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https://vimeo.com/355913395/1dbf5f4d54


Dynamics

• So far the analysis has been with static technologies

- It matters a little for a condensing plant when it is running.

- Consumers have been unresponsive to prices, treated as “load”.

• Intermittent renewables force market changes

- Solar and wind will shape short-term electricity market

outcomes.

• Storage technologies are a response to these changes

- Battery storage gains a lot of attention.

- For the market, demand response is almost the same.

- Storage can also be in the supply side: hydropower!

• Understanding dynamics over time becoming more important!
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Markets are different!

California Nordic Spain

Electricity generation TWh 216.7 411.4 275.6

Solar % 16 % 0.2 % 5 %

Wind % 6 % 10 % 18 %

Hydro % 20 % 54 % 8 %

Wholesale market value billion $/e 7.7 12.1 14.4

Residential electricity tariff c/kWh 19.65 20.85 23.83

Number of households million 14.7 11.8 18.3

Share of smart meters % 85 80 91

Table 1: Summary statistics for the markets in 2017 (Eurostat, EIA).
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Reminder: Market with uniform auction

Solving the market equilibrium

Given demand bids (pi , qi )i∈D and supply bids (pj , qj )j∈S for a

single time period t, we solve:

max
di ,sj

∑
i

pidi −∑
j

pjsj

s.t. dt =∑
i

di , 0 ≤ di ≤ qi , ∀i ,

st =∑
j

sj , 0 ≤ sj ≤ qj , ∀j ,

dt − st =0.

The shadow price of the balance constraint dt − st = 0 at the

maximum give the equilibrium price P∗ and quantity Q∗.
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Add technology to even intertemporal marginal costs/utilities

Surplus maximization, several hours:

Using the same bid data, we now solve the equilibria for several

periods simultaneously:

max
di ,sj

∑
t∈T

[
∑
i∈Dt

pidi − ∑
j∈St

pjsj

]
,

and relax the one period supply–demand balance constraints with a

possibility to “trade” between the hours:

dt − st = xt , ∀t,

∑
t∈T

xt = 0.

5



Illustration: It’s like trade
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Figure 1: Buy cheap (left), sell dear (right) – But prices converge!
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Real world: Constraints

Demand response

Set limits for the “trade”:

−x̄ ≤ xt ≤ x̄ , ∀t,

Hydropower

The operational boundaries and storage dynamics, e.g.

St+1 = St + rt − at − qt , ∀t
S
¯t ≤ St ≤ S̄t , ∀t
a
¯t
≤ at ≤ āt , ∀t,

where St is the energy stored in a reservoir, rt inflow to storage, at

hydro generation, and qt spillage.
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Real world: Uncertainty

Hydropower

If the short-term gain from hydropower generation is πt(at) then

with discount factor δ < 1, the optimal policy at maximizes the

expected discounted sum of gains:

V (St) = max
aτ∈A

E[
∞

∑
τ=t

δτ−tπτ(aτ)|St ],

where the value of the program satisfies the Bellman equation,

V (St) = max
at∈A
{πt(at) + δE[V (St+1)|St , at ]},

and A collects all the constraints from above.

Starts to get tricky for this class → topic for further studies!
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Definitions

• Re-producible goods

- Bicycles, software, services, . . .

- Total supply over time is unlimited

• Renewable goods (resources)

- Timber, fish, hydro electricity, agricultural commodities

- Resource base is finite but the overall output is in principle

unlimited

• Non-renewable or exhaustible goods (resources)

- Industrial metals: copper, nickel, aluminum

- Fossil fuels: oil, coal, gas

- Resource base and the output are both finite
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Exhaustible resources and this course

• Climate change

- Target warming (< 3 degrees Celsius) → defines the ”carbon

budget”

- Carbon budget=exhaustible resource. Climate policy → price

for the resource

• Pollution rights markets

- The phase-in of pollution reduction targets → banking of

emission rights

- Bank of rights=exhaustible resource

• Energy commodity markets

- Stock of oil=exhaustible resource

Markets for scarce resources
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Carbon budget=exhaustible resource
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Figure 1 | Supply cost curves for
oil, gas and coal and the
combustion CO2 emissions for
these resources. a–c, Supply cost
curves for oil (a), gas (b) and
coal (c). d, The combustion CO2

emissions for these resources.Within
these resource estimates,
1,294 billion barrels of oil, 192 trillion
cubic metres of gas, 728Gt of hard
coal, and 276Gt of lignite are
classified as reserves globally.
These reserves would result in
2,900Gt of CO2 if combusted
unabated. The range of carbon
budgets between 2011 and 2050 that
are approximately commensurate
with limiting the temperature rise to
2 uC (870–1,240Gt of CO2) is also
shown. 2P, ‘proved plus probable’
reserves; BTU, British thermal units
(one BTU is equal to 1,055 J). One
zettajoule (ZJ) is equal to one
sextillion (1021) joules. Annual global
primary energy production is
approximately 0.5ZJ.

     

Source: Glade & Ekins (Nature, 2017). Scarcity: figure d. How should the price of

scarcity develop over time such that the carbon budget is not exceeded?
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EU ETS allowance bank=exhaustible resource

 
 

  
             

  
     

     

      
                 

                    
    

 
               

                
             

                  
                  

                
                  

                  
           

 

 Electronic copy available at: https://ssrn.com/abstract=2616333 
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EU ETS banked volumes EU ETS prices

(Link to the source) EU ETS bank is gradually used over time, and the price increase

reflects the increasing scarcity. 12

https://papers.ssrn.com/sol3/papers.cfm?abstract_id=2616333 


Commodity markets: historical illustration

A story of an important resource that was made redundant by a

substitute

• Historical illustration: Chile was the monopoly producer of

”natural nitrogen” in 1880-1920.

• Sir William Crookes, the president of the British Association

for the Advancement of Science, in 1889 appealed to chemists

to develop a synthetic solution to the nitrogen problem, as

otherwise ”All England and all civilized nations stand in

deadly peril of not having enough to eat”, potentially as early

as in 1930.

• What happened?
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Atacama desert
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Historical illustration

Chilean production over time
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Haber-Bosch process for synthetic production

Chilean production over time
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Theory: allocation of scarce resources over time

Basic definitions:

For exhaustible goods, overall consumption is finite

• Consumption today reduces what is available for future

• Two types of costs in extraction: (i) out-of-pocket marginal

cost of production; (ii) opportunity cost of production

(scarcity rent)

• Demand and supply meet at a different point in every period,

depending the on the resource stock left
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Equilibrium (or optimality) conditions

time periods t = 1, ...,T

1. price pt is equal to marginal cost of production MC plus the

opportunity cost of production Rt

pt = MC + Rt

2. opportunity cost should grow at the rate of interest r

Rt = Rt+1/(1 + r)

3. production over time equals the total resource endowment S

q1 + ...qT = S
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Consumption, scarcity rent, and prices

R1 
R2 

R3 

RT 

q1 q2 q3 qT=0 q 

MC=c 

Demand 

Observe: consumption declines, scarcity rent increases, producer receives

a resource rent (despite constant MC), consumption ceases when the

choke price is reached
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Equilibrium condition 1-2: Hotelling rule

Suppose interest rate r > 0 is constant over time, and that there is

a constant cost c > 0 per unit of resource produced. Condition 1

above is called ”Hotelling rule”: it is an arbitrage condition for the

sellers.

Sell a unit today:

Pt − c

Sell next period, after ∆ > 0 units of time:

[Pt+∆ − c ]e−∆r .
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Equilibrium conditions 1-2: Hotelling rule

Indifference:

Pt − c = [Pt+∆ − c ]e−∆r

≈ [Pt+∆ − c ](1− ∆r)

⇒
Pt+∆ − Pt

∆
= r(Pt+∆ − c)

⇒

lim
∆→0

=
dPt

dt
= r(Pt − c)

This is a differential equation with solution

Pt = c + [P0 − c ]ert

We will discuss how to use this to analyze the resource-extraction

over time. See also the lecture note on ”Exhaustible resources”.
21



Equilibrium conditions: Terminal price

We know that the equilibrium price must satisfy Hotelling rule.

But how high will the price grow? Recall that demand is a

relationship between quantities and prices Qt = D(Pt) where Qt is

demand (=consumption) at time t, and D ′(Pt) < 0. Choke price,

P, is defined as the price at which the demand chokes off:

D(P) = 0 for all P ≥ P. Thus, no demand for prices higher than

P. We assume that this choke price is finite. Let T be the time it

takes for price following Hotelling rule to reach P, that is,

PT = c + [P0 − c ]erT = P.

This is the terminal price condition. It pins down the end of the

price path.
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Equilibrium conditions: Exhaustion

At which time will the price path start? How long the consumption

path lasts, that is, what is the precise value for T? The total

consumption over time equals the amount of the resource available:∫ T

0
Qtdt = S0

This is the exhaustion condition. Since we know the demand, we

can write

∫ T

0
D(Pt)dt = S0

This may look difficult, but the equilibrium is conceptually very

simple. We have three unknowns: P0,PT ,T . There are three

equations for finding these: Hotelling rule, terminal price, and

exhaustion conditions. 23



Can we understand historical oil prices with this model?

Clearly not.

Source: BP statistical review of world energy
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How should the theory be modified?

  T0->t1: technological progress reducing extraction 
costs dominates 

  T1->t2: technological progress and scarcity rents 
cancel out each other 

  T2->: scarcity rent dominates. See Margaret Slade, J. 
of environmental economics and management (1982). 
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How to use the model in the analysis

Simple model that can be used to analyze what happens to the

equilibrium path,

• if the interest rate becomes larger?

• if the substitute becomes cheaper?

• if there is unexpected increase in the resource stock?
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The effect of the substitute: infinitely costly substitute

 
 

R1 
R2 

R3 

Rt 

q1 q2 q3 qt q 

MC=c 

Demand 

Consumption never stops: Price increases to make sure that we never

suddenly run out of the stock; there is no finite choke price (resource is

”essential”)
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The effect of the substitute: finitely costly substitute

 
 

R1 
RT 

q1 qT q 

MC=c 

Demand 

Substitute’s marginal cost 

Substitute puts a limit on prices; the time period for resource

consumption is finite
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General Hotelling rule

The general equilibrium Hotelling rule for resource prices:

P1 =
P2

R1,2

Recall R1,2 = 1 + r1, where r1 is the interest rate at period 1.

Thus, resource prices grow at the rate of interest, and the interest

rate is determined by the fundamentals of the economy:

• technologies: how productive are savings?

• preferences: how much people want to save for the future?
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Resource prices over long period

Generalizing the previous:

Current prices are linked to far-future prices:

P1(1 + r1)(1 + r2)...(1 + rn) = Pn+1

⇒ P1 =
Pn+1

∏n
i=1(1 + ri )

Note that the current price is an extremely forward-looking

variable. Can we trust that the markets have such a long planning

horizon?
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Illustration: Allocation of hydropower

Prices in the Nordic market from one summer to the next.

• Scarcity is expected to disappear in the spring when the new

endowment of water arrives.

• Hydro a renewable resource over the years, scarcity only temporary.
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