypothesis. It has appeared that if any production function 
at all is thus permitted then so is a classical production function. This is not to 
say that the production function which actually expresses the prevailing tech- 
nology need be classical, but that, just from the economic data, there is no way 
of telling that it is not. 

THEOREM 6.1. If, in any production operations, Pt are the prices of inputs against 
output, and vt is profit (t = 1, ... , k), then a necessary and sufcient condition 
for the admissibility of the hypothesis on such data that operations attain maximum 
profit with some pr-oduction function is that 

F(x) = min (vt + ptx) 
t 

be such a function, equivalently that vt = G(pt) for all t, 

G(p) = min [Z1tvt: 12tPt > P, it = 1, it > 0] 

being the conjugate profit function. 

Now, instead of just (ptvt), consider the more complete scheme of data (Pt, 
xt, vO), or equivalently (Pt , xt, yt), since 

( 1 ) Yt -ptx = Vt 

is a definitional identity. The input-output (xt, yt) must indeed be feasible, 
since it has actually been performed. As a twin to the foregoing principle, this 
could be called the principle of revealed feasibility. It is intelligible on the 
hypothesis of fixed universal technology. 

The principles of revealed feasibility and infeasibility require that every point 
(xS, ys) must lie within every half-space y - ptx _ vt, that is 

(2) ys-ptxs<vt foralls,t. 

This, therefore, is a necessary condition for the existence of a production func- 
tion which will represent all operations as attaining maximum profit. 

If f(x) is the production function, and g(p) the conjugate profit function, 
this representation means 

f(xt) - ptxt = vt for all t. 

But the functional inequality 
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f(x) -px<g(p) 

for all p and x, which gives in particular that 

f (x,) - p,x < g(pt) for all s, t, 

shows that, given that Yt _ f(xt) and Yt - ptxt = vt, a necessary and sufficient 
condition for the considered representation by f (x) is 

JYt = f (XI), vt = g(pt). 

Then necessarily, y, - ptx, _ vt, if such a function exists, as already seen. 
Conversely, suppose this necessary condition (2) holds. With the definitional 

identity (1), by subtraction, 

( 3 ) Ys J't < Pt(Xs - Xt) 

This shows that, if 
ft(x) = min (t + pt(x - xt)) 

for all x, so in any case 

t(VxS) _ ys, for all s, 
then 

t(xs) = ys, for all s. 

For, by definition, 
t(x) Yt + Pt(x - xt) 

for all t, with equality for some t. But, by (3), 

ys + PS(XS - xs) = Ys <- Yt + Pt(XS xt) 

so this shows t(xs) = ys 

Also, from (2), for 2_ > 0 22S = 1, 

Zys- -tpt2xiS ? Vt, 
and with (2) this gives 

lys2s J't < Pt((X2SS - Xt) , 

so that 
TxS23 _ xt )Y2 zJ sJ't, 

that is 
F(xt) < Yt 

where 
F(x) = max [ys2s: fxs2s < x, 12 = 1, 2s _ O] 

But in any case F(xt) > yt, so this is equivalent to 

F(xt) = Yt for all t. 

THEOREM 6.2. Given any productions described by Pt c Q", Xt c Qn and yt, vt c Q 
where 
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Yt-ptxt = Vt 

t = 1, ... , k, a necessary and sufficient condition that there exists any production 
function which will represent each operation as attaining maximum profit is that 

is- ptxs < Vt 

for all s, t. Then two such fiunctions are 

ft(x) = min (vt + ptx) 

F(x) = max [Zyt2t: 2x2t ? x, 2t = 1, it _ 0] 

and the conjugate profit functions are 

4(p) = min [Z'tvt: f2tPt > p, 12t = 1, it > 0] 

4(p) = max (ys - pxs) 
S 

which in any case are such that 

F(xt) _ Yt _ F(Xt) 

6(Pt) _< vt < G( pt) 

and in this, and only this, case are such that 

(Xt) = yt = f(xt) 

6(Pt)= vt= (Pt) 

for all t. A necessary and sufficient condition that any classical production func- 
tion f (x), with conjugate profit function g(x), be another is that 

t(x) ?f (x) ? F(x) for all x 

G(p) < g(p) _ (p) for all p . 

Part of this theorem has just been proved, and the remainder is now easily 
established. 

University of Waterloo, Canada 
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