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We consider two irreversible chemical reactions in a perfectly mixed chemical reactor
* A—B—C
® 24— D

The two reactions compete to convert species A, species B is the desired product

The chemical reactor operates in liquid-phase

[Al;

~> Assume constant volume, V # V(t) F; Ti

~ Assume constant density, p # p(t) [C}z - /
[D];

Assume constant temperature

- T(t) # T(1)

[t

Qo

———

Volumetric flow-rates
~ Fi(t) and Fo(t)

E
<

=

Our interest is in understanding the dynamics of the concentrations inside the reactor

~» The concentration of species A, B, C and D, as a function of time
® [A](t), [B](t), [C](t), and [D](t) (molar concentrations, [mol 1t~1])

Example II (cont.)

Reaction rate constants (per unit volume) P [A];
k1 k2 B l /
A— B c [C]; v
D;
24 2 p 7]

Assume that only component A is fed
* [Bli(t),[Cli(¢), [D]i(t) =0

o [A)(1) £0 LB

The total material balance, under the assumption of a constant volume in the tank

Total mass balance
dV (¢t
% =Fi(t)— Fo(t)=0

As a result, we simplify notation
® V(t) = constant = V
® Fi(t) = Fo(t) = F(t)
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* [Bli(t), [C]i(¢), [D]i(t) = O

e

EIE

IS

——

J

Qo

[

g’_"_‘

© [ALi(t) #0 et
Mass balance for component A
SVIAID) = FOLAL(E ~ FOIAI) — V(A1) — VEs[AI()
= @([Ah(t) — [AI(8)) — ka[A](2) — ka[A](2)
cupwgs  Example IT (cont.)
A% B o " #1 /
o oy g ¥ @l
* [BLi(1), [CLi(1), [D]s(t) = 0 5
© [A1i(t) £ 0 LB g

=

Mass balance for component B, C, and D

F(t)

S1B)(0) = 2 (LB -1B10)) + R [AIG) — kalBI()
——

Vv

=0

(1ekter-1C1®)) + ke[ BI(2)
~——

=0

d oy _ FO)

E[ 1(t) = 7

F(t)
|4

Sioiity = O (1oper-1010) + Saslarzeo

=0
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* [Bli(1), [CLi(2), [D]i(t) = O
(t)

i

[SEES

o [Ali(t

&

=

Putting things together, we get the dynamics of the state-space model of the reactor

%{A](t) T (1410~ 1410) ~ kA1) — ks[4 (1)
Lig) = "B imi) + 1))~ kalBI) 1= 0/6 i |
k2 =5/3 [min™ "]
Lienn = ~"Wicin) + waisi ks = 1/6 [1t(mol~"min-")]
Loyt = -1y + sla2 ()
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L1410 = T2 (a1 - (410) ~ ma(410) — ksL412(0)
1510 = ~Z8310) + )t - k510

dt v

Lio1t = - By + mlp)n)

dt V

Loty = ~Epj) 4 Lo
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L1410 = 2 (1410 = [41D) ~ k(A1) — KslA12(1)
d F(t)

S BI(1) = =——BI() + k1 [A](t) ~ k[ B](1)

%[C](t) = _@[C](t) + k2[B](1)

L 10)(t) = = S2pi() + (A1)

~ Input variables, u(t)
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S1a10 = D2 (1410) — (410) = k(A1) — kslA12(0)
21811 = =S BI() + AN — kLB

di v ' ’

Lienn = - S + walpin

L 103ty = - Sy 4+ k(a0

~ Parameters, 0
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%mm - @(mw — [A1(8)) =ulA](2) — ks[A](2)
d F(t)

E[B](t) = —7[3](75) + k1 [A)(t) — k2[B](t)

%[C](t) = —$[C](t) + k2[B](?)

d F(t) X

—ADI() = ——ADI(0) + 5k [A]%(t)

Using the control notation, we get

dz1 () _w (1)

(UQ(L) - xl(t)) — g 121 () — k3z(t)

dt 0z,4
dxjft) _ le(,i)m(t) 40,121 (1) = Op.0a2(t)
dxjit) - /L;%%(ﬁi)z?)(t) + Oz, 212(t)
dm;it) _ 1;1;71)354@) + %Qr’gmf(t)

Example II (cont.)

dzy (1) u (1)
T (71,2(75) - scl(t)) — Op 171 () — ksz2(t)
f1($?;|9w)
dao (t) u1 (1)
= — t 01 t) — 01 t
dt 9$,4 IQ( )+ 713;1( ) 723;2( )
fo(z,u]6z)
das(t)  wi(t)
= — t) + 0, t
dt 9r,4 x3( )+ ‘B’2x2( )
f3(x7“|9$)
dzy () uy (1) 1 2
dt 630,4 x4( )+ 2 ’3x1( )

~  z(t) =

(. J/

f4(x,u|9x)

f (@ (t), u(t)]0z)
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dz (t) o (?‘)

<u2(2‘,) — xl(t)) — 91,1331(15) — k3$12(t)

dt 0,4
d:EQ(t) ul(t)
= — t 0 t) — 0, t
T - 2(t) + 05,121 (t) — O0z,222(1)
dzs(t) uy (t)
= 3(t) + 04 02 (t
T o 23(t) + Oz,222(1)
dxs(t) uy (t)

1
=— t) + =0, 3z (1
di 05 4 74(t) 5 z,377 (1)

)

Suppose that we are capable of measuring the concentration of B, we then also have

)

u(t) = )
y(t)=10 1 0 0] 2(1)
c 4 (1)

[\ J/
-

g(z(t),u(t)]02)
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The dynamics are a set of nonlinear equations, the measurement equation is linear

Example II Ml(?(?lz(f) (D)) = Opam (£) — ha? (t)_
51 (t) 0
:z:;(t) _ o 2 22 (t) + 05,121 (t) — Oz 222(1)
iigg l;lm(:lg(t) + 91:,2$2<t)
91( >m4(t) + S0 30f (1)
L z,4 _
x1(t)
y(t)y=[0 1 0 0 28 +[0 0 [zggg]
m4(t)

To be able to proceed with the tools of linear systems theory, we need to linearise
® Approximate nonlinearities with first-order Taylor series expansions

® About some convenient steady-state point, (2%, u5%)
SS T
T — [xiS‘S :I:éSS :IJQSS SS] [[ ]SS [B]SS [O]SS [D]SS]

S )T )

u
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How to determine the steady-state point associated to a desirable operating conditions?

® By simulation, integrate the model until stationarity is reached

® By optimisation, solve f(z,u) = 0 with respect to z and u

cuem-eriso Eixample IT (cont.)
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Sometimes, it can also be worked out from the model equations at steady-state (zgg, uss)
Example II
At steady-state all derivative are zero, for component [A] we thus have

A 58 o
d[d]t(ﬂ _ F‘,,/ (14155 — A1) — ka [A](8) — ks [A](2)
FSs FSS o
— —ka[A12(1) - [A](1) ( T+ ’“) N
=0

We get the second-order equation in the variable [A](t),

FSS FSS
ks[A]?(t) + (’7+ k1> [A](8) — —{Al: =0

—b++Vb2 —4ac

2a

Second-order equation: az? + bz 4+ ¢ = 0 with solutions T1,2 =
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SS F_SS
ks[A]? () + ( — + kl) [4]() == 1Al =0
N—_——

ax2 N ~ V) _Vc
bx

The steady-state values for [A], given F'*S and [A]?°

7

PS5 7S5\ PSS
— | b+ = ky + + 4kgz [A]iSS
% % %
[A]7S +

2 2k3 2ks
We need to consider only the root where [A] is positive,

FSs 7S5\ FSs
(Rt kit = | ks AL
[4]%% = +

\%
2ks 2k3

Example II (cont.)

Proceeding similarly for component [B], we can write

d[B](?)
dt

F59
= —[BI(®) < 7T kz) + k1 [A](2)
~——
[A}SS

=0

We get the first-order equation in [B](t)

F5S
[B](#) < > k2> — k1[A]%% =0

The steady-state value for [B],

given F%, [A]?%, and [A]59
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Substituting [A]%, we get

kl[A]SS

FSS
—+ k
V+2

[B)% =

F5S
_ k ?
1+ v
_|_

F5s\? FSs
k1 + zf + 4ks ——[A]

Vv

SS
%

2ks 2k3

FSS
ot

Example II (cont.)

For component [C], we have

A0 _ oy <F—;S> + k2 [B](2)

dt ——
[B]SS

=0

We get the equation,

(F£S> (CI(1) — ka[B)% =0

The steady-state value for [C],

_ k2[B])%8

SN
(¥)

given F55, [A]99, [A]9, and [B]S®




cuem-eriso ixample IT (cont.)
2020-2021

Example II

Substituting [B], we get

(015 = k2[B]%%
= o
FSs 7S5\ F5S o
— |k = k L 4k —L—[A]"
1+ % 1+ % + 4k3 V[ I;
I 2k3 + 2ks
! 7SS
74‘ )
= ko

"
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Finally, for component [D] we have
Example II

SS
= D](1) (Fiv ) ¥ ks [A()

([A]99)2

We get the equation,

(Ff) DI(t) — Sha(14))? =0

The steady-state value for [D],

SFa([A155)2

m

(D)8 =

given F55 [A]?5, [A]59, and [B]*
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Substituting [A]%%, we get

2
F5S F55\? PSS
ol ky 4+ —— | +4ks——[A]$S
( Ty ) ( Ty sy 1Al
+
2ks 2ks
1
D SS _ Zk
[D] 53 P
Vv
cuem-eriso Tixample IT (cont.)
2020-2021
[A]SS [B]5S
12 7 12
1.2
Example II 6
5 11 1
(%)) 0.8
N "’Z-'- 10
3 — 0.6
2 9 0.4
1 0.2
8
12 12
10
11
8
3.
6 E 10
4
9
2
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ss
12 [B]
1.5
11
s 1 B 10
o <
=05 —
—I[A]7" =10 9
0 I
0 1 2 3 4 8
1 2 3 4
FSSN ESS)y
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Where would you operate the reactor if told that the feed composition is [A]?S = 107

1.2

0.8
0.6
0.4
0.2

We could define desirable operating conditions

|

Example II [ F,L-SS 4 . 1
= —min~ SS
SS _ v 7 _ | F
A A LA] s
" [Bl; | | [A]95 =10 mol 171
[Cli ||y S8
1
[D]i ~ _uégs
[A] Then, determine the corresponding fixed point
C
{ D]] 3.0000 mol 1t~1 [A]%5
\—.Fo ss _ |1.1170 mol k=1 |  |[B]%
[B] T T 13.2580 mol 71| T [[C]%S
1.3125 mol 1t—! [D]59
(o a5 aS a)”

Note that we replaced the first input variable (the feed flow-rate, F;(t))
® We will use the space-velocity F;(t)/V, instead

® No difference, as the volume V is constant
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Given a steady-state point ((xlss, xQSS, xés*s’ :L‘fs), (ufs, uQSS)), we linearise the model

Example II

We start by defining the deviation variables, for both state- and input variables

® For the state variables, we have

n(t) = oS 1A — (41
iy — |0 =55 | [Bl(1) - (B
wa(t) — a9 | 7 | [C)(t) - [C]S
wa(t) = o] (D))~ (D)9

by u(t)—uSS . Fi(t)/V—FZSS/V
W = | ks = | - Tt

Then proceed by computing the Jacobians of dynamics at steady-state (zgg, uss)
~ State matrix A and input matrix B

w ! (t) = Az’ (t) + Bu'(t)

Example II (cont.)
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Fut (t) (u2(t) — 21(t)) — Oz 121 (£) — 02,327 (£)]
Example II N ~ )
f
—u1 (£)@2(t) + Oz,121 (¢) — Oz,232(t)
:151(15) ~ }, -
T2 (t 2
;ngtg = U (f>$3(tzr+ 9w,2$2(t)1
24(t) f3
1
—u1 (t)za(t) + §9x551312(t)
L fa |
N A g
on OR on on
Oxr; Ome Oxzz Ou4
oL ok Ok Of —u1 = 05,1 — 205 311 0 0 0
Ory Oxe Oxz Ox4 _ 01 —up — 0z2 0 0
Ofs Ofs O Ofs 0 0:,2 —u 0
ox1 Oxs 0x3 Oxy 9z,3$1 0 0 —u1 | ¢
oh on oh on
—8371 8562 8373 8$4_ SS
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(1 (1) (u2(t) = 21(2)) = Oz1 21 (¢) —

We get,
[—u; — 0r1 — 20, 311 0 0 0
A= e:r,l —Uul — 01,2 0 0
0 0:1:,2 —Uul 0
i 0,371 0 0 (G e
[—up® — em 1 — 20, 3551 0 0 0
B 021 —upS — 0g.9 0 0
B 0 0,2 —ufs 0
| 02 33353 0 0 —Uiss
[—(4/7) — (5/6) — 2 x (1/6) x 3 0 0
_ (5/6) —(4/7) = (5/3) 0
0 (5/3) (—4/7)
I (1/6) x 3 0 0
We used 0, = [9;5,1 0,2 9x,3] T = [kl ko k3} T= [(5/6) (5/3)
259 [A]%5 3.0000
455 _ z% | _ |[B]%%| _ |1.1170
z29 [C]99 3.2580
Ed [D]SS 1.3125
4SS — [upS) _[FF/ V] _ [4/7
wsS| = [ {5 ] T 10

0,37 (t)

f1
—u (t)z2(t) +0z,121(t) — 6

-~

z,202(t)

\—'u,](t)xg( )—{—9 2%‘2( )1

f2

—’11,1(L>ZIJ4( )+ 9 J‘Tl()

f3

1 (t)
T2(t)
z3(t)
24 (1)

[ 0fi

duy

of

_ | ou

= By

o

Ofa

Ldur

o)

Ous
of
Ous
ofi

Ous
o

Ous

fa .
Ug — T1 Ul
- — T2 0
B —a3 0
—T4 0

SS

—(4/7)
(1/6)] T and
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We get,

We used,

SS _

SS _

—ug—xl Ul
o —2 0
B = —3 0
| 14 0 S5
[uyS — x5 ups
_ —mZSS 0
—:Uégs 0
—xfs 0
10-3  (4/7)
_|=11170 0
T |-32580 0
|—1.3125 0
(255 [A]%5 3.0000
5| [[B]®S| _ |1.1170
29 T |[C]99] T [3.2580
| 29 [D]59 1.3125
[wPS1  [FS/V] _ [4)7
lus® | T [A]FS ] T 10




