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This paper discusses the mathematical programming approach to frontier estimation known as 
Data Envelopment Analysis (DEA). We examine the effect of model orientation on the efficient 
frontier and the effect of convexity requirements on returns to scale. Transformations between 
models are provided. Methodological extensions and alternate models that have been proposed 
are reviewed and the advantages and limitations of a DEA approach are presented. 

1. Introduction 

Efficient frontier estimation is a subject of renewed interest. Reasons for 
this focus were best stated by M. J. Farrell (1957) in his classic paper on the 
measurement of productive efficiency. 

‘The problem of measuring the productive efficiency of an industry is 
important to both the economic theorist and the economic policy maker. 
If the theoretical arguments as to the relative efficiency of different 
economic systems are to be subjected to empirical testing, it is essential 
to be able to make some actual measurements of efficiency. Equally, if 
economic planning is to concern itself with particular industries, it is 
important to know how far a given industry can be expected to increase 
its output by simply increasing its efficiency, without absorbing further 
resources.’ 

In standard microeconomic theory, the concept of a production function 
forms the basis for a description of input-output relationships in a firm. The 
production (transformation) function shows the maximum amount of outputs 
that can be achieved by combining various quantities of inputs. Alternately, 
considered from an input orientation, it describes the minimum amount of 
inputs required to achieve the given output levels. 

This description of the production technology would be provided by the 
production function, ifit were known. Efficiency computations could then be 
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made reiative to this frontier. However, in practice, one has only data - a set 
of observations corresponding to achieved output levels for given input levels. 
Thus, initially, the problem is the construction of an empirical production 
function or frontier based on the observed data.’ 

Currently, there are two fundamental approaches or paradigms used for 
the estimation of frontiers in economics. These are frequently labeled as the 
parametric and nonparametri~ approaches. The parametric approach is prob- 
ably the more common. This approach has been described in Love11 and 
Schmidt (1988) and recent developments are discussed in Bauer (1990). Its 
distinguishing characteristic, and perhaps its major disadvantages or weak- 
ness, is the assumption (actually imposition) of an explicit functional form for 
the technology and frequently for the distribution of the inefficiency terms. 

The nonparametric method initiated as Data Envelopment Analysis (DEA) 
by Charnes, Cooper, and Rhodes (1978,1981) builds on the individual firm 
evaluations of Farrell, and extends the engineering ratio approach to effi- 
ciency measures from a single-input, single-output efficiency analysis to 
multi-input, multi-output situations. In contrast to the preceding parametric 
approach, DEA does not require any assumptions about the functional form; 
the efficiency of a Decision Making Unit (DMU) is measured relative to all 
other DMUs with the simple restriction that all DMUs lie on or ‘below’ the 
efficient frontier. 

In their original study, Charnes, Cooper, and Rhodes (1978) described 
DEA as a ‘mathematical programming model applied to observational data 
[that] provides a new way of obtaining empirical estimates of extremal 
relations - such as the production functions and/or efficient production 
possibility surfaces that are a cornerstone of modern economics’. 

More generally, DEA is a methodology directed to frontiers rather than 
central tendencies. Instead of trying to fit a regression plane through the 
center of the data, one ‘floats’ a piecewise linear surface to rest on cop of the 
observations. Because of this unique perspective, DEA proves particularly 
adept at uncovering relationships that remain hidden for other methodolo- 
gies. As an example, the Banker, Conrad, and Strauss (1986) study of hospital 
production functions and efficiencies involved 114 North Carolina hospitals 
each consuming varying amounts of four inputs (nursing services, ancillary 
services, administrative/general services, and capital) to produce amounts of 
three outputs (patient days for three age categories). The previous regres- 
sion-based study had reached the conclusion that no returns to scale were 
present. The DEA analysis, however, uncovered the possibilities of returns to 
scale in individual hospitals. Both approaches, DEA and regression, used all 

‘In the multiple-output case one has a point-to-set mapping or production correspondence 
[Shephard (1970)] since a given input (vector) can generate more than a single output (vector). 
Thus DEA, from its beginning, has focused on the (Pareto-K~pmans) frontier. 
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pertinent information, but in different ways; DEA optimized and thereby 
focused on each individual hospital ( = DMU), in place of overall aggregates 
and the overall (single) optimization used in statistical regressions. 

In additional testing [Banker et al. (1988) and Bowlin et al. (198511, DEA 
outperformed regression even when the regression was favored (i.e., the data 
were generated from functions of the same type as the regression forms being 
tested). 

An interesting discussion of the need to measure goodness-of-fit in an 
economic norm rather than the usual statistical norm is given in Varian 
(1990). Given a set of data (prices, demands, and output), Varian proposes 
measures based on ‘residuals’ which are similar to the efficiency scores 
obtained with DEA. In Varian’s approach ratios are constructed from the 
given data and the residuals measure the difference between these ratios and 
1. In DEA one solves for multipliers that yield a ratio of 1. Further 
investigation of these goodness-of-fit measures may provide a bridge between 
the nonparametric and the parametric approaches. 

In the present paper we discuss the mathematical programming approach 
to efficient frontier estimation known as DEA. Section 2 of this paper gives a 
historical perspective on the origins of DEA. Section 3 provides a description 
of the original CCR ratio model of Charnes, Cooper, and Rhodes (1978) and 
contrasts the CCR ratio model with more recent DEA models proposed. 
Section 4 studies a family of related DEA models. In particular, the effect of 
model orientation (input reduction vs. output augmentation) and convexity 
requirements on the efficient frontier and returns to scale is examined. 
Mappings/transformations between models are provided. Section 5 summa- 
rizes methodological extensions that have been proposed and concludes with 
a discussion of the advantages and limitations of a mathematical program- 
ming approach to frontier estimation. Proofs of theorems and related techni- 
cal details are given in the appendix. In addition, the appendix further 
develops relationships between optimal solutions for the family of DEA 
models studied in section 4. 

2. Background 

As Farrell (1957) originally argued, information concerning the frontier 
and the relative efficiency of DMUs has many policy applications. He also 
argued that while attempts to solve the problem usually produced careful 
measurements, they failed to combine the measurements of the multiple 
inputs into any satisfactory overall measure of efficiency. Responding to these 
inadequacies of separate indices of labor productivity, capital productivity, 
etc., Farrell proposed an activity analysis approach that could more ade- 
quately deal with the problem. His measures were intended to be applicable 
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to any productive organization; in his words, ‘ . . . from a workshop to a whole 
economy’. 

Our focus in this paper is on nonparametric linear programming models 
for measuring the efficiency of a DMU relative to similar DMUs and thus 
estimating a ‘best practice’ frontier. The initial DEA model was originally 
presented in Charnes, Cooper, and Rhodes (CCR) (1978), and built on the 
earlier work of FarreIl (1957). 

Since the initial study by Charnes, Cooper, and Rhodes over 400 articles 
have appeared in the literature [Seiford (1990)]. Such rapid growth and 
widespread (and almost immediate) acceptance of the methodology of DEA 
is testimony to its strengths and applicability. Researchers in a number of 
fields have quickly recognized that DEA is an excellent methodology for 
modeling operational processes, and its empirical orientation and absence of 
a p&n’ assumptions has resulted in its use in a number of studies involving 
efficient frontier estimation in the nonprofit sector, in the regulated sector, 
and in the private sector. 

At present, DEA actually encompasses a variety of alternate (but related) 
approaches to evaluating performance. Extensions to the original CCR work 
have resulted in a deeper analysis of both the multiplier side and the 
envelopment side of the mathematical duality structure. Properties such as 
isotonicity, nonconcavity, economics of scale, piecewise linearity, 
Cobb-Douglas forms, discretionary and nondiscretionary inputs, categorical 
variables, and ordinal relationships can also be treated through DEA. Fur- 
thermore, DEA permits the constructive development of an empirical pro- 
duction function with its partial derivatives. 

3. DEA models 

The present paper focuses attention on two DEA models, the CCR ratio 
model [Charnes, Cooper, and Rhodes (197811 and the BCC model [Banker, 
Charnes, and Cooper (1984)]. To simplify the exposition, we consider ver- 
sions which do not employ infinitesimals [as was done in Charnes, Cooper, 
and Thrall (198611. 

We assume that there are n DMUs to be evaluated. Each DMU consumes 
varying amounts of m different inputs to produce s different outputs. 
Specifically, DMq consumes amount xii of input i and produces amount y,, 
of output r. We assume [as in Charnes, Cooper, and Thrall (1986)I that 
xjr 2 0 and yjr 2 0 and further that each DMU has at least one positive input 
and one positive output value. 

The essential characteristic of the CCR construction is the reduction of the 
multiple-output/multiple-input situation (for each DMU) to that of a single 
‘virtual’ output and ‘virtual’ input. For a particular DMU the ratio of this 
single virtual output to single virtual input provides a measure of efficiency 
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that is a function of the multipliers. In mathematical programming parlance, 
this ratio, which is to be maximized, forms the objective function for the 
particular DMU being evaluated, so that symbolically 

(1) 

where it should be noted that the variables are the u,‘s and the ui’s (the yro’s 
and xi,,% being the observed output and input values, respectively, of DMU,, 
the DMU to be evaluated).2 Of course, without further additional constraints 
(developed below) (1) is unbounded. 

A set of normalizing constraints (one for each DMU) reflects the condition 
that the virtual output to virtual input ratio of every DMU be less than or 
equal to unity. The mathematical programming problem for the CCR (input- 
oriented) ratio form is 

CU,y,j CVjXijI 1 for j=O,l,..., Iz, 
r I i 

u,,ui 2 0. 

The above ratio form yields an infinite number of solutions; if (u*,u*) is 
optimal, then (au*, (YU*) is also optimal for (Y > 0. One can define an 
equivalence relation which partitions the set of feasible solutions of (ZR) into 
equivalence classes. The transformation developed by Charnes and Cooper 
(1962) for linear fractional programming selects a representative solution 
[i.e., the solution (u, u) for which vTXo = 11 from each equivalence class and 
yields the equivalent linear programming problem [the change of variables to 
(E.L, V) is a result of the transformation], 

maxz=pTYo, 
P.” 

s.t. v’X,= 1, 

/_LTY- VTXl 0, (DZ,) 

ZLT 2 0, 

UT20, 

‘A pair u, c is called improper if either (a) no numerator of any h,(u, v) = Xru,yrj/&vIxij is 
positive, or (b) for some DMU, the numerator of hj(u, v) is positive and the denominator is zero. 
All other (nonnegative) pairs u, u are called proper and the maximization in (1) is over all 
proper pairs (u, v) and the additional constraints. 
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whose LP dual problem is 

s.t. YA 2 Y,, 

tYfree, A 2 0. 

One can solve either of the above equivalent problems, say PI,. The 
optimal solution, 13*, yields an efficiency score for a particular DMU. [It 
should be clear from the construction of (ZR) that the optimal value for PI, 
satisfies f3* I 1.1 The process is repeated for each DMUj, i.e., solve PZ, with 
(X,, Y,> = <Xj, q>. DMUs for which 8* < 1 are inefficient, while DMUs for 
which 0* = 1 are boundary points. (These boundary points might correspond 
to efficient or inefficient DMUs as will be discussed in the next section.) 

The above dual linear programming problems, PI, and DZ,, represent one 
of the models to be investigated. We will denote this model, one of the four 
input-oriented models to be considered, by I,. The other models result from 
appending an additional constraint, involving Cr= ,Ai, to PI,. (In the problem 
below Chi is expressed as eT A, where eT is a row vector of ones.> The 
appearance of this additional constraint in PZ,, introduces a corresponding 

variable, u *, in DZ, which is constrained as given below. As will be 

demonstrated later, the constraints for CA, and the associated variable u * 
are related to variable returns to scale. 

The dual linear programming problems obtained for models Z,,, p = 
0, 1,2,3, are given below. Note that each model, Z,, has two linear program- 
ming problems associated with it; PZ,, is the envelopment problem while DZ,, 
is the multiplier problem. 

Envelopment problems 

min 8, 
0.A 

s.t. YA 2 Y,, 

ex,-XAkO, 

@free, A 2 0. 
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For PI, : append nothing, 

For PI, : append eTh 5 1, 

For PI, : append eTh 2 1, 

For PZ3 : append eTh = 1. 

(For notational convenience we define AP to be the set of all A which satisfy 
A 2 0 and the limitation on eT A for PI,.) 

Multiplier problems 

maxz=I*TYO+u*, 
fiL,v 

s.t. V’X, = 1, 

u,e’ +pTY-vTXjO, 

pT 2 0, 

P*,) 

VTIO, 

where 

u* = 0 in DZ,, 

SO in DI,, 

20 in DI, , 

free in D13. 

Output ratio form 

Alternately, one could have started with the output side and considered 
instead the ratio of virtual input to output as given by 

mincTX,/uTYO, 
U, 1‘ 

s.t. U’X,/lq 2 1, j=l ,...,n, (OR) 

u 2 0, 

u 2 0. 
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Again, the Charnes-Cooper (1962) transformation for linear fractional 
programming yields model DO, with associated dual problem, PO,. As 
before, the effect of appending a constraint involving CA,( = eTh) to PO, is 
the introduction of a variable, u *, in DO,. The various possible dual forms 
for O,, p = 0, 1,2,3, are: 

Envelopment problems 

mu 4, 
@,A 

s.t. XA IX,, 

4Y,-YA SO, 

4 free, A 20. 

For PO,: append nothing, 

For PO,: append eTA I 1, 

For PO,: append eTA 2 1, 

For PO,: append eT = 1. 

(PO,) 

(As for PIP, we denote by A,, the set of all A which satisfy A 2 0 and the 
limitation on eT A for PO,.) 

Multiplier problems 

minq = v’X, + v,, 
PL.V 

s.t. j_L’Y, = 1, 

v*eT -pTY+ VTX2 0, 

pT 2 0, 

VT20, 
where 

v* = 0 in DO,, 

20 in DO,, 

10 in DO,, 

free in DO,. 

( DOP) 
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Table 1 

DEA models. 

.._~. 
Envelopment problem 
(Pl,) 

Input-oriented 
..~. 

Multiplier problem 
(DI,) 

min 13, 
8, A 

s.t. YA z Y,, 
0x,-XA20, 
8 free, A z 0. 

For PI,: 
For PI,: 
For PI,: 
For PI,: 

append 
append 
append 
append 

nof~ing , 
eTA 5 1, 
eTA 2 1, 
eTA = 1. 

maxz=pTYo+U*, 
@TV 

s.t. VTX =l 
u,e’ +FL;Y- yTX_< 0, 
/.LT20, 
VT> 0, 

where 
U* = 0 in DI,, 

SO in DI,, 
20 in DI,, 

free in DI,. 

_.~. 
Envelopment problem 
(PO,) 

Output-oriented 
_- ..____. 

Multiplier problem 
(DO,) 

max 4, 

sftf XA _< X 
CfJY, - 6 I 0, 
4 free, A z 0. 

For PO,: append 
For PO,: append 
For PO,: append 
For PO,: append 

nothing, 
e’h I 1, 
eiA 2 1, 
eTA = 1. 

minq=3TX,+z4., 

s?” /LTY = 1 
c*e~-;~Y++rx20, 
/LT20, 
VT> 0, 

where 
c -0 *- in DO,, 

20 in DO,, 
10 in DO,, 
free in DO,. 

Table 1 presents these eight DEA models, each consisting of a pair of dual 
linear programs. The models Z,, . . . , Z3 are input-oriented and each of these 
is paired with an output-oriented model, O,, . . . ,O,. In I,, (p = 1,2,3), we 
regard ZP as being obtained from i, by adding a constraint on eTh in the 
envelopment problem and adding a variable u.+ to the multiplier problem. 
Similarly, we get 0, from 0, by adding the same envelopment constraint and 
a variable U, to the multiplier side. The reversal in sign from u * to L’ * for 
p = 1,2 reflects the fact that a quotient can be changed the same amount by 
either increasing the numerator or decreasing the denominator. 

In CCR (1978) connections were established between efficiency as given by 
I, and Shephard’s distance measures (1970) which in turn were further 
developed by FBre and Love11 (19781, fire, Grosskopf, and Love11 (19851, and 
by Charnes, Cooper, Lewin, Morey, and Rousseau (1985). Byrnes, Fare, 
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P3 (6,6) 

.P4 @,7) 

l 

P2 (3,4) 
0 

P5 (5,3) 
l 

. P1 R1) 

X 

Fig. 1. Example DMUs. 

Grosskopf, and Love11 (1988) present a collection of input models which 
include I,, I,, Z, and two additional models dealing with congestion. 

Model Ia is the original CCR (1978) model. The convexity condition, 
Cy=‘=,h, = 1, Ai r 0, was first incorporated in DEA by Charnes, Cooper, 
Seiford, and Stutz (1983) although the use of convex production possibility 
sets dates back to Farrell (1957). The more general condition, CA, = K, is 
employed by Maindiratta (1990) to determine optimal apportionment of a 
production task across K production units. As mentioned above, I, was 
included in Byrnes, Fare, Grosskopf, and Love11 (1988) and Zz is introduced 
here for methodological symmetry without any consideration of possible 
additional significance. 

4. Comparison of models 

We now proceed to compare and contrast the input and output orienta- 
tions of the models Z, and O,, for p = 0, 1,2,3. To illustrate the discussion to 
follow we will employ the example presented in fig. 1 consisting of five DMUs 
each consuming a single input to produce a single output. [To assist the 
reader in verifying the model interpretations which follow, table 2 and table 3 
contain optimal solution values (for the five example DMUs) for both dual 
LP problems in each model to be discussed, i.e., Z’Z@, L)Zp, PO,, and DOp for 
p = 0, 1,2,3.1 

A DMU is inefficient if the efficiency score given by the optimal value for 
the LP problem is less than one (e.g., 6* < 1 in PI,). If the optimal value is 
equal to one and if there exist positive optimal multipliers (EL, > 0, vi > 01, 
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Table 2 

Optimal solution values for input models, p = 0, 1,2, 3.a 

17 

Model DMU z* 1( c u* Theta Lambda 

- 

I 

2 

11 3 

4 

5 
__~ 

1 

2 

12 3 

4 

5 

___. ___I__. 

I 
2 

1, 3 

4 

5 

1 

2 

10 3 

4 

5 
-.. 

2 

r h*=f 
A,= 1 

1 A,= 1 

1 A,= 1 
9 

zi A,=$ 

1 A,= 1 

1 Aa= 1 
-i 4 A,= lf 
1 IZ A,= 1: 
K 
z A,=$ 

A,=: 

1 A,= 1 

1 A,= 1 

1 A,= 1 

1 A,= 1 
K 
Ti A,=$ 

A,=; 

“When two solutions are given, convex combmatrons of them constitute the full (multiplier) 
solution sets. 

then the DMU is efficient. Thus, all efficient points lie on the frontier. 
However, a DMU can be a boundary point CO* = 1) and be inefficient. (Note 
that the complementary slackness condition of linear programming yields a 
condition for efficiency which is equivalent to the above; the constraints 
involving X0 and Y, must hold with equality, i.e., X0 = XA” and Y, = YA* for 
all optimal h*.) 

An inefficient DMU can be made more efficient by projection onto the 
frontier. In an input orientation one improves efficiency through proportional 
reduction of inputs, whereas an output orientation requires proportiona 
augmentation of outputs, However, it is necessary to distinguish between a 
boundary point and an efficient bounda~ point. Moreover, the ethciency of a 
boundary point can be dependent upon the model orientation3 

3See Shephard (1970, p. 13) for an early and still useful notion of ‘efficient subset’, which is 
exactly the efficient subset of the boundary discussed below with 0 = 1 and the sum of the slacks 
is zero. See also Shephard (19’70, p, 180) for output-oriented efficient subsets. 
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Table 3 

Optimal solution values for output models, p = 0, 1,2, 3.a 

Model DMLJ q* u L’ G* Phi Lambda 

1 1 1 L’ 2 3 L’ s=l-2~~-5 1 A,= 1 
2 1 i,$ 2,; - 5 , z>y 1 A,= 1 

0, 3 1 iT> I 6 I b>t Ti> I 3 2 1 A,= 1 
4 1 $,$ &,O 331 1 A,= 1 

5 !O ' 2 2 I6 ‘, 3 4 3 u A2=f 

Ax=5 

1 4 1 4 5 0 5 7 AZ=+ 

2 1 :- I 7 0 1 A,= 1 

00 3 4 5 Z I 4 z 0 4 
4 y , 4 i2 

A,=2 

i ?i 
0 

r A,=3 
5 XI I 4 Z 

B 5 P 
0 

X A,= $ 

“When two solutions are given, convex combinations of them constitute the full (multiplier) 
solution sets. 

For an input orientation the projection CX,, Y,l + (6*X,, YJ always yields 
a bounda~ point. But technical efhciency is achieved only if 0*X, = Xh* and 
Y, = YAW for all optimal A*. Similarly, the output-oriented projection <X0, YJ 
+ CX,, 4*Y,> yields a boundary point which is efficient (technically) only if 
+*Y, = Yh* and X, = Xh* for all optimal h*. Thus to achieve technical 
efficiency the appropriate set of constraints must hold with equality. [In the 
DEA Iiterature,4 this condition is usually stated as the sum of the slacks for 
these constraints is zero for every optimal h”. To avoid confusion, we should 
point out that the projection described above is different from the transfor- 
mation introduced by Charnes, Cooper, and Rhodes (1981) which does adjust 
for the slack.] 

The necessity of this additional requirement for efficiency is easily seen if 
one considers p = 3 and appends an additional DMU located at (lo,71 to the 

‘See Charnes, Cooper, Seiford, and Stutz (1982) and Charnes, Cooper, and Rhodes (1978) for 
theorems which characterize the above conditions. 
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example DMUs in fig. 1. Such a DMU, consuming ten units of input in the 
production of seven units of output would be a boundary point. However, in 
light of DMJ,, it would clearly be input inefficient (z* = 0.9) (but output 
weakly efficient). 

Following Charnes, Cooper, and Thrall (19861, the set of boundary DMUs 
for each of the eight models can be partitioned into three classes - E, E’ and 
F. The DMU at (10,7) in fig. 1 discussed above is an example member of F. 
(Such points are sometimes referred to as weakly efficient points.) E consists 
of the (strongly) efficient DMUs located at the vertices (extreme points) of 
the efficient surface. E’ is the set of efficient DMUs which are not vertices; 
i.e., they can be expressed as linear combinations of DMUs in E with 
coefficients Aj which belong to A,. 

These classes can be characterized in terms of the optimal solution(s) 
(p*, v*> for the multiplier problem. For example, E consists of the boundary 
DMUs (DMU, with z* = 1) whose set of optimal multipliers is of maximal 
dimension. Similarly a DMU in E’ has an optimal multiplier set of less than 
maximal dimension. Finally, points in F are also on the boundary but have 
no optimizing multiplier in which all components are strictly positive. [A dual 
characterization (for E, E’, and F) can be given in terms of the optimal 
envelopment solutions, A*.] 

The subtle distinction between inefficient and efficient boundary points is 
further clarified if we examine the three types of frontiers determined by 
each of the models. Let T, consist of all vectors (x, y) which are dominated’ 
by a vector of the form C,hj(xj, yj> for A E AP. The efficient frontier for 
model p [Frontier(p)] is the set of all nondominated vectors in T,. The 
extended frontier, EF(p), consists of all elements in T, that are not strictly 
dominated. The input boundary, BZ,, consists of all vectors in T, for which 
the optimal solutions of the system DZP have z* = 1. The output boundary, 
BOp, is defined similarly (i.e., q* = 1) for system DOP. 

DMU, belongs to E or E’ if and only if it is on the efficient frontier. If 
DMq. belongs to F then it belongs to the extended frontier but not to the 
efficient frontier. As the example above shows, BO,, and BZ,, are not 
necessarily equal although both contain the efficient frontier and are con- 
tained in the extended frontier. 

In the following subsections, we will briefly consider each of the four pairs 
of models (p = 0, 1,2,3). As discussed earlier, each input model is paired 
with an output model where a model is characterized by a pair of dual linear 
programming problems. The results of the examination are synthesized in 

5F~r any two input-output vectors, (x’, y’) and (CC”, y”), we say that (x’, y’) dominates (x”, y”) if 
x’ IX” and Y’ 2~“. For sttict dominance we replace I and > by < and > (The senses of the 
inequalities reflect the favorable consequences of increasing output or decreasing input.) 
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YA 

P4 

P3 

Y=3-- 

i 

p2 P5 
. ““,.,I. 0 

PI 

X 

Fig. 2. Projection to frontier for model I,. 

subsection 4.4. We start with the pair of models Z,, 0, which have the most 
restrictive condition on Chi. [As will be discussed in section 4.4, the most 
restrictive condition on Chi (i.e., xhi = 1) corresponds to no restriction on 
the allowable returns to scale. Conversely, no restriction on CA, corresponds 
to allowing only constant returns to scale. This should underscore the 
importance of model selection.] 

4.1. Models I, and 0, 

We first consider model I3 and examine the envelopment side, 

min 0, 
8,A 

s.t. YA 2 Y,, 

8X*-XA 20, (PI,) 

eTA = 1, 

# free, 2 0. 

In an input orientation, the objective is to produce the observed outputs 
with a minimum resource leve1. For DMU;, this interpretation for PI, with 
CX,, Y,> = Ps = ($3) determines a convex combination of the vectors Pi, 
i=l , . . .5, which is not below Y( = Y,) = 3 and which allows as much shrink- 
age of X0 as possible. Fig. 2 illustrates that the minimal value of 0 is $ for 
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h = (i, f,O,O,O) and the ine~cient DMU, Ps, is projected onto the point 
(2+,3) = (OX,_,, YA). Solving PI3 for the other DMUs [i.e., CX,,Y,> = Pi, 
i = 1,2,3,4] yields 8* = 1, and thus the convexity requirement <cAi = 1) 
forces the efficient frontier in fig. 2 to consist of segments joining extreme 
points. 

Consider next the associated output model 0,. For an output orientation, 
the objective is to maximize output production subject to the given resource 
level. An interpretation similar to that applied above to (PI,) could be 
applied to the envelopment side, PO, (i.e., with X0 = 5 as a ceiling and 
attempting to achieve as much expansion of Y, as possible). Instead, how- 
ever, we give the following alternate interpretation of DO, to illustrate the 
mechanics in the dual space: 

min v’X, + L’, , 
I*%V 

s.t* /.L'Y, = 1, 

c,eT -pTY-t- vTX2 0, ( DO,) 

I/‘, free. 

For CX,,Y,> = Ps = (5,3) the objective in DO, is to find a supporting 
hyperplane (i.e., a hyperplane that lies on or above all the DMUs) which 
minimizes the vertical distance from the hyperplane to the DMU being 
analyzed. In this interpretation c’ a plays the role of a y intercept. Since 
pY, = 1 we have that (vX, + L’*)/~Y, = vX, + c’, . Thus the optimal objec- 
tive function value is the CCR ratio and hence is also the value of the scalar 
multiplier, 4, which will project the DMU onto the associated segment of the 
efficient frontier (i.e, the ‘closest’ supporting hyperplane). As illustrated in 
fig. 3, DMU P5 is projected to the point (5,5f). Solving DO, for the other 
DMUs yields the efficient frontier in fig. 3, where ine~cient points are 
projected onto segments of the supporting hyperplanes which envelop the 
convex hull. 

4.2. Models I0 and 0, 

The efficient frontier for models 1, and 0,, as seen in figs. 4 and 5, is 
considerably different from the frontier of the previous models (p = 3). The 
absence of the convexity constraint (CA, = 1) enlarges the feasible region for 
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Fig. 3. Projection to frontier for model 0,. 

Fig. 4. Projection to frontier for model I,. 

the envelopment problem, Z’ZO (from the convex hull considered in models I, 
and 0,) to the conical hull of (or the convex cone generated by) the DMUs. 
The interpretation for PZO with CX,, Y,) = P, = (6,6) is the selection of a 
point in the cone {(Xh, Yh)lh 2 0) which allows maximal input reduction of 
X0. This point will lie on the ray through P,(h, > 1) and therefore 0 = 3/4 
for P3. Hence P3 is projected into the boundary point (4+, 6). It is readily 
apparent that each DMU would be projected onto this ray through P2 and 
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Fig. 5. Projection to frontier for model 0,. 

thus the efficient frontier for I, is the ray {a((X2,Y2)1cr 2 0) as illustrated in 
fig. 4. 

For O(, the condition appended to the multiplier side is c * = 0. The 
supporting hyperplane interpretation for DO, requires the y intercept, c *, 
to be zero, i.e., the supporting hyperplane must pass through the origin. This 
again yields the efficient frontier given by the ray {ar(X,,Y,)Icx 2 0) as 
illustrated in fig. 5. 

Under the two orientations for p = 0, i.e., models I, and O,, an inefficient 
DMU will be projected to different points on the frontier. The following 
theorem provides the correspondence between solutions for the two models6 

Theorem 1. Let (0*, A’) be an optimal solution to PI,. Then (~$,h’) = 
tl/e*,(l/e*)n*> IS optima2 for PO,, and the mapping (0, h) --+ (l/Q, (l/@)h) is 
a l-l co~espon~e~ce be~een optimal solutions of PI0 and PO,. 

The relationship 8* .4* = 1 was originally given in CCR (1978). Fare and 
Love11 (1978, proposition 3, p. 156) have established this relationship for 
cases where the boundary is not restricted to be piecewise linear. An 

6Proofs of all theorems with the requisite mathematical development are contained in the 
appendix. 
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equivalent correspondence between solutions can be constructed for the 
multiplier side and is given by the following theorem. 

Theorem 2. The mapping (i~.~, vi > -+ (l/z*)(pT, v’) is a l-l correspondence 
between optimal solutions of DI, and DO, and the respective optimal values 
z*, q* sati& the condition z* . q* = 1. 

Note that for boundary points (#* =z* = 1) both of the above mappings 
reduce to the identity mapping. Thus, while an inefficient point may be 
projected to different regions of the frontier under the input and output 
orientations, I, and 0, are equivalent models for identifying boundary points 
(DMUs) which determine the efficient frontier. However, this equivalence 
does not extend’ to the other models, IQ and 0, for p = 1,2,3. [See, for 
example, FBre and Love11 (1978, p. 1561.1 

4.3. H~b~d models I,, 0, and 12, 0, 

For I, and O,, the additional envelopment constraint is XA I 1. Thus 
feasible points Iie in the lower conical hull and the efficient frontier, as shown 
in fig. 6, consists of two parts from the previous models, the lower portion of 
the ray segment and the upper portion of the convex hull boundary segments. 
For I,, those points below P, are projected onto the ray; those above are 
projected onto the surface of the convex hull. For O,, those points to the left 
of P, are projected up onto the ray segment; those to the right of P, are 
projected up to the surface of the convex hull. The interpretation of the 
multiplier side illustrates that the bound (CA zz 1) restricts the sign of the y 

intercept. For example, in DO ,, the supporting hyperplane must have a 
nonnegative y intercept. (This has implications for the allowable returns to 
scale as we discuss in section 4.4.) The frontiers produced by models I, and 
0, are illustrated in fig. 6. 

For PI, and PO, the additional constraint, CA 2 1, is in the opposite 
direction from the immediately preceding case (p = 1); thus the resulting 
geometry is reversed. The efficient frontier, as before, consists of two parts, 
the lower portion of the surface of the convex hull and the upper portion of 
the ray segment. For I,, as shown in fig. 7, points below P, are projected 
onto the surface of the convex hull, while those above P, are projected onto 
the ray segment. For 0,, points to the left of P, are projected up to the 
surface of the convex hull, while those which lie to the right of P, are 
projected up to the ray segment. A similiar interpretation can be made for 
the multiplier side (e.g., in DO,, the supporting hyperplane must have a 

‘The difficulty in extending the equivalence is not with the classes E and E’ (since these yield 
the identity mapping) but rather with F. 
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u*<o X 

Fig. 6. Projection to frontier for models I, and 0,. 

25 

X 

Fig. 7. Projection to frontier for models I, and 0,. 
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Table 4 

Equivalent effects of model selection. 
. .._~ 

Restrictions 

Model A 

p=o None 

p=l X:A,S 1 

p=2 LUi21 

p=3 ?&=I 

Hyperplane 

Passes thru origin 

U* 1O(C, 20) 

u* >_O(c* SO) 

None 

Returns to scale 

Only constant allowed 

Increasing not allowed 

Decreasing not allowed 

None 

nonpositive y intercept). Fig. 7 illustrates the efficient frontiers which result 
from models I, and 0,. 

4.4. Synthesis af results 

The preceding analysis reveals the geometry involved in the various models 
and emphasizes the importance of model selection (p = 0, 1,2,3) and orienta- 
tion (input reduction or output augmentation). 

This effect of model selection is further illustrated in table 2. Note that 
except for DMU, every row of I, or I, is identical with a row of either I, or 
I,. For DMU, the corresponding row from Z, provides one bound and the 
other bound is one of those from Z3. Thus, I, and Z2 are completely 
determined by I0 and I,. AIternatively, every row of Z, is either a row of I, 
or Z, or (for DMU,) some from each. 

The effect of model selection can be interpreted equivalently in terms of (i> 
a restriction on A, (ii) a restriction on the supporting hyperplane, or (iii> a 
restriction on the returns to scale allowed. These equivalences are given in 
table 4 [see also Banker, Charnes, and Cooper (1984) and Grosskopf (198611. 

Model orientation determines the direction of projection for inefficient 
DMUs. For the input models an ine~cient DMU, CX,, YJ, is projected 
‘back’ to the boundary point (OX,, Y,), while for the output models an 
ine~cient DMU, CX,, Y,), is projected ‘up’ to the bounda~ point (X0, #Y,>. 
These boundary points may be efficient for one orientation and inefficient for 
the other. 

We conclude this section with a generalization of Theorem 2 of section 4.2 
which established a mapping between optimal solutions of DZ,, and DO,. For 
the models DZ,, and DO, for p = 1,2,3, a mapping between optimal solutions 
for boundary points can be constructed. Note that this mapping, given in the 
following theorem, reduces to the identity map for boundary points of the 
model p = 0 as before. [See also F&-e and Love11 (1978, theorem 4) or 
Grosskopf (1986, eq. 71.1 
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Theorem 3. suppose D~U* is a ~ounda~ point and (u *, pT, vT) is an 
optimal solution to DI,, with pT Y0 > 0. Then (l/(1 - u .+ )>(pT , - u *, v’) is an 
optimal solution-for DOP. The reverse mapping which takes optimal solutions of 
DO, to optimal solutions of DIP is given by 

(wT>U*Y~T)+ l _v  

-+(-V *GT,Vr). 

As an illustration of the utility of Theorem 3, note that all of the output 
values in table 3 can be obtained from table 2 by use of Theorem 3 together 
with the relationships between the models Z, and 0,. 

5. Conclusions 

The preceding section illustrated the effects of convexity and orientation by 
focusing on a selected subset of DEA models. Specifically, we examined the 
noninfinitesimal version of the CCR model (p = O>, the noninfinitesimal 
version of the BCC model (p = 31, and the hybrid versions of these models 
(p = 1,21. 

DEA actually encompasses a variety of alternate (but related) models for 
evaluating performance [Banker et al. (1989)l. The CCR ratio model 11978) 
yields an objective evaluation of overall efficiency. The BCC model (1984) 
distinguishes between technical and scale inefficiencies by estimating pure 
technical efhciency at the given scale of operation [under the assumption of a 
unique optimum; see Maindiratta (199011. The multiplicative models [Charnes 
et al. (1982,1983)1 provide a log-linear envelopment or a Cobb-Douglas 
interpretation of the production process. The additive model [Charnes et al. 
(1985b,)] and the extended additive model [Charnes et a1. (1987)l relate the 
efficiency results to the economic concept of Pareto optimality. Finally, the 
cone ratio model [Charnes et al. (1989b)l effects sharper efficiency characteri- 
zations and allows for infinitely many DMUs. 

WhiIe all of these models address manageria1 and economic issues and 
provide useful results, their orientations are different. Models may focus on 
increasing, decreasing, or constant returns to scale or most productive scale 
size [Banker (1984); but again note Maindiratta (199O)l. They determine an 
efficient frontier that may be piecewise Iinear, piecewise log-linear or piece- 
wise Cobb-Douglas. They may utilize non-Archimedean constructs (infini- 
tesimals) to automate the distinction between boundary points and efficient 
boundary points. Most models are invariant with respect to the units of 
measurement and , as we have seen, they may focus on either input reduction 
or output augmentation to achieve efhciency. For a particular model, one can 
also incorporate categorical variables [Banker and Morey (1986b), Kamakura 
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(19SS)I and/or nondiscretionary [Banker and Morey (19&a)] inputs or out- 
puts and can further constrain the multipliers [Dyson and Thanassoulis 
(1988) and Thompson et al. (19861 and (199O)l. One can exploit panel data 
[Charnes et al. (19851, Day, Lewin, and Salazar (199011 and also include 
ordinal relationships [Ah, Cook, and Seiford (199011 to model diminishing or 
lag effects over time. 

In many studies DEA has provided new insights and additional informa- 
tion not available from conventional econometric methods. A partial explana- 
tion is that, in general, a regression approach has a number or weaknesses: it -- 
only gives residuals; goes through Y, X (usually not in the data set); does not 
readily yield a summary judgement on efficiency; its ability to identify sources 
of inefficiency is weak; is influenced by outliers; fits a function on the basis of 
average behavior; requires the functional form to be pre-specified. 

In contrast, the mathematical programming approach appears to be a more 
robust procedure for efficient frontier estimation. While statistical proce- 
dures are based on central tendencies, DEA is an extremal process. DEA 
analyzes each DMU separately; it measures relative efficiency with respect to 
the entire set being evaluated. In contrast to the parametric methods, DEA is 
a nonparametric form of estimation; no a priori assumption on the analytic 
form of the production function are required. As noted by Charnes et al. 
(1985c), a variable that is neither an economic resource nor a product but is 
an attribute of the environment or of the production process can be easily 
included in a DEA-based production model. Finally, DEA solves problems 
using standard techniques of linear programming. Thus, the benefits of 
computation, dual variables, clear interpretations, etc. are available. 

However, several properties that represent strengths in one capacity may 
act as limitations in another. Lewin, Morey, and Cook (19821, in their study 
of the administrative efficiency of courts, recognized that since the DEA 
methodology requires only a single observation (for each input and output) 
per DMU, it may be more sensitive to errors in the data (measurement 
errors, data entry errors, etc.). Of course, DEA, as is also true for parametric 
methods, assumes at least moderate relationships exist between the variables 
(inputs and outputs) included in the analysis. 

Epstein and Henderson (1989) describe possible interactions between the 
structural properties of DEA, choices in its application, and situationally 
specific factors. One focus of their discussion is the criticality of variable 
definition, selection, and measurement. Since DEA is an estimation proce- 
dure which relies on extremal points, it could be extremely sensitive to 
variable selection, model specification, and data errors. Ahn and Seiford 
(1990) have examined this issue of sensitivity in a study comparing the 
efficiency of public and private universities. In their study DEA was insensi- 
tive to model selection and the aggregation and disaggregation of variables. 
They did, however, find a sensitivity to variable selection; as expected, 
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omission of critical factors (for any estimation procedure) can have a signifi- 
cant effect on the results. 

As the number of factors (inputs and- outputs) increases, the ability to 
discriminate between the DMUs decreases; i.e., given enough factors, all (or 
most) of the DMUs are rated efficient. This is not a flaw of the methodolo~ 
but rather a direct result of the dimensionality of the input/output space 
(m + S) relative to II, the number of DMUs (observations). 

The condition n P m + s is not sufficient, however, to guarantee efficiency 
discrimination among DMUs. DEA does provide a mechanism for incorpo- 
rating external information such as expert opinion into the analysis. Methods 
which have been proposed for such situations in which it is necessary to 
restrict the set of efficient DMUs include the Cone Ratio model as employed 
in Charnes et al. (1990) and the Assurance Region (A/R) method used in 
Thompson et al. (1990). These methods allow a sharper efficiency discrimina- 
tion among the DMUs by restricting the set of possible multipliers and, in 
effect, excluding ‘unrealistic’ virtual multipliers. 

Our expectation is that future theoretical developments will draw DEA 
and traditional econometric approaches even cIoser together. One example 
of such an interconnection is the economic significance measures developed 
in Varian (19901. The similarity of these residuals and the constraints of a 
DEA model were noted in section 1. 

The nonparametric and parametric approaches, in the past, have been 
equivalently characterized as the deterministic and the stochastic approaches. 
The partial integration of the two approaches provided by the stochastic 
DEA model of Sengupta (1990) demonstrates that such a characterization is 
no longer valid. As the stochastic attributes of DEA become even better 
established the result should be increased integration and improvement of 
both approaches. 

Appendix 

A. 1. Introduction and objectives 

Our general objective is to identify and establish relations among the eight 
models of table 1. In section A.2 we give proofs for Theorems 1, 2, and 3. In 
section A.3 we characterize the boundaries BIp and Byp and extend Theo- 
rem 3 to deal with ‘irregular’ solutions, i.e., those with either pTY, or v’X, 
equal to zero. In section A.4 we expand the data domain D (defined by the 
input and output matrices X and Y> by adjunction of a row of ones in turn to 
X and to Y and show how these new domains enable us to relate their 
optimal solutions for p = 0 to those of D for p = 1 and p = 2. Finally, in 
section A.5 we show how optimal solutions for p = 3 can be obtained from 
those for p = 0, 1,2, and thus achieve our objective of relating optimal 

I.Econ B 
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solutions (on the bounda~) for all eight models to those for Z,. This point is 
illustrated by inclusion of some developments of multiplier theory. 

A.2. Proofs of Theorems I, 2, and 3 

Theorem 1. Let (9*,A*) be an optimal solution to PIO. Then (4, A’) = 
(1/e*, (l/e*)A*) is optimal for PO,, and the mapping (0, A) -+ (l/e, (l/B)A) is 
a l-1 correspondence between optimal solutions of PI, and PO,. 

Proof. For any DMU,, the constraint SX, - XA 2 0 shows that 8* > 0 and 
the feasible vector [A, = 1, Aj = 0 else, 8 = 11 for PI0 shows that 8* I 1. 
Similarly, the feasible vector [A, = 1, Aj = 0 otherwise, 4 = I] shows that 
4* 2 1. Comparison of the constraints in PZO and PO, shows that the 
mapping (0, A) -+ (l/e, (l/B)A) is l-l between feasible solutions. Because 
the objective is maximization we conclude that 4* r l/e*. From the inverse 
mapping we argue analogously that 8* 5 l/4* and hence conclude that 
8*+* = 1 and that optimal solutions for PZO are mapped l-l into optimal 
solutions for PO,. This establishes Theorem 1. 

Theorem 2. The mapping (uT, u’) -+ (l/z*)(wT, vT> is a l-l correspondence 
between optimal solutions of DIO and DO, and the respective optimal values 
z*, q* satisfy the condition z* *q* = 1. 

Proof. From Theorem 1 we know that z*q* = 1. The mapping (p, V) -+ 
(Z-L’, v’) = (l/z& V) sends z = ~~ Y, into 1 = P‘Y,, sends v’X, into q = l/z 
=v’~X~, and sends Z.L~Y--U~XIO into Z.L’~Y- ufTX<O. Clearly it is a 
l-l mapping of feasible solutions for DZ, onto feasible solutions for DO,. 
Moreover, since z*q* = 1, the mapping is also l-l between optimal solutions 
thus establishing Theorem 2. 

Before embarking on the proof of Theorem 3 we note that (a) for p = 0, 
e*=z* =pTY, and U* 
z” =/_&TYo+u* 

= 0; (b) for DMU, on the boundary BIp we have 
= 1 so that the divisor, 1 -u*, in Theorem 3 is again Z.L~Y, 

(as in Theorem 2); (c) the hypothesis pTY, > 0, of course, avoids a zero 
denominator in the mapping of Theorem 3; (d) the choice of pTY, as a 
divisor is determined by the requirement Z_L’~ Y, = 1 in the output-oriented 
model DOp; and (e) the possibili~ of optimal solutions for a bounda~ DMU, 
with z* = u = 1 and I_L~ Y = 0 (which cannot occur for p = 0 or p = 1) must 
now be cons:dered. 

To deal with this situation we call an optimal solution (Z_L, u .+, v) under DZ, 
regular or irregular according as ~~ Y, is positive or zero. If for D&W0 on SIP 
every optimal solution is irregular, we call DMU, totally irregular. (For DOp 
regularity status depends upon whether v’X, is positive or zero. Irregularity 
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for DOP can only occur when p = 1 or p = 3.) The concept of total irregular- 
ity can be illustrated by appending an additional DMU, at (10,7) in fig. 1. 

Theorem 3 can now be paraphrased as providing a l-l mapping between 
regular optimal solutions for DMU, under DI, and DOp. 

Theorem 3. Suppose DMU, is a boundary point and (u *, pT , v’) is an 
optimal solution to DZ, with pT Y, > 0. Then (l/(1 - u * ))(pT, - u *, Y’) is an 
optimal solution for DOp. The reverse mapping which takes optimal solutions of 
DOp to optimal solutions of DI, is given by 

(P’ 7v*,v ‘I- +_(-v*,pT,v’). 

Proof. The mapping in Theorem 3 yields (I_L’~, u *, v’~)= (l/(j~‘Y,)> X 

(P, -u*, v>. Division by pT Y, ensures that pfT Y, = 1 and the use of - u * 
yields 

q* =v’TXo+v* 

= (V’XO - u * )/PT YJ 

= (1 -u*>hTy, 

= 1. 

Finally, 

u,eT _F'Ty+ V’Tx= ___ u,eT -/.LTY+ VTX]) 

which is 2 0 by feasibility conditions for DIP so that the image of a regular 
optimal solution for DMU, under DZ, is a regular optimal solution for DOp. 
The mapping is clearly l-l, so Theorem 3 is established. 

A.3. Irregulatity and the three frontiers 

We turn next to two theorems, the first fairly direct and the second much 
deeper which will enable us to completely characterize the relations between 
the boundaries and the other frontiers. 

Theorem 4. A DA4U belongs to the extended frontier if and only if either z * = 1 
or q* = 1. 
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Proof. Suppose for DMU, that 8* =z* < 1 and 4* = q* > 1. Then DMU, 
has optimal solutions A, and A, for PZP and PO,,, respectively. For these we 
have Y, < YA,, X0 > 0*X, >XA,, Y, c 4*Y, I YA, and X0 2 XA,. Then, for 
A = $(A, + A,) we have Y, < YA and X0 > XA so that DRUB is not on the 
extended frontier EF(p). 

In preparation for the next theorem we call attention to the strong 
complementary slackness theorem [for a statement of this theorem see 
Thompson et al. (199O)l which adds to the ordinary slackness conditions for a 
linear program and its dual that ‘at least one of each complementary pair or 
quantities (for primal and dual optimal solutions) be zero’ the stronger 
condition that ‘exactly one of each pair be positive’. For the case of PZP and 
DZ,, this condition requires in part that, if for output r we have J_L~ = 0, then 
e*Y,, - Cyf.jAj > 0. 

Theorem 5. No boundary DML$ can be totally irregular for both Z, and Op. 

Proof. Suppose that DMU, is totally irregular for ZP and that (p, u .+ , v) is 
an optimal solution. Then pT Y, = 0, Z_L* = 1, v’X, = 1, and if y, > 0, then 
j&,=0. 

Now by strong complementary slackness there exists an optimal solution A 
for PI, with y,, - Cjy,Aj > 0 (since 8* = z* = 1). If we assume that 4* = 1, 
then A is also optimal for DMU, under PO, SO that (Y,, - Cj.YrjAj)p’, = 0 for 
any optimal solution (E.L’, ~42, v’) for DMU, under DPp. Hence, ZL, = 0 implies 
pcl = 0, and in turn y,, > 0 implies pt, = 0 and hence $ T Y, = 0 contrary to 
the requirement that ZL’~Y, = 1 for any irregular optimal solution for DMU, 
under DO,. Theorem 5 foliows. 

We introduce two subsets of EF(p), TICI,) and TZ(O,), which consist, 
respectively, of the totally irregular DMUs for Ip, Op. Theorem 5 states that 

TZ( Z,) n TZ( 0,) = 0, (A-1) 

and also implies that for DMU, in TICI,), TZCO,), respectively, we have 
q* > 1, z* < 1. From table 1 we note that TZ(ZJ is empty for p = 0 or 1 and’ 
TZCO,,) is empty for p = 0 or 2. 

We next introduce another subset BR, of EF(p1 called the regular 
boundary, which consists of all boundary DMUs that are both input and 
output regular. It follows from Theorems 3 and 5 that 

BR, = BIp n BOp, (A.21 
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and from the definition of totally irregular that 

BZ, = BR, u TZ( Zf,), BOP = BR, u TZ( 0,) 

and 

BR, n TZ( Z,) = BR, n TZ(0,) = 0, 

(A-3) 

(A.4) 

and hence that the unions in (A.31 are disjoint. By Theorem 4, 

EF(p) =BZpvBOp. (f-w 

Using (A.31 this can be strengthened to 

EF(p) = BR, u TZ(Z,) u TZ(O,), (A.61 

where this last union is disjoint. 
We consider our discussion of frontiers and boundaries by observing that 

any DMU, in EF(p) that is not in Frontier(p) must have optimal solutions 
with nonzero slacks for either (or both) PZ,, or PO,. 

A.4. Extended data domains 

The eight -models $, 0, listed in table 1 are based on a common data 
domain D defined by an m-by-n input data matrix X and an s-by-n output 
data matrix Y. Let Do denote the data domain derived from D by append- 
ing an (s + l)st row of ones to Y leaving X unchanged. Reference to table 1 
shows that the I, constraints (both envelopment and multiplier) for D are 
identical with those of I0 for Do. 

Similarly, if we obtain an expanded data domain D’ by appending an 
Cm + 1Jst row of ones to X we see that the 0, constraints for D are identical 
with those of 0, for D’. 

Suppose now that we have all of the optimal solutions under Z,, for D, D’, 
and Do. Then by Theorems 1 and 2 we can obtain all solutions under 0, for 
D, D’, and Do. 

We have just seen that we can get all solutions for D under Z2 and O,, 
respectively, from those for Do under Z, and D’ under 0,. Putting these 
resuits together we can get solutions for D under 0, from those for D’ 
under I, by way of those for D’ under 0,. Theorems 3 and 5 together with 
the fact that TZCO,) = TICI,) = 0 gives constructions for solutions for D 
under I, and 0, from those for D’ and Do under Z,. 

This shows that solutions for all six models for p = 1,2,3 for D can be 
obtained from those for model Z, for D, D’, and Do. 
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AS. Partitioning of rnult~plier space by DMUs 

Let L;tMu, have z*(= @*I = 1 for 13, and let A(Z,,) be the set of optimal 
-solutions for DMU, under Z,,. Since CAj _< 1 and CA, r 1 are together 
equivalent to Chj = 1 we conclude that 

W,) =W,) nW,>. (A.3 

Next, let WCZ,) be the set of optimal multipliers for ZP.s We partition 
WCZJ into three subsets, WCZ,, +), WCZ,, - 1, and W(Z,,O). [For p = 0, 
W(Z,,O) = W(Z,> and WCZ,, + > = W(Z,, - I= 0.1 From the multiplier in- 
equalities for Z, in table 1 we see that 

W(L -) = w,, -1, (A.81 

Clearly (A.71 and (A.8) are valid with ‘I’ replaced by ‘0’ throughout. Thus 
we conclude that for bo~~~a~ DMUs all optimal solutions for I, or 0, can 
be obtained from those for the other six models with p < 3 and, in turn, as 
discussed in section 4, from sohttions for D, D’, and Do under model I,. 

A complete treatment of the relations between the eight DEA models in 
terms of the multiplier space is outside the scope of the current paper. 
However, the following simple example illustrates the major points and 
allows an expanded view of the multiplier space. 

Let 

Y=(l 3 2) and X= 
(: z 2): 

define a data domain D. The complete sets of optimal multiplier solutions 
(~,v~,v~) for D are (all have z* = 1) 

DMU,: (Lv,, it1 - JQ)), fl:V,ll, 

DMJ, : (&&$). 

(A.91 

‘It is convenient to include LI * = 0 as a component of every multiplier triple in I,. 
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No two of these DMUs share any optimal solutions despite the fact that the 
last columns of X and Y are averages of the first two. 

The source of this anomaly is the two normalizations imbedded in the 
passage from the ratio form (1) to the linear program DI, which require 
cvixiO = 1 and maxi hj(p, Y) = 1. 

Direct use of the ratio form employs the entire space W of (admissible) 
multipliers. For any (CL, V) in W at least one DMU, maximizes hj(~, V) over j. 
Then if 

v=ffvf 2 F = PF’, (A.lO) 

where LY and /3 are the numerator and denominator of h,(p, v), the normal- 
ized (EL’, v’) will be optimal for DZ, with z* = 1. 

We introduce the multiplier space for DMUj as 

R$= {(~,V)forwhichhj(~,v)ismaximal}. (A.ll) 

Then clearly W is the union of all the IV.. 
Returning to our example, we have 

(A.12) 

Here dim W, = dim W, = 3, dim W, = 2, and W, = WI CT W,. This relation is a 
reflection of the one cited between the columns of Y and X. The intersection 
formula for W, is a special case of the fact that one can express W,, for any 
efficient DMU,, as the intersection of those Wj which contain it and which 
are extreme efficient (i.e., of maximal dimension s + m, here 1 + 2 = 3). 

Fig. 8 illustrates the partition of the multiplier space W into the sets W,, 
W,, and W, corresponding to the three example DMUs. The ray W, is the 
set of optimal solutions for the ratio form (IR) for DMU,. The point (i, i) is 
the normalized solution selected by the equivalent Linear Programming form 
(DZ,). The cone W, corresponds to the optimal solution set of DMU, for the 
ratio form while the line segment from (0, 5) to (&, A> corresponds to the 
optimal solutions for the linear program with vX, = 1. Similar remarks hold 
for W, and, as noted above, W, = W, n W,. 
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1 

f1/3.0.113) 

Fig. 8. Partition of multiplier space. 
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