
7.    STRUCTURAL STABILITY  
 
 

7.1.   General rudiments for the stability analysis 
 
In stability analyses traditionally, the equilibrium equations of the structure considered 
will be written in its deformed configuration. This means that the influence of the 
deformation has to be taken into account in the equilibrium conditions. We call it 
geometrical non-linearity.  Let’s consider at first the Green-Lagrange’s general non-
linear expressions of strain components in the Cartesian co-ordinate system , ,x y z  
with unit vectors , ,i j k  in accordance with the definitions given in equations (1.3), 
(1.5), (1.8), (1.11) 
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If we introduce for the linear parts of strains the notations 
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and apply still the rotation components, defined by (1.17) 
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                          (7.3) 

 
all the strain components, xε  for example, can be expressed by using the linear strains 
and rotations in the form 
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And the shear strain xyγ  correspondingly 
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Thus, we see that the non-linear parts of the strains can be expressed by the linear 
strain and rotation components only. Correspondingly, the rest of strain components 
can be derived similarly, resulting finally in the form  
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In stability analyses, the strain components , , , , ,x y z xy yz zxe e e e e e  are assumed to be 
small as compared to rotation components , ,x y zω ω ω . Thus, in non-linear terms the 
quadratic terms of rotations only will be included in the analysis. The quadratic terms 
of strains and the terms of ‘rotation times strain’ are dropped, yielding for strains the 
expressions  
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7.2. Flexural Buckling of a straight plane beam 

 
We consider now a column, in which the axial co-ordinate x coincides with the column 
axis, i.e. goes through the centroid of each cross-section plane. Co-ordinates y and z are 
the principal axes of the cross-section. Central axial forces load the column at the 
initial state, only – neither bending, nor torsion exists. In buckling analyses, these loads 
are compressive. When defining the kinematics for the analysis, an additional degree 
of freedom to the initial state has to be adopted. This will lead to the homogeneous 
system of equations with respect to this additional degree of freedom, of which the 
critical load, as a solution of an eigenvalue problem will be determined. The 
kinematics adopted for a straight plane beam including in addition to compression 
(stretching) also bending, in accordance with the Euler-Bernoulli beam theory is  
 

d( )
d

vu y v
x

= − +u i j                                                               (7.8) 

 
in which  ( ) and ( )u u x v v x= =  are the displacement components in x- and y-direction, 
and the rotation of each normal follows the slope of the beam axis. Calculating now the 
strains, using (7.2) and (7.3), gives just two non-zero components, while 
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In the continuation to simplify the notations, a prime ( )′⋅  will be used for different-
iation with respect to the axial co-ordinate x. The non-zero strain components are  
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At the initial loading state, consisting only of axial compression, the normal stress is 

o o /x N Aσ = , while all the other stress components are zero.  
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Figure 1.  Strain energy by the Euler method. 
 
 
 
The procedure we apply follows the linearised theory, called also Euler method (see 
Figure 1), presented for example by Novozhilov’s and Washizu’s famous text-books 
according to which the incremental strain energy of the beam is  
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Here, o 0.yσ =  This can further be split to give   
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The last term can be neglected because incorporating the linear elastic material model 
into it gives higher (third) order terms of displacement functions. The equation can be 
written in the form  
 

1 2L NL NLU U U U= + +                                               (7.13) 
 



in which the first term, LU , is the traditional strain energy expression due to linearized 
strains and the two  following ones, 

1
 andNLU  

2NLU , take into account both the non-
linear terms of strain components and the initial stresses.  

 
When we take into account the linearly elastic material law in (7.12) 
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the strain energy takes the form  
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Here, we have split the volume integral to be evaluated separately over the cross-
section, and along the axis of the column, and taken into account that  
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The potential due to the external loads at the initial stage, the distributed axial load 

o ( )xp x  and the concentrated loads at the ends of the column o
xP , is  
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Now, the total potential energy is composed of terms  
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If we consider at first the term  
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and find for the stationary value of it. By taking the first variation it is obtained  
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While o o( ) xN x Aσ= , integrating the first term by parts gives  
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which results in the equilibrium equation of the initial state with boundary conditions  
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This part of equation considers the initial state of the column, and it disappears when 
the initial state is in equilibrium. 
 
So, we have still the expression  
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Taking here the first variation gives 
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and integrating by parts finally  
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Since  and u vδ δ  are arbitrary, we get as a result the system of homogeneous 
differential equations 
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The first one of the equations (7.27) likewise of boundary conditions (7.28) concerns 
only the initial state of the beam and is thus meaningless. If the cross section of the 
beam is constant, and we have at the ends as a load a compressive force only, i.e. 

oN P= − , the equation simplifies to the well-known form  
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which is the homogeneous ordinary differential equation to define the critical 
compressive load of a beam. Its general solution is  
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where 2 /k P EI= . A homogeneous system of equations will be obtained by applying 
the relevant boundary conditions at the ends of the column.  
 
An alternative formulation for the differential equation (7.27) with boundary 
conditions (7.28) can be obtained directly by applying the energy integral formulation 
(7.24), which simplifies among the kinematically admissible functions ( )v x  to the 
minimization problem of the functional  
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When considering a column in three-dimensional space where the buckling can take 
place in any one of the directions of the principal axes, the differential equation system 
(7.27) will be provided with an additional equation 
 

( )

( ) ( )
( ) ( )

o

o

0

0

0

z

y

EAu

EI v N v

EI w N w

′′ =

′′′′′ ′− =

′′′′′ ′− =

                                          (7.32) 

 
with 2d y

A

z A I=∫ , and corresponding additional boundary conditions 
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The minimization problem takes the form 
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Here, both ( ) and ( )v x w x  have to fulfil the requirements due to kinematics.  
 
Illustrative example. Let’s consider a beam which is fixed at both ends, and loaded by 
a centric compressive load P at each end. The length of the beam is L and the bending 
stiffness EI. We establish the origin of the global coordinate system at the mid-span of 
the beam so, that it is moving with the deflection of the beam. The homogeneous 
boundary conditions are thus  
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If we consider instead, a beam with simply supported ends, the final condition will be 
replaced by ( / 2) 0v L′′ ± =  yielding  
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7.3. Torsional buckling of a straight beam 

 
Torsional buckling is characteristic for the behaviour of beams with thin-walled cross-
section. In the torsional buckling, a beam loaded at the initial stage by an axial load 
only, buckles through mechanisms of torsion and bending, Figure 2. We consider a 
thin-walled beam, in which the axial co-ordinate x coincides with the beam axis, i.e. 



goes through the centroid of each cross-section plane. The loading at the initial state 
consists of centric compression (stretching). Co-ordinates y and z are the principal axes  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Figure 2.  Torsional buckling of a column 
 

 
of the cross-section. As an additional degree of freedom, the two deflections (y- and z-
directions) and torsion, including the effects of both Saint-Venant’s torsion and of 
Vlasov’s warping (sectorial) torsion, is adopted. The kinematics will be defined for the 
displacement vector of the centre-line of the wall in the cross-section, denoted by ou . 
For a straight beam in stretching, bending and torsion the kinematics is defined by  
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in which  ( ), ( ), ( ) and ( )u u x v v x w w x xφ φ= = = =  are the three translation 
components in the directions of the co-ordinate axes, and the angle of twist, and ω  is 
the sectorial co-ordinate. Co-ordinates ( , )v vy z  define the location of the shear centre 
of the cross-section. Calculating now the strain and rotation components by applying 
(7.2) and (7.3) gives, 0y z yze e e= = =  and  
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Figure 3. Thin-walled cross-section. 
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Substituting these into the expressions of strains gives  
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The linear strain components 0xy zxe e= = , according to the assumptions of the 
vanishing shear strain components in the warping torsion theory by Vlasov. It can be 
seen directly of the definition (3.68) of the sectorial co-ordinate  
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However, these shear strain components do not vanish outside the mid surface of each 
wall of the cross-section. Thus, the displacement vector defined for the mid surface ou  
(7.35) has to be provided with a component covering the material points outside it. The 
additional component in the axial direction applies the Euler-Bernoulli beam theory (or 
Kirchhoff’s plate theory), while on the cross-section plane, the rotation of the whole 
cross-section defines the tangential displacement to the mid surface. In the direction of 
the thickness of the wall, the wall is assumed to be incompressible. The displacement 
vector is thus   
 

o n snv nφ′= − −u u i e  
 

where n is the normal co-ordinate to the mid surface of the wall (see Figure 3), and nv  
the displacement in this direction, i.e.  
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Inserting this into the definitions of strains gives additional components  
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The first one is connected to the flexure of each plate locally, and will be dropped out, 
while the second one is meaningful, leading to Saint-Venant’s torsion rigidity of the 
cross-section. Substituting nv  into it gives  
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To combine the shear strain terms, we transform the global shear components 

 and xy zxγ γ in (7.37) onto the components  and xs xnγ γ . The transformation is derived 
when taking into account the transformation between the co-ordinate systems y,z and 
s,n, derived in example 2 (Chapter 4, page 29) 
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and nxγ  correspondingly, yielding 
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we get the final expressions of strains  
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At the initial loading state, consisting only of centric axial compression, the normal 
stress is o o /x N Aσ = , while all the other stress components are zero. Following the 
same procedure as before, the incremental strain energy of the beam takes the form  
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(7.39) 
When we take into account the linearly elastic material law 
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this will be  
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This is a sum of three parts as  
 

1 2L NL NLU U U U= + +                                                   (7.42) 
 
with taking into account that o o /x N Aσ = , when  
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Here in addition to (7.17), the notations  
 

2 2 2d 0, d , d 0, d , 4 dy t
A A A A A

z A z A I A A I n A Iωω ω= = = = =∫ ∫ ∫ ∫ ∫             (7.44) 

 
are used, and  2 2 2( ) /y z v vr I I A y z= + + + . 
 
The potential due to the external loads in the axial direction is 
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Now, the total potential energy is composed of terms  
 

1 2L NL NLU V U U U VΠ = + = + + +                                     (7.46) 
 

If we consider at first the part  
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It is exactly the same as in the case of pure flexural buckling, and disappears when the 
initial structure is in equilibrium fulfilling the equation of equilibrium with boundary 
conditions 
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This part of equation disappears when the beam in the initial state is in equilibrium. 
 
So, we have still the equation  
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Taking at first the first variation of the first term LU  results in  
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and integrating this by parts gives  
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The first variation of the second term 

2NLU  in (7.49) is  
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which takes after integrating by parts the form 
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Combining finally (7.51) and (7.53) results in a homogeneous system of ordinary 
differential equations with boundary conditions, which are obtained since 

, ,  and u v wδ δ δ δφ  are arbitrary. We get  
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with corresponding boundary conditions 
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at each end of the beam. The first equation of (7.54) and (7.55) describe the initial state 
and are not of interest in this context. If the cross section of the beam is not changing in 
the axial direction of the beam, and we have at the ends as a load a compressive force 
only, i.e. oN P= − , the system of equations simplifies to the well-known form  
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which is the homogeneous system of equations to define the critical compressive load 
of the beam.  
 
An alternative formulation for the differential equation (7.54) with boundary 
conditions (7.55) can be obtained directly of the energy integral formulation (7.49), 
which simplifies to the minimization problem of the functional  
 



2 2 2 2

0

o 2 2 2 2

0

1 ( ) ( ) ( ) ( ) d
2

1 ( ) ( ) 2 2 ( ) d
2

L

z y t

L

v v

EI v EI w EI GI x

N w v y w z v r x

ω φ φ

φ φ φ

 ′′ ′′ ′′ ′Π = + + + 

 ′ ′ ′ ′ ′ ′ ′+ + − + + 

∫

∫
              (7.57) 

 
 

 
7.4. Combined flexural and torsional buckling 

 
 
The beam considered in this context is loaded at the initial state by an eccentric 
compressive load yielding two mutually equal bending moments at each end of the 
beam. Thus, the bending moment distributions over the beam length are constant. The 
loading at the initial state is a combination of axial force and bending. For stability 
analysis, the additional degree of freedom is then torsion. The initial normal stress 
distribution takes the form  
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All the other initial stress components disappear. The latter part of the presentation 
(7.58) concerns the eccentric axial load, in which co-ordinates ,y ze e  define its location 
on the cross-section plane. The consideration deviates from the one of the previous 
section only in the terms 

1 2
 and NL NLU U in (7.43) through the initial normal stress 

distribution o
xσ , and in V in (7.45), in which the end moments have to be included. The 

terms in (7.43) will get supplements 
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Here, we have utilised the definitions  
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are used. The potential of the external load V in (7.45) takes a supplement V∆   
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Evaluating the sum 
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and integrating by parts  
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results in the equilibrium equations of the beam at the initial state with corresponding 
boundary conditions 
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Taking the variation of the term 

2NLU∆ gives  
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This will be reformulated after integrating by parts as 
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Combining this finally with (7.51) and (7.53) gives the homogeneous system of ordinary 
differential equations with boundary conditions describing the flexural-torsional buckling 
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and boundary conditions 
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When keeping in the mind, that initial bending moment distributions o o and z yM M  are 
constant with respect to the axial co-ordinate, the system (7.68) simplifies to the form  
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The energy method formulation will be obtained again by combining the equations 
(7.57) and (7.59). This results in the minimising problem: Find the minimum for the 
functional 
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among kinematically admissible functions ( ), ( ), ( )v x w x xφ . This formulation will yield 
an approximate solution for the problem of flexural-torsional buckling.  
 
 

7.5.  Lateral buckling 
 
 
Lateral buckling is a phenomenon, in which a beam, loaded by an arbitrary bending 
including transverse distributed or concentrated loads along the beam axis, buckles by 
torsion and transverse deflection, Figure 4. In a more general case, also axial loads can 
be present. The problem of non-distortional lateral buckling of a straight beam with a 
thin-walled cross-section is investigated. The same principle as above is applied in 
deriving the equilibrium equations.  
 
At the initial state, the external loading yields in the beam the normal stress distribution 

o
xσ  and shear stress distribution o

xsτ . The consideration deviates from that of the 
flexural-torsional buckling problem in shear stresses and in corresponding shear force 
resultants o o,y zQ Q . The additional shear stresses bring to the analysis additional terms 
into the expressions of 

2NLU , and also in V. The initial shear stress distribution is of the 
form  
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Figure 4.  Lateral buckling of a beam 
 

Here, ( ) and ( )z yS y S z  are the first moments of the cross-section, and are defined by 
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 At first, V takes the form 
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Here to avoid confusion, the notations o o and z yM M  are used for external bending 

moments at the ends of the beam. This as combined with 
1NLU in (7.43) and (7.59) 

takes the form  
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Performing the integration by parts results in  

α 
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(7.76) 
Disappearance of this leads to the equilibrium equations and boundary conditions of 
the initial state 
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The stability analysis is based again on the term 

2L NLU U+  of which LU  has no change 
as compared to the corresponding one derived in the case of torsional buckling in 
(7.50). Instead, the latter term 

2NLU  will take an additional component due to the shear 
stresses at the initial configuration  
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in which NL

xsγ  is the non-linear part of strain component defined in (7.38). Inserting 
(7.72) into (7.78) requires certain integrals to be calculated over the cross-sectional 
area of the beam. These integrals are of the type 
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and further, 
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Thus (7.78) takes the form 
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with  and y zβ β  defined in (7.61). Taking the variation of (7.81) gives 
 

( )

( )

2

o

0

o

0

( ) d

d

L

NL y y y

L

z z z

U Q w w x

Q v v x

δ β φ δφ β φδφ δφ φδ

β φ δφ β φδφ δφ φδ

′ ′ ′ ′∆ = + + +∫

′ ′ ′ ′+ + − −∫

                               (7.82) 

 
and integration by parts yields further  
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Combining this now with (7.51), (7.53) and (7.67) results in a homogeneous ordinary 
differential equation system  
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with the boundary conditions  
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the first ones of equations (7.84) and (7.85) concern the initial state only, and are 
consequently meaningless in the stability analysis. When deriving system (7.84), the 
facts  
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have been utilised. The energy principle formulation can be built up by combining the 
integrals (7.57), (7.59) and (7.81) to give  
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           (7.86) 

 
The two last lines can still be combined, when the final expression for the total 
potential energy to be minimised is  
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In pure lateral buckling without the compressive axial load, these equations will 
obviously be simpler.  
 
In final equations (7.84) and (7.87), the position of the external load in y- and z-co-
ordinate directions has no role. It is however obvious and easy to understand that this 
position plays an important role in the lateral buckling phenomenon. Taking this into 
account means actually a step outside the traditional one-dimensional beam theory, 
towards two- or three-dimensional analysis. It can be done by improving the 
kinematics due to the rigid body rotation, to include also the second order terms – to 
correspond to the second order theory used elsewhere. By considering Figure 5, we can 
deduce more generally the co-ordinates of a point A when undergoing rigid body 
rotation. A simple calculation gives  
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and correspondingly 
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Figure 5.  Rotation of a fiber 
 
Adopting these in the definition of the kinematics applied yields the displacement 
vector  
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The additional underlined terms in (7.90) will produce terms of same order in the shear 
strains only. They are denoted by a superscript *( )⋅ , and are 
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                                    (7.91) 

 
These can be combined into the shear in the mid plane of each wall of the cross-section 
 

[ ]* ( ) cos ( )sinxs v vy y z zγ α α φφ′= − − + −                         (7.92) 
 
This shear strain component results in an additional term in 

1NLU  which includes 
exceptionally terms of second order in .  
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Comparing this with the expression of 
2NLU∆  in (7.78) shows that (7.93) is a part of 

the former provided with an opposite sign and cancels it. This can be verified further 
by evaluating (7.93) to give  
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Taking the first variation an integrating by parts yields  
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Now, it is easy to see the cancelling terms both in the integral and boundary terms as 
compared to the underlined terms in (7.83). The potential of the external loads will 
include also additional terms due to the improved kinematics taking the expression  
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The part complementing this, denoted again by star, is  
 

* o o 21 1
2 2

0
( ) d

L

y y z zV p e p e xφ= +∫                                               (7.97) 

 
where  and y p v z p ve y y e z z= − = −  are the distances of the loading points from the 
shear center. This will directly be included in the final differential equation system 
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providing the system with the position factor of the external transverse load. The 
boundary conditions corresponding to these are  
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The corresponding modifications are also present in the expression of the total strain 
energy  
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The final expressions derived, both the differential equation system and the energy 
principle, form the basis to evaluate the critical load intensity for rather general 
stability problem of any one-dimensional beam. They are compatible with the 
equilibrium equations derived by using the fairly complicated tool of differential 
geometry in the general literature of structural stability. The procedure presented here 
is very systematic serving as an ideologically simple way to handle these problems.  
 
 

7.6.  Buckling of plates 
 
 
Buckling of plates is as a problem very similar to the flexural buckling of beams, but 
extended to two dimensions only. The procedure applied here follows rather exactly 
the one used above in beam analyses. The structure considered is a two-dimensional 
rectangular plate located in three-dimensional Cartesian space so, that x- and y-co-
ordinate axes coincide with the mid surface of the plate, and z is in the direction of the 
normal of plate. Linearly elastic material model is adopted, with the parameters ,E ν , 
the Young’s modulus and Poisson’s ratio, respectively. The thickness of the plate is h. 



The kinematics of the plate is given by applying the Love-Kirchhoff plate model, in 
which each normal is assumed to remain normal to the deformed mid surface of the 
deformed geometry. The displacement vector is thus  
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Here, the displacement components are ( , ), ( , ) and ( , )u u x y v v x y w w x y= = = , and 
the unit vectors in the direction of co-ordinate axes , ,i j k . The linear strain and rotation 
components are calculated again directly by applying the definitions (7.2) and (7.3) 
with 0z yz zxe e e= = =   
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resulting in the nonzero strains ( 0)yz zxγ γ= =  according to (7.7)  
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The simplification performed is based on the assumption that the rotation in the plane 
of the plate is small as compared to the rotations out of the plate in buckling. 
 
The expression of the strain energy  
 

o * o * o * o * *1 1 1 1
2 2 2 2( ) ( ) ( ) dx x x y y y xy xy xy z z

V

U U U Vσ σ ε σ σ ε τ τ γ σ ε = + = + + + + + + ∫  (7.104) 



can further be split to give   
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This is composed of three parts following the practice above as 
 

1 2L NL NLU U U U= + +                                          (7.106) 
 
in which LU  is the traditional strain energy expression due to linearised strains and the 
two  following ones, 

1
 andNLU  

2NLU , take into account both the non-linear terms of 
strain components and the initial stresses, i.e.   
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When deriving the expression for LU , the two dimensional linear elastic plane stress 
state as a material model is adopted. Then  
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Inserting this into the expression of the linearised strain energy gives 
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Incorporating still the linearised strains from (7.103) or (7.102), and denoting the 
bending stiffness of the plate by 3 2/12(1 )D Eh ν= − we get 
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Here, it is assumed that the integral 
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=∫ . The non-linear parts of the potential 

energy expression are simplifying to the form  
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where o o o o o o,   and ,x x y y xy xyN h N h N hσ σ τ= = = and consequently  
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The potential of the external load V acting on the plane of the mid surface of plate and 
including the volume forces and the loads on the edges of plate is  
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Here, S covers the area of boundary surfaces, and s is the co-ordinate, following the 
boundary mid-line. The notations o o o o o o o o, ,  , and  x x y y x x y yP p h P p h T t h T t h= = = =  for 
the loading components are adopted. When considering the term  
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taking the first variation  
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and integrating by parts gives  
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In the equilibrium this must vanish producing the equilibrium conditions of the initial 
state of the plate as 
 

oo
o

o o
o

0

0

xyx
x

y xy
y

NN P
x y

N N
P

y x

∂∂
+ + =

∂ ∂

∂ ∂
+ + =

∂ ∂

                                              (7.117) 

 
with initial boundary conditions  
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The boundary conditions can be expressed on any boundary generally by 
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with  and x yn n  the direction cosines of the normal of the boundary surface. We have 
still the terms  
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The first term in this equation concerns the initial state of the plate and will be 
dropped. The rest of (7.120) takes after variation the form 
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Integrating twice by parts simplifies the expression to  
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without boundary conditions. The disappearance of the surface integral gives the final 
homogeneous partial differential equation, which is  
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The boundary conditions on all edges of the plate appearing in integration by parts 
follow the plate theory of Love-Kirchhoff and can be given in the form  
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with  and x yV V  the Kirchhoff shear forces. These can be combined in boundary 
conditions in general form 
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Solving equation (7.123) with boundary restrictions (7.124) determines finally the 
critical intensity for the loading of a plate due to lateral buckling.  
 
The total potential energy formulation is actually in equation (7.120)  
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which has to be minimised in kinematically admissible deflection functions according 
to the energy principle.  
 
Example:  The problem is to find out the critical compressive load oT  for a plate 
shown with dimensions ( )a b×  and bending stiffness D. The plate is simply supported 
along the boundaries. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b

ToTo

~D~

a

x

y  



 
 
The differential equation for the problem takes the form  
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and the boundary conditions  
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The Navier’s solution for a plate with all edges simply supported fulfils the boundary 
conditions under consideration. It is 
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Inserting this into the differential equation yields a condition  
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This condition will be fulfilled when the expression in brackets disappears. From this 
we can solve the value for the compressive load, which is  
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We have to find out the minimum value for the load with respect to m and n. The 
minimum value for oT  is obtained with respect to m, when m=1, but for n, it must be 
calculated by differentiating. Thus it is obtained  
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Because n is an integer variable, the minimum value is obtained, when it will be taken 
as close to the value a/b as possible. If a/b is an integer, the minimum value is  
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The same problem can be handled by the potential energy formulation. Thus for 
example, a kinematically admissible basic set of functions to be used is 
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This fulfils the boundary conditions (0, ) ( , ) ( ,0) ( , ) 0w y w a y w x w x b= = = =  for the 
deflection of the plate. By incorporating this into the energy integral gives at first, the 
derivatives 
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and then  
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Taking the first variation and presuming it to disappear, gives  
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This results in the critical value of the load parameter 
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If a b= ,  the result is 2

o 44 /T D b= , which is 11.45% higher than above. 
 
If we still apply the set of functions 
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This will result in the equation 
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By differentiating with respect to the displacement parameter, it is obtained  
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which gives the exact solution to the problem.  
 

7.7. Buckling of arches and rings 
 
Buckling of beams curved in the plane, deviates from the previous ones through the 
analysis in curvilinear coordinates. The procedure applied here follows rather exactly 
the one used in beam analyses, but in the problem formulation, the derivatives of the 
unit vectors will be included. It will result in the equilibrium equations where the axial 
and bending analyses are coupled. Linearly elastic material model is adopted, with the 
parameters ,E ν , the Young’s modulus and Poisson’s ratio, respectively. The height of 
the arch is h, and it is assumed to be small as compared to the radius of the arch.  
The kinematics of the plate is given by applying the Euler-Bernoulli beam model, in 
which each normal is assumed to remain normal to the deformed mid surface of the 
deformed geometry. The displacement vector is thus  
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Here, the displacement components ( ) and ( ),u u s v v s= =  but also ( ) ands s s=e e  

( ).y y s=e e  In the continuation, the prime ( )′  denotes differentiation with respect to 
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Here, ˆ ˆ( , )x y  are the coordinates of the global Cartesian coordinate system. The 
derivatives of the unit vectors are  
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The linear strain and rotation components are calculated again directly by applying the 
definitions (7.2) and (7.3) with 0.y ys z yz zse e e e e= = = = =  In addition, we restrict the 
consideration to circular arches and rings when the radius R is constant. The only 
nonzero strain component is sε   
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The rotation components 0,s yω ω= =  and  
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So, we get for the strains  
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At the initial loading state, consisting only of centric axial compression and bending 

moment, the normal stress is 
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are zero. Following the same procedure as before, the incremental strain energy of the 
beam takes the form 
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When we take into account the linearly elastic material law 
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this will be  
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This is a sum of three parts as  
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with taking into account the initial stress distribution when  
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The potential due to the external loads in the axial direction is 
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Now, the total potential energy is composed of terms  
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If we consider at first the part  
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It is exactly the same as in the case of pure flexural buckling, and disappears when the 
initial structure is in equilibrium fulfilling the equation of equilibrium with boundary 
conditions 
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The disappearance of this expression is equal to the equilibrium of the initial state of 
the arch yielding in the differential equations and boundary conditions  
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This part of equation disappears when the beam in the initial state is in equilibrium. 
 
So, we have still left the equation  
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isTaking at first the first variation of the results in  
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By integrating by parts we get further  
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The differential equations obtained are thus  
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and corresponding boundary conditions at 0,x L=  
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This system of equations can be solved for the critical compressive load generally. If 
we multiply the equation by the factor 3 / ,R EI introduce the notations o 3 / zN R EIλ =  

and 2 / zR A Iρ = change the variable d dR sθ =   and assume still that o 0zM =  we get  
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By assuming now the displacements cos  and sinn nv A n u B nθ θ= = , the system of 
equations take the form 
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This gives for the loading parameter the value 4, corresponding to 2n =  when the 
critical load is o 34 / .N EI R=   
 



Another way to solve this system of differential equations is to use a symbolic notation 
for the derivative operator d / dD x=  when the system of equations can be written in 
the form  
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in which  
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Then, we can utilize the commutativity property of linear differential operators 
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Thus we get a sixth order ordinary differential equation  
 

(6)(2 ) (2 ) 0v v v vρ ρ λ ρ λρ′′′′ ′′− − + + + =                                 (7.153) 
It includes only even order of derivatives and results thus in a polynomial of third 
order as the characteristic equation.  
 
 

7.8. Buckling of shells of revolution 
 
Buckling of shells of revolution is actually a one-dimensional problem. The procedure 
applied here follows rather exactly the one used in beam analyses, but in the problem 
formulation, the derivatives of the unit vectors will be included. It will result in the 
equilibrium equations where the membrane and bending analyses are coupled. Linearly 
elastic material model is adopted, with the parameters ,E ν , the Young’s modulus and 
Poisson’s ratio, respectively. The thickness of the shell is h, and it is assumed to be 
small as compared to the radii of the arch.  
The kinematics of the shell is given by applying the Love-Kirchhoff shell or plate 
model, in which each normal is assumed to remain normal to the deformed mid surface 
of the deformed geometry. The displacement vector is thus  
 

u e e( , ) ( ) ( ) ( ) ( ) ( )ϑ ϑ θ ϑ ϑ ϑ ϑφ ϑz u z w z= − +                         (7.154) 

 
Here, the displacement components ( ) and ( ),u u s v v s= =  but also ( ) ands s s=e e  

( ).sφ φ=e e  In the continuation, the prime ( )′  denotes differentiation with respect to 
the coordinate s.  
 
The linear nonzero strain components in a shell of revolution exposed to axial 
symmetric loading are 
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These will be simplified in the case of cylindrical shell to the form with the relations 
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In addition, the rotation term zω  is the only nonzero, while 0sφω ω= =  
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The total expressions for the strains are  
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The expression of the strain energy  
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can further be split to give   
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This is composed of three parts following the practice above as 
 

1 2L NL NLU U U U= + +                                          (7.157) 



 
in which LU  is the traditional strain energy expression due to linearised strains and the 
two  following ones, 

1
 andNLU  

2NLU , take into account both the non-linear terms of 
strain components and the initial stresses.   
 
When we take into account the linearly elastic material law 
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Inserting this into the expression of the linearised strain energy gives 
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Incorporating still the linearized strains from (7.103) or (7.102), and denoting the 
bending stiffness of the plate by 3 2/12(1 )D Eh ν= − we get 
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The non-linear parts of the potential energy expression are simplifying to the form  
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where o o o o o o,   and ,x x y y xy xyN h N h N hσ σ τ= = = and consequently  
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The potential of the external load V acting on the plane of the mid surface of plate and 
including the volume forces and the loads on the edges of plate is  
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Here, S covers the area of boundary surfaces. The notations o o o o, and x x x xP p h T t h= =  
for the loading components are adopted. When considering the term  
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taking the first variation  
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and integrating by parts gives  
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In the equilibrium this must vanish producing the equilibrium conditions of the initial 
state of the plate as 
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with initial boundary conditions  
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We have still the terms  
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The first term in this equation concerns the initial state of the plate and will be 
dropped. The rest of (7.120) takes after variation the form 
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Integrating twice by parts simplifies the expression to  
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The disappearance of the surface integral gives the final system of two homogeneous 
ordinary differential equations  
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By utilizing the first equation, the final formulation for the buckling of a cylindrical 
shell will be obtained 
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Here, the negative sign of the compressive load is taken into account. 
The principle of minimum potential energy is obtained from the expression  
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	in which   are the displacement components in x- and y-direction, and the rotation of each normal follows the slope of the beam axis. Calculating now the strains, using  and , gives just two non-zero components, while
	in which   are the three translation components in the directions of the co-ordinate axes, and the angle of twist, and  is the sectorial co-ordinate. Co-ordinates  define the location of the shear centre of the cross-section. Calculating now the strai...

