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FOREWORD

Stability is a fascinating topic in solid mechanics that has its roots in the celebrated
Euler column buckling problem, which first appeared in 1744. Over the years advances
in technology have led to the study of ever more complicated structures first in civil and
subsequently in mechanical engineering applications. Aerospace applications, most notably
failure of solid propellant rockets, led the way in the 1950s. Problems associated with
materials and electronics industries came on stage in the 1970s and 1980s, starting with
instabilities associated with thin films and phase transformations in shape memory alloys
(SMA’s), just to name some of the most preeminent examples. In a parallel path, starting in
the late 19th century, mathematicians studying nonlinear differential equations, developed
the concept of a bifurcation (term coined by Poincare) and created powerful techniques to
study the associated singularities. They have also recognized the close association between
bifurcation and symmetry in structures. It was for Koiter, beginning with his famous thesis
in 1945, to connect the two communities.

Amazing progress has been made since the early days of structural buckling problems
and continues to be made in this field, with applications ranging from atomistic to geological
scales. With the advent of new materials, the number of applications in this area continues
to progress with an ever increasing pace, making it a challenge to present a first course in
this topic within the short time available in one semester. The notes that follow are the
first attempt to present a comprehensive, modern introduction to the subject of stability of
solids. Given the time constraints, only equilibrium configurations of conservative systems
will be considered here. These notes start with the introduction of the concepts of stability
and bifurcation for conservative elastic systems through finite degree of freedom examples.
They continue with the general theory of Lyapunov-Schmidt-Koiter (LSK) asymptotics,
followed by examples from continuum mechanics. The presentation subsequently addresses
the issue of scale in the stability of solids. In particular the relation between instability at
the microstructural level and macroscopic properties of the solid is studied for several types
of applications involving different scales: composites (fiber and particle-reinforced), cellular
solids and finally SMA’s, where temperature- or stress-induced instabilities at the atomic
level have macroscopic manifestations visible to the naked eye.

These notes are intended as a complement to lectures given in class. A first draft of these
notes was started a long time ago, during my sabbatical leave at the Ecole Polytechnique in
1987. As a researcher in this field, I have learned a lot during the years and for countless
times I kept adding, subtracting and modifying. Since better is the worst enemy of good,
no comprehensive set of notes has ever been compiled for more than twenty years. Since I

recently joined the faculty of the Ecole and wanted to give a new course in this fascinating
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subject, I finally had to write a set of course notes. I expect that with kind help these notes
will soon be completed and relieved from the many mistakes that this first draft inevitably
contains (the unbounded kindness of the reader for these deficiencies is greatly appreciated).
However, and much more importantly, I hope that this course transmits to the students my

enthusiasm about this exciting and vibrant field of solid mechanics.

Nicolas Triantafyllidis, Paris FRANCE, December 2010.



Chapter A

STABILITY AND BIFURCATION -
EXAMPLES AND THEORY

Of interest in this chapter is the development of a general theory for the bifurcation and
stability of solids. The issues of bifurcation in the equilibrium solutions of nonlinear solids
and their stability are closely linked. In addition the stability of the equilibrium solutions
near bifurcation points are of great importance to engineering applications. In the first
two sections the notions of stability and bifurcation will be introduced with the help of
simple finite d.o.f. examples. In the third section the general theory for the bifurcation and
stability of the equilibrium solutions of nonlinear elastic systems (discrete or continuum) will

be presented.
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AA STABILITY OF EQUILIBRIA: DEFINITIONS AND EX-
AMPLES

The first issue to be addressed in this section is the stability of equilibrium solutions in
discrete, nonlinear systems. Following the definition of stability, the two most useful general
methods for stability analysis, i.e. the linearization method and Lyapunov’s direct method,
will be presented along with some simple examples. In addition the case of conservative
systems with finite degrees of freedom will be discussed and the energy criterion will be

introduced.
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AA-1 STABILITY OF AN EQUILIBRIUM - DEFINITIONS

Consider a mechanical system defined by a finite set of real numbers p = (pi,p2,--- ,pn) *
where p € R". The motion of the system is described by p(t) and is governed by a set of

evolution equations, with respect to time ¢, of the form:
p=1f(p,t); in component form: p; = f;(p,t), i=1,---,n. (AA-1.1)

Here a superimposed dot () = d( )/dt denotes the differentiation with respect to time ¢. In

addition to the evolution equations, one has also to supply the initial conditions at ¢t =0
p(0) = po. (AA-1.2)

By definition, the system is said to be in equilibrium at p. if the constant (independent of
time) vector p. satisfies the evolution equation Eq. (AA-1.1) for all times ¢, i.e. f(p.,t) = 0.

Of interest is the notion of stability of an equilibrium solution. Intuitively, an equilibrium
solution is stable if small initial perturbations will generate only small perturbed motions
away from it which will remain small for all time. A classical illustration of this concept is
given in Fig. AA-1.1, where a ball, under the influence of gravity, is at equilibrium at the
bottom of a well or the top of a ridge. The stable equilibrium corresponds to the ball sitting
at the bottom of the well, since a small deviation from this position induces small amplitude
oscillations about equilibrium. The unstable equilibrium corresponds to the ball resting at
the top of the ridge, since a small deviation from the equilibrium position leads to the ball’s

falling away from the top.

STABLE UNSTABLE

Figure AA-1.1: Intuitive explanation of stability.

In mathematical terms, the stability definition can be stated as follows: Given any small
number e > 0, there exists a number n(¢) > 0 such that if the initial conditions are within 7

from equilibrium, the subsequent motion for all time ¢ > 0 is within ¢ from equilibrium
Ve >0 In(e) > 0 such that : || p(0) —pe [<ne) = |p{)—pel<e (AA-1.3)

where || - || denotes the usual Euclidean norm. For the discrete case considered here the

norm choice is inconsequential since all norms are equivalent to the Fuclidean norm in finite

INOTE Here and subsequently bold symbols are used for vectors or tensors and script symbols for scalars.
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dimensional spaces. From the above definition of stability, it is also clear that stability is
a local property, since one deals only with small initial perturbations from the equilibrium
state in consideration.

A stronger concept of stability, i.e. one that implies Eq. (AA-1.3), is that of an asymp-
totically stable equilibrium, which states that for an adequately small initial perturbation,

the perturbed solution tends, for an adequately large time ¢, to the equilibrium state

dn > 0 such that: || p(0) —pe [|<n = tﬁn p(t) = pe- (AA-1.4)
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AA-2 LINEARIZATION METHOD OF STABILITY

According to this general method, the governing equations Eq. (AA-1.1) are linearized near
the equilibrium solution p.. The analysis of the resulting linearized system is the basis for

the study of its stability. The method proceeds in three steps:

e i) Linearization of the evolution equations about p..
e ii) Stability analysis of the linearized perturbed motions.

e iii) Justification of the results with respect to the actual motion of the initial system.

In the interest of simplicity, it will be assumed here that the the system’s motion does

not depend explicitly on time, i.e. 9f/dt = 0.
e i) The Linearization of Eq. (AA-1.1) gives
Ap = AeAp; Ap=p(t) —p., A= (0f/0p)p., (AA-2.1)

where e denotes the contraction of 9f/dp and Ap, i.e. (AeAp); = X7 (3fi/9p;)Ap;. Notice
that the matrix A is constant and recall that f(p.) = 0.

e ii) The stability of the linearized system (called autonomous since A does not depend
on time t) depends on the real part of the eigenvalues a; of A. Lyapunov’s theorem states

that the linearized system is

a) stable, if R(a;) <0, Vi 1 <i<n
b) unstable, if 3i, R(a;) >0

The proof of this statement is straightforward and based on the fact that the solution of
the linearized system Ap = AeAp is given by Ap(t) = exp(tA) e Ap(0). Since the solution Ap(t)

is a linear combination of the functions exp(ta;), the above theorem follows.

e iii) The justification of the stability criterion with respect to the actual motion of the
initial system comes next. More specifically we will show that if R(a;) <0, Vi 1 <i < n, the
perturbation Ap(t) is asymptotically stable. The proof requires an additional assumption
about g(Ap), the remainder from the linear expansion of f about the equilibrium state p.,
defined in Eq. (AA-2.1). It is assumed that for small || Ap ||, the remainder grows faster than
linearly, i.e.

g(Ap) =o(| Ap ), g(Ap)=f(p.+ Ap)— AeAp, (AA-2.2)

and works as follows: From the hypothesis that all eigenvalues of A have strictly negative

real parts, one can find constants ¢ > 1, a > 0 such that

|| exp(tA) ||I< cexp(—at), Vt>0 (AA-2.3)
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Also following the hypothesis about the growth of the remainder in Eq. (AA-2.2), one

can always find a small positive number ¢ > 0 such that
|aplise = le@p)li< 4 lap] (AA-2.4)
It will first be shown that
I 2p0) <5, = [Ap@)[<e. (AA-25)

The proof works by contradiction, in which case by time continuity of Ap(t), one could
find a time t. such that

| Ap(t) I=c | Ap@) l<e, 0<t<t. (AA-2.6)

The general expression for the solution of Eq. (AA-2.1) can be shown (by direct substitution)
to be

t
Ap(t) = exp(tA) e Ap(0) + / exp|(t — s)A] e g(Ap(s))ds (AA-2.7)
0
Taking the norm of both sides of Eq. (AA-2.7) and using of the inequalities in Eq. (AA-
2.2) - (AA-2.4) one obtains the following estimate

te
I Ap(te) ||I< %exp(—atg) + c/o exp[—a(te — s)]%ads == (AA-2.8)

57
which is a contradiction of Eq. (AA-2.6).

Taking norms of both sides of the solution for Ap(¢) in Eq. (AA-2.7) and recalling the
second inequality in Eq. (AA-2.4) one obtains the following estimate

t
4 / exp(as) || Ap(s) || ds, VYt > 0. (AA-2.9)

explat) || Ap(0) < 5+ 5 |

The last piece of the proof follows by rewriting the above inequality Eq. (AA-2.9) in terms

of an auxiliary function F(t)

E(t)— SF(t) <

t
: % vt > 0; F(t)E/eXp(as) | Ap(s) | ds. (AA-2.10)
0

Multiplying both sides of the above equation Eq. (AA-2.10) by exp(—at/2) and integrating

in the interval [0,¢] one obtains the following inequality for F(t)
F(t) < 2[exp(at/2) —1], (AA-2.11)
which combined with the previous inequality for F(t) in Eq. (AA-2.10) yields
() < %exp(at/2). (AA-2.12)

By substituting in Eq. (AA-2.12) the definition for F(¢) from Eq. (AA-2.10) one finally
has
| Ap(t) ||I< %exp(—at/2), vt > 0, (AA-2.13)
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thus proving the asymptotic stability of the system.

A word of caution: It is always possible to linearize any system. For the case of au-
tonomous systems, it is not difficult to find the eigenvalues of A and check stability of the
linearized perturbations. However, guaranteeing stability for the initial, nonlinear system is

not trivial, as we have seen. Without this final step, the stability analysis is incomplete.
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AA-3 LYAPUNOV’S DIRECT METHOD OF STABILITY

For certain mechanical systems, and especially the conservative systems or systems with
simple dissipative mechanisms (exactly the cases that are of interest in this work) the stability
issue can be assessed directly without the employment of a linearization process. The method
consists of finding a functional L(p(t)), termed Lyapunov’s functional since its independent
variable is the function p(t), and which in general depends on the history of the motion from

time ¢ = 0 up to the present time and which has the following properties:

e L(p(t)) is non increasing function of ¢:
dL/dt < 0. (AA-3.1)
e L(p(t)) is a measure of the distance from the equilibrium for each t:
L(p(t)) = ¢ | p(t) = pe |I* - (AA-3.2)
e L(p(0)) is a measure of the initial perturbation at ¢ = 0:
L(p(0)) < d | p(0) - pe ||, (AA-3.3)

where ¢ and d are arbitrary positive constants and p(t) satisfies the evolution equations
Eq. (AA-1.1).

The existence of such a functional ensures the stability of the equilibrium solution p..
Indeed from Eqs. (AA-3.1) - (AA-3.3) one has:

|l p(t) —pe I°< L(p(t)) < L(p(0)) < d || p(0) — pe |I%, (AA-3.4)

which ensures that the inequality || p(t) — p. ||< ¢ is satisfied if 5 is chosen to be n? < ce?/d

thus ensuring stability according to the definition given in Eq. (AA-1.3).
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AA-4 FINITE D.O.F. EXAMPLES

Analyzing the finite d.o.f. examples given here will need some elements of Lagrangian me-
chanics. It will be assumed that the mechanical system in question can be fully described by
m = n/2 generalized displacement coordinates q = (q1, g2,..., ¢m), While the system’s complete
d.o.f. consist of the generalized displacement coordinates q and their derivatives ¢. This way
we are consistent with the notation of subsection AA-1 by noting that p = (q,q).

It is assumed that the system has a kinetic energy K and an internal (elastic) energy €&.

The Lagrangian of the system is defined as their difference, i.e.
L=K-E&. (AA-4.1)

The system’s equation of motion takes the form

F= % <g—§> — g—g; in component form: F; = % <g—i> — 8_£ i=1,---,m (AA-4.2)

where F;(q,q)? are the generalized external forces associated with the generalized coordinate
¢i- As mentioned before, the second order system of Eqs. (AA-4.1) - (AA-4.2) is amenable
to the general first order form considered in Eq. (AA-1.1) by defining p = (q, ).

y

A

Figure AA-4.1: Two-bar model with follower force.

To illustrate the linearization method of stability for the study of finite degree of freedom
mechanical systems, one can consider the mechanism in Fig. AA-4.1. Two rigid bars OA

and AB each of length 2¢ have a mass m attached to their respective mid points A’ and B’.

2NOTE For the case of conservative systems, the external forces are derivable from a potential, which can be added to the
internal (elastic) energy. In this case F; = 0 and & is the system’s total (potential) energy
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Two identical torsional springs of stiffness k are attached at the frictionless hinges O and A.
The system is loaded by a follower force of magnitude X\ acting always on the direction of
the rigid bar AB. The two degrees of freedom ¢, and ¢, are the angles between OA, AB and
the Oy axis respectively.

The system’s kinetic energy K is given by:

1 1 1 . . . .
K= 3 mvi, + 3 mvi, =3 m(f,, orf,, +1, o1, ) (AA-4.3)
where the position vectors of points A’ and B’ are:
r,, = (asing)i+ (acosq)j
(AA-4.4)

r,, = (2asing; + asings)i+ (2acosq; + acos g2)j
By using Eq. (AA-4.4) into Eq. (AA-4.3) the total kinetic energy of the system is:

5 . 1,. ..
K = ma® [§(Q1)2 + 5((12)2 + 24142 cos(q1 — q2)] (AA-4.5)

For the calculation of the external forces, one can proceed through the principle of virtual
work. Consequently

=) (singy i+ cosqs j) @ dr, = F1dq1 + F2qo (AA-4.6)

Since from geometry the position vector of point B is found to be:
r, =2a [(sin q1 +sin q2)i+ (cos q1 + cos g2)j] (AA-4.7)
which combined with Eq. (AA-4.6) gives for the generalized external forces F; and Fy:
Fy = 2aXsin(g1 — ¢z) , Fo =0 (AA-4.8)
The system’s internal energy & is the elastic energy stored in the springs at O and A
£ = Sha)? + 5kar - @)’ (AA-49)

Consequently, by employing Eqgs. (AA-4.9), (AA-4.8) and (AA-4.5) into Eq. (AA-4.2)
one obtains the following nonlinear equations governing the motion of the mechanism in
Fig. AA-4.1:

2kqy — kqa — 2aXsin(qy — q2) + ma?[5d; + 22 cos(q1 — q2)

—2G2(¢1 — G2) sin(q1 — q2) + 2¢1d2 sin(q1 — q2)] =0,
(AA-4.10)

—kq1 + kgz + ma®[Ga + 241 cos(q1 — q2) — 241 (g1 — G2) sin(q1 — g2)
—2qlq.2 sin(q1 - QQ)] =0.
It is not difficult to see that q(t) = 0 = q. is an equilibrium solution. To investigate its
stability, one obtains from the linearization of Eq. (AA-4.10), i.e. by substituting q(t) =
Aq(t) +q. into Eq. (AA-4.10) and keeping only the linear terms in Aq

5 2}, KE[2k—2a/\ 2a\ — k

. N _ 2
MeAg+KeAq=0; M=ma [2 1 _ 3

(AA-4.11)
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In Eq. (AA-4.11), M is the structure’s mass matrix and K is the structure’s stiffness

matrix. The solution of the above, constant coefficient linear system is:

4
Aq(t) = > AQ' exp(sst), (AA-4.12)

I=1
where AQ’ are constants and s; are the four roots of the characteristic equation which results
by substituting Eq. (AA-4.12) into Eq. (AA-4.11), namely

det[M(s;)> + K] =0, = m2a*(s;)* + ma*(11k — 6a\)(sy)? +k* =0, [ =1---4. (AA-4.13)
The study of the four roots of Eq. (AA-4.13) yields the following results:

o If A\ <3k/2a, then R(s,) =0, (I =1,2,3,4), i.e. all four roots of the biquadratic are purely
imaginary. The linearized system is stable.

o If 3k/2a < X\ < 13k/6a, then R(s,) >0, I(s,) #0, (I =1,2), i.e. two of the four roots of the
biquadratic have positive real part. Hence the linearized system is unstable. By definition
the instability where R(s,) > 0, S(s,) # 0 is called a flutter type instability.

o If 13k/6a < A, then R(s,) >0, S(s,) =0, (I =1,2,3,4), i.e. all four roots of the biquadratic
are real and positive. Hence the linearized system is unstable. By definition the instability

where R(s,) >0, S(s,) =0 is called a divergence type instability.

When 0 < X\ < 3k/2a, any initial perturbation produces a constant amplitude periodic
motion in the linearized system, since no dissipation is considered. Consequently the system
is not asymptotically stable according to the definition in Eq. (AA-1.4). If a small linear
viscous damping is introduced, a viscous term C e Aq — where C is a small positive definite
viscosity matrix — is added to the linearized perturbation Eq. (AA-4.11). Consequently one
can show that for A < 3k/2a all roots have negative real parts, i.e. R(s,) <0, (I =1,2,3,4) and
hence that the more realistic, linearized viscous system is also asymptotically stable.

Some final remarks are in order for the mechanism in Fig. AA-4.1. In view of its follower
force loading, a potential energy does not exist, i.e. external forces cannot be derived from
a potential, and the only equilibrium solution is the trivial one q;(t) = ¢2(t) = 0.

The second example to be studied is one that does have a potential energy. For this a
small change of the external loading of the mechanism in Fig. AA-4.1 is considered, namely
a load X\ acting in the -j direction as shown in Fig. AA-4.2. The only change in the model

pertains to the generalized external forces F; and F, which in this case are:
(=Aj)edr, = Fidq + Fadqe (AA-4.14)
which in conjunction with Eq. (AA-4.7) yields for the external forces:

Py =2aXsing;, Fy = 2alsing (AA-4.15)
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\4
P

Figure AA-4.2: Two-bar model with conservative force.

Consequently from Eqs. (AA-4.1), (AA-4.2), (AA-4.5), (AA-4.9) and (AA-4.15), the cor-

responding nonlinear equation of motion takes the form:
2kq1 — kqa — 2a)sin g1 + ma?[5¢ + 2¢2 cos(q1 — q2)

—2G2(41 — G2) sin(q1 — g2) + 2¢1G2sin(q1 — g2)] =0

(AA-4.16)
—kq1 + kg2 — 2aXsin gz + ma®[G2 + 241 (1 — g2) cos(q1 — q2)
—241(¢1 — ¢2) sin(q1 — q2) — 2412 sin(q1 — g2)] =0

One can easily verify that ¢:(t) = ¢2(t) = 0 is again an equilibrium solution. Upon lineariza-
tion, one obtains from (AA-4.16):

Me Ag+ Ke Aq = 0; Mzma2[5 2}, KE[Zk_2a/\ —k

2 1 —k kE—2a\ |’ (AA-4.17)

which is similar to Eq. (AA-4.11), save for a new stiffness matrix K. Once again, the solution
to the above constant coefficient linear system is given by Eq. (AA-4.12), thus leading to the

following characteristic equation for s;

det[M(s;)> + K] =0, = m?a*(s;)* + ma®(11k — 12a\)(s7)? + k? — 6a\k +4a’N*> =0, [ =1---4.
(AA-4.18)
It is not difficult to verify that:

o If A < (3—+/5)k/4a, then R(s,) =0, S(s,) #0, (I =1,2,3,4) and hence the linearized system

is stable.
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o If 3—VB)k/da < X\ < (3+V5)k/4a, then R(s,) > 0, J(s,) =0, (I = 1,2) and hence the
linearized system exhibits a divergence type instability.
o If (34+VB)k/4a < A\, then R(s,) >0, I(s,) =0, (I =1,2,3,4) and hence the linearized system

again exhibits a divergence type instability.

When 0 < X < (3—+/5)k/4a, any initial perturbation produces a constant amplitude periodic
motion in the linearized system, since no dissipation is considered. Consequently the system
is not asymptotically stable according to the definition in Eq. (AA-1.4). If a small linear
viscous damping is introduced, a viscous term C e Aq — where C is a small positive definite
viscosity matrix — is added to the linearized perturbation Eq. (AA-4.17). Consequently one
can show that for A < (3—+/5)k/4a all roots have negative real parts, i.e. R(s,) <0, (I =1,2,3,4)
and hence that the more realistic, linearized viscous system is also asymptotically stable.

Some final remarks are in order for the mechanism in Fig. AA-4.2. In view of its fixed
direction loading, a potential energy does exist, i.e. external forces can be derived from a
potential. Moreover, for loads 0 < A < (3 — v/5)k/4a, it can be shown that the equilibrium
solution q. = 0 minimizes the system’s potential energy &, which is the sum of the internal

(elastic) energy in Eq. (AA-4.9) and the potential energy of the applied load (—\j)erp, namely

1
E==kiq)*+ 3 k(g1 — q2)? + 2Xa(cos g1 + cos ga). (AA-4.19)

N | =

It follows from Eq. (AA-4.19), by taking the second derivative of & with respect to q on
the equilibrium state q. that

0%E }
— K, AA-4.20
L%laq @ ( )

where K is the linearized conservative system’s stiffness matrix defined in Eq. (AA-4.17). It
can easily be checked that for loads 0 < A\ < (3 — v/5)k/4a, the stiffness matrix K is positive
definite, thus showing that loads for which the linearized system is stable, also minimize the
structure’s potential energy. The connection found in this example between stability and
minimization of potential energy, is a general property of conservative systems and will be

discussed in a more general setting in the next subsection.
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AA-5 ENERGY CRITERION OF STABILITY

By definition, a conservative system is a system with a constant total energy which, for the
case of the mechanical systems considered here, means that the sum of its potential energy
& and its kinetic energy K is a constant. We will show that for a finite d.o.f. conservative
system, stability of an equilibrium is equivalent to minimization of the potential energy by
the equilibrium solution in question. To achieve this, we will show that if an equilibrium
solution q. minimizes the potential energy of a system, then one can define a Lyapunov
functional by

L(p) =&(a) + K(a,q) — €(qe), P=(q,9). (AA-5.1)

The above defined functional is a constant (since the system is conservative) and hence
non-increasing, thus satisfying the first requirement for a Lyapunov functional according to
Eq. (AA-3.1).

The fact that &£(q.) is a strict local minimum of the function &€(q) implies the existence
of a constant ¢; such that £(q) — €(qe) > c1 || a—qe ||? (e > 0). For any realistic system the
kinetic energy K > 0, being a sum of squares of velocities, implies that £ > co || q ||? (c2 > 0)

and hence one can find ¢ > 0 such that:
g(q) - g(Qe) + K(Qa q) Z c H (q — QYe, q - QE) ”2: c ” P — Pe ||23 (AA—52)

hence ensuring the second property required of a Lyapunov functional according to Eq. (AA-
3.2).

Similarly, the continuity of £(q) as well as the finite dimensionality of the space of q ensure
a d; > 0 such that £(q) — &£(q.) < di || g — qe ||?> while for the kinetic energy K one can also find
a dy > 0 such that K(q,q) < ds || ¢ ||*>. Consequently, and for the same reasons as before one

can find a d > 0 with the property:
E(@) —&(qe) +K(q,q) <d |l q—ae,a— @ [*>=d || p—pe ||, (AA-5.3)

thus ensuring the third property of a Lyapunov functional according to Eq. (AA-3.3) when
above inequality is evaluated at t =0

The above discussion proves that a local minimum of the potential energy at equilibrium
is a sufficient condition for stability, a statement which is known in the literature under the
name of Lejeune-Dirichlet (or minimum potential energy) stability theorem.

For the case of finite d.o.f. conservative systems, the strict minimum of the potential
energy is also a necessary condition for stability. It is not difficult to see that if q. is not a
minimum of the potential energy £(q) then in view of the energy conservation £(q.) — £(q) =
K(q,¢q) > 0 for some q in the neighborhood of q.. Moreover if the initial perturbation is
q(0) # 0,¢(0) = 0 with || q(0) ||< n for any small 5, one can show that || p — p. | will be an

increasing function of time in view of the energy conservation equation mentioned above,
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thus proving instability. Consequently, (assuming appropriate continuity conditions), for a
finite d.o.f., conservative system to be stable, a local minimum of the system’s energy &£ at

an equilibrium state p. is equivalent with:

[ 0%E

positive definite AA-54
aqaq] a© ( )

The above necessary and sufficient criterion for stability in finite d.o.f. conservative
systems will be employed in the rest of this work for the stability discussion of all discrete
elastic systems. A generalization of the above criterion for continuous conservative systems
will be discussed subsequently. It is interesting to note that although the criterion of stability
is a dynamical concept and involves the equations of motion and hence the mass distribution
in the system, for the case of conservative systems it has just been shown that the stability
criterion involves only the properties of the potential energy, thus considerably simplifying

the task of stability investigations.
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AB BIFURCATION CONCEPTS AND FINITE D.O.F. SIMPLE
EXAMPLES

In this chapter the notion of a bifurcation in the solution of a nonlinear system is presented

and illustrated by means of simple examples that permit analytical solutions.

A
1

principal solution

bifurcated solution

4
=

Figure AB-0.1: Schematic representation of a bifurcation.

The concept is explained with the help of Fig. AB-0.1. Assume that we want to solve the

nonlinear system (representing the equilibrium of a finite d.o.f. structure)
fu, \) = 0, (AB-0.1)

where u € R™ are the system’s unknowns (typically displacements) and A a scalar parameter
characterizing the system’s load. To indicate that the system’s d.o.f. are time-independent,
from here on use the symbol u instead of p that has been used before. Since we deal here
with conservative systems that have a potential £, the above equilibrium equations are the
stationarity conditions for £, namely:

0&(u, \)
Jdu

We are interested in the solutions u(\) of Eq. (AB-0.1) as functions of the load parameter

f(u,\) =

=& (AB-0.2)

A. One solution, termed “principal ” solution is the (usually straightforward) solution of
Eq. (AB-0.1) which starts at zero load with u=0 at A = 0. Due to the system’s nonlinearity
the principal solution is not necessarily unique and as the load increases away from zero
there is a certain point in the load versus displacement graph shown in Fig. AB-0.1 where
another solution, termed “bifurcated’ solution (in view of the fork shape of the graph) emerges

at point (A, u.) termed respectively “critical 7 load and displacement.
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principal
solution

bifurcated solutions

B
»

u

Figure AB-0.2: Schematic representation of a multiple bifurcation.

A rigid T model with two degrees of freedom will provide the example of a “simple bifurca-
tion” , the case where just one branch emerges from the principal path, as seen in Fig. AB-0.1.
Many applications exist where several equilibrium branches emerge from the principal path,
in which case we talk about a “multiple bifurcation”, a situation depicted in Fig. AB-0.2. As
such an example the study a rigid plate with three degrees of freedom will provide the
example of a multiple (double) bifurcation.

An important feature of bifurcation is that it is non-robust, i.e. changes its character,
under perturbations. By means of the simple examples introduced here, it will be shown
that the bifurcation point either becomes a limit load (or limit point) (see Fig. AB-0.3) or a

bifurcation point of lower order in the presence of imperfections.

A
1

Limit load

principal
solution

v
=

Figure AB-0.3: Schematic representation of a limit point.

Finally to illustrate the concept of a limit load, a two bar truss model is presented.
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AB-1 PERFECT RIGID T MODEL

To illustrate the concept of bifurcation, we use a two degrees of freedom rigid T model shown
in FIG. AB-1.1. For the perfect model the part OC of length L is attached perpendicularly
to the middle of the segment AB of length 2/. The midpoint O of the segment AB can only
move vertically by a distance v while the entire structure can rotate about O by a small angle
. Two identical, vertical linear springs with restoring force f proportional to their change of
length d, (f = —Ed, E > 0, are attached to ends A and B. At the end C a horizontal nonlinear
spring is attached, with a force-displacement relation given by F = —[kd + md? + nd®]. The

structure is subjected to a vertical load A >0 at C.

dC
—>
C A
A lA
1C
01
L -=§f
]
]
]
i
O
d A % B
AV A — lv d
. R B
OT —— B’

Figure AB-1.1: Perfect rigid T model.

From kinematics d4, dp, the vertical displacements at points A and B, d¢, A the horizontal

and vertical displacements at point C, are:

92
da=v—10, dp=v+10, dc=1L10, A:v—l—L(l—cos@)zv—l—L?, (AB-1.1)

where the dependence of all the displacements on 6 are correct up to O(6?).

The total potential energy £ of the system, consisting of the energies stored in springs at
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A, B and C, plus the potential energy of the applied load, is found to be:

(LO* — X [v+ Le—;]. (AB-1.2)

m

3

n

E(v,0,7) = E[v* + (16)°] + § (LO)? + 1

(LO)? +

Extremizing € with respect to the degrees of freedom v and 6, one obtains two equilibrium
equations (respectively, the force equilibrium along the vertical direction and the moment

equilibrium about point O, as one can also verify by direct calculations)

Ev=2FEv—\=0,

(AB-1.3)
£ = (2EI? + kL?)0 + mL302 + nL*63 — A\L6 = 0.
One solution to the above system is obviously:
0
D(\) = \/2E,  0(\) =0, (AB-1.4)

which is the principal solution, for it satisfies equilibrium at the unloaded state, i.e. for A =0
the displacements (v,6) = (0,0).
For 6 +# 0, the same system of equilibrium equations admits the solutions:
v(N) = \/2E, A=A +6?nL® if n#0, m=0, symmetric,
v(N) = \/2E, A=A +0mL? ifn=0, m#0, asymmetric, (AB-1.5)

where : \. = (2E1? + kL?)/L.

bifurcated brancl\
n>0

-

bifurcated branch

<— principal path principal path

(2) > 0 (b) > 0

Figure AB-1.2: Symmetric bifurcation of perfect rigid T model. Stable solutions are drawn in continuous
lines while unstable solutions are drawn in dashed lines.

The above solutions are the bifurcated solutions and pass at ¢ = 0 through the load
A = A, which, according to the definition at the beginning of this section, is the critical
load. The bifurcation shown for the symmetric case (m = 0,n # 0) in Fig. AB-1.2 where
the bifurcated branch emerges perpendicular to the principal branch is called “symmetric”’
bifurcation. The bifurcation shown for the asymmetric case (m # 0,n = 0) in Fig. AB-1.3,
where the bifurcated branch intersects the principal one at an angle different from a right

angle, is called “transverse” or “L)Lsymmet?"ic’7 bifurcation.
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Notice that for the symmetric bifurcation in Fig. AB-1.2, the load A of the bifurcated
solution is higher (if n > 0) or lower (if n < 0) than the critical load in the neighborhood of
Ae. The corresponding bifurcations are termed “supercritical 7 and “subcritical 7 respectively.
For the asymmetric bifurcation in Fig. AB-1.3, the load X of the bifurcated solution can be
either higher or lower than ). in the neighborhood of the critical load depending on the sign

of 6 and the corresponding bifurcation is called “transcritical ”.

bifurcated branch \'I bifurcated branch

’

~,
~
principal path

7 €—principal path

(@) > 0 (b) > 0

Figure AB-1.3: Transverse (or asymmetric) bifurcation of perfect rigid T model. Stable solutions are drawn
in continuous lines while unstable solutions are drawn in dashed lines.

An important feature of the problem is the stability of the different equilibrium paths.
According to the discussion in subsection AA-5, an equilibrium path is stable if it corresponds
to a local minimum of the system’s potential energy. For the conservative two degree of
freedom system here, a point v()),0(\) of an equilibrium path is a local minimum of the

energy if, according to Eq. (AA-5.4), the matrix &,,, defined below is positive definite:

ng 571}9 2F 0

£ uu = (AB-1.6)

Eov 00 0 (Ae— AL +2mL30 + 3nL*6?

It is not difficult to see from Eq. (AB-1.6) that the principal branch ¢ = 0 is stable
for 0 < A < A, and unstable for A > \. (since E > 0 and the positive definiteness of the
diagonal matrix &,4, is determined by the sign of €,p). For the symmetric bifurcation case
(m = 0,n # 0) substituting Eq. (AB-1.5) into Eq. (AB-1.6) one obtains £,¢ = 2(A—\.)L. Hence,
for the supercritical bifurcation where X > \. the bifurcated branch is stable, while for the
subcritical bifurcation where X\ < A., the bifurcated branch is unstable. For the asymmetric
bifurcation (m # 0,n = 0), the same reasoning as before leads to £,p9 = (A — A.)L which shows
that one part of the bifurcated branch is stable (the one with A > \.), while the other (in
which A < )\.) is not, regardless of the sign of m. In Fig. AB-1.2 and Fig. AB-1.3 the stable
equilibrium paths are drawn using a continuous line while the unstable equilibrium paths

are drawn using a dashed line.
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Since at any given load the system has several possible equilibrium paths, it is also of
interest to compare the energy levels associated with these different solutions.

Using Eq. (AB-1.4), Eq. (AB-1.5) into Eq. (AB-1.1) the total potential energy on the
principal branch, is found to be:

£ = —&A% (AB-1.7)

while the energy associated with each bifurcated branch is given by:

1, (A=) B
g__i,\2_w if m#0 =0 B
4B 6m2Ls TS T

Given a load level A\, one can see from Eq. (AB-1.8) that for a symmetric bifurcation
(m = 0,n # 0), the stable bifurcation branch of the supercritical case (n > 0) has less energy
than the principal branch, while for the subcritical case (n < 0) the situation is reversed. For
the asymmetric bifurcation (m # 0,n = 0) one observes that for loads A > A, the bifurcated
branch has lower energy than the principal branch, while for loads X\ < A. the situation is
reversed.

This simple example shows that for a given load level A, the minimum energy always
corresponds to the stable equilibrium solution (principal or bifurcated). Also note that for
the transcritical asymmetric or the supercritical symmetric bifurcation, one can always find a
stable equilibrium branch for any load level A\, while for the subcritical symmetric bifurcation

a stable equilibrium solution exists only for A < A..
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AB-2 IMPERFECT RIGID T MODEL

The introduction of an imperfection into the rigid T model investigated in the previous sec-
tion, provides the physically plausible mechanism which determines uniquely the structure’s
equilibrium path in a loading process starting from A = 0. Of all the many possible ways to
introduce an imperfection, the one considered here is geometric and is in the form of a slight
defect in the normality of the part OC to the part OA by angle §, as seen in Fig. AB-2.1.
All the other elements of the model (dimensions, stiffnesses of linear and nonlinear springs,
etc.) remain the same as in the perfect model. The imperfect model reduces to the perfect

model when the imperfection angle § = 0.

de
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Figure AB-2.1: Imperfect rigid T model.

The kinematics of the imperfect rigid T model are the same as for its perfect counterpart
(see Eq. (AB-1.1)), save for the vertical displacement A of point C, which, due to the small
values of the angles § and 4, is now given by

2
A = v+ Llcosd — cos(f + 9)] %U—i—L(% + 69). (AB-2.1)
The potential energy € of the imperfect system is:

E(v,0,),06) = E[v* + (16)%] + g(LG)Q + %(L@)?’ + %(L@)4 — v+ 1:(9—22 + 65)]. (AB-2.2)
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As expected the imperfect energy reduces to its perfect counterpart when the imperfection
vanishes, i.e. £(v,0,\,0) = E(v,0,\).
Extremizing £ with respect to the two degrees of freedom of the system v and 6, the two

equilibrium equations obtained are:

Ev=2FEv—A=0
(AB-2.3)
€= 2EI*> + kL?)0 + mL30*> + nL*0®> — AL(0 +3) =0

Recalling from Eq. (AB-1.5) that \. = (2EI? + kL?)/L, the solution of the above system is:
VN ) = 2B, A=[\O+n(L0P)/(0+5) i n£0, m=0,

(AB-2.4)
v(N\,0) = A/2E, X =[\O+m(LO)?]/(0+9) if n=0, m#£0.
and the results are depicted in Fig. AB-2.2 and Fig. AB-2.3.
A A
>0 i d<0 d>0"! 1 18<0
1
old-te {2
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n>0 n<0
> 0 >
(@ ” ; (b) ry ) 0

Figure AB-2.2: Equilibrium solutions for symmetric imperfect rigid T model. Stable solutions are drawn in
continuous lines while unstable solutions are drawn in dashed lines.

The most important observation made about the imperfect structure is the absence of
bifurcation. Notice in Fig. AB-2.2 and Fig. AB-2.3 that the equilibrium branches no longer
intersect as in the perfect case. Moreover, for a given value of the imperfection parameter §,
only one equilibrium branch passes through the initial, stress free state (v,0,\) = (0,0,0). The
behavior of this simple imperfect model is representative of what occurs in a real structure.
For values of the externally applied load parameter sufficiently lower than the perfect struc-
ture’s critical load ., the equilibrium solution of the real imperfect structure differs little
from the principal solution of the perfect one. For load values near the critical load . of the
perfect structure, the equilibrium solution of the imperfect structure deviates considerably
from the principal solution of its perfect counterpart, since it starts following one of the
perfect structures bifurcated equilibrium paths.

Only the equilibrium paths passing through the origin have a physical meaning, for they

are the ones accessible to the structure starting from rest (v,6,)) = (0,0,0). The other equi-



30 CHAPTER A. STABILITY AND BIFURCATION - EXAMPLES AND THEORY
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Figure AB-2.3: Equilibrium solutions for asymmetric imperfect rigid T model. Stable solutions are drawn
in continuous lines while unstable solutions are drawn in dashed lines.

librium paths cannot be reached in a continuing loading process starting from the unloaded
state.

The next important question to be addressed concerns the stability of the aforedescribed
equilibrium branches. Reasoning in a similar fashion as in the perfect case, an equilibrium
point v(\, ), (), 9) is stable if it is a local minimum of the system’s energy £, which according

to Eq. (AA-5.4), requires the matrix &,,, to be positive definite:

va ) Euv@
Eauu = _ _ =
5791) ; 8799
or equivalently (since E > 0) if €99 > 0. Two cases are distinguished:
In case m = 0,n # 0 substituting Eq. (AB-2.4); into the expression for £, in Eq. (AB-2.5)

one obtains &,gp = [nL*0%(20 + 35) + A\.L5]/(0 +6). When n > 0, E,99> 0 for all 0 if 65 > 0, and

E,00< 0 for |6] < |0] < 05, E,09> 0 for |0] < |6] or |9 > 6, if 66 < 0 where 6, is the positive root

28, 0
, (AB-2.5)

0, (Ae—A)L+2mL30 + 3nL6?

of 2nL3(05)% + 3nL3(05)%5 + A6 = 0 for § > 0. (It can easily be shown that only one admissible
root exists for adequately small §). When n < 0, £,49 < 0 for 6] > || and &,g¢ > 0 for || < |6] if
05 < 0 and &, > 0 for |0] < 0, £,99 < 0 for |0] > 0, if 66 > 0 where 0, is again the unique positive
root of the cubic equation 2nL3(6,)% + 3nL3(0s)%6 + A\.0 = 0 for § > 0.

It is interesting to notice that at 6 = 6, for § > 0 (or § = —6, for § < 0), the A — 6 curves
have an extremum of \. Indeed from (AB-2.4);:

d\ _ 2nL0° 4+ 3nL?0%6 + A6
o (0 + 6)?

(AB-2.6)

which shows that the extremum of X is reached for |9] = 6.
For the case m # 0,n = 0 substituting Eq. (AB-2.4), into the expression for €,y from
Eq. (AB-2.5) one obtains €,p = [mL30(6 +26) + \.L3] /(0 +5). When mé > 0, €,99 > 0 if 65 > 0 and
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E.00< 0 for |0 > |§] if 65 < 0 (assuming adequately small values of §). When ms < 0, €09 < 0
for |0] > 0% or |§] < 0] < 6% and E,99 > 0 for 0] < 6} or |§] > 62 where 6! > 0 and —6% < 0 are the
two roots of the quadratic mL2(0;)? + 2mL%0,0 + \.6 = 0 with 6! < 62.

Once more the points 6§ = ¢!, 62 for § < 0 and § = -2, 0! for 6 > 0 are the extrema of the

corresponding A — ¢ curves. Indeed from Eq. (AB-2.4), one has:

d\  mL?*0% +2mL2%06 + \.0
= 0107 (AB-2.7)

In Fig. AB-2.2 and Fig. AB-2.3 the stable equilibrium branches of the imperfect structure
are drawn using a solid line while the unstable equilibrium branches are drawn using a dotted
line.

Only for the case where the perfect structure exhibits a supercritical bifurcation (m = 0,n >
0) the (physically admissible) equilibrium paths of the corresponding imperfect structure are
stable for all possible values of the imperfection § (assumed small). In all the other cases
at least one (physically admissible) equilibrium path of the imperfect structure exhibits a
load maximum beyond which the equilibrium is unstable. Such an instability is called in the
literature a “snap through ” instability. The snap through instability that happens in realistic
imperfect structures explains the experimental observation that the critical load calculated
for the perfect structure is always higher than the one actually measured in a lab test.

Using Eq. (AB-2.4) in Eq. (AB-2.6) and Eq. (AB-2.7) evaluated at 6, one finds for A\, =

Als) — Ae:
AN =3nL3(05)? if m=0, n<0
(AB-2.8)
AN, = 2mL20, if m#0, n=0
For small values of §, by expanding Eq. (AB-2.6) and Eq. (AB-2.7) in terms of powers of §

one obtains the following expressions for 6, and A),:

_ 1 (A)V/3(—n)~1/3 1/3 2/3
0 = s S 0,
if m=0, n<0
AN = s LWV (52 + 0(19)
S 22/3 C
(AB-2.9)
A2 (= 5)-1/2
95 _ ( ) ( ’nfzsgn ) (Sgn 6) |6|1/2+O(|5|),
if m#0, n=0
AN, = —2L(A\)Y2(—m sgn 6)V2 6" + O(|4])
which shows that even a small imperfection § can account for a rather substantial load
reduction A\, given that A, is proportional to the fractional powers |s5]*/? or |5*/%.
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AB-3 PERFECT SQUARE PLATE MODEL

The perfect rigid T model examined in subsection AB-1 has only one bifurcated equilibrium
branch emerging from the principal path at A = A\.. This situation occurs in structures where
the matrix £, has a simple eigenvalue at the critical load ., as seen in Eq. (AB-1.6). Often
in applications one encounters structures whose €,,, matrix has a multiple eigenvalue at ..
In such structures one typically finds more than one bifurcated equilibrium emerging from

the critical load. This case is illustrated by the simple rigid plate model given below.
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Figure AB-3.1: Perfect rigid plate model.

The rigid square plate ABCD shown in Fig. AB-3.1 has dimensions 2! x 2I. A rigid rod
OG of length L is attached perpendicularly to the plate at its midpoint O. The center O of
the rigid plate can only move vertically by a distance v, while the entire structure can rotate
about the axes r and y by small angles ¢ and ¢ respectively. Four identical linear springs with
restoring force f proportional to their length change d, (f = —Fd) are attached to the ends A,
B, C, and D. At the end G two nonlinear springs are attached in the » and y directions with
corresponding force-displacement relations F, = —[kd, +m(d2+d2) +n(2d3 +6d2d, — 3d.d, +2d)]
and F, = —[kdy + 2md,d, + n(2d3 + 6d2d, — 3d,d2 + 2d3)] respectively, where d, = dg. and d, = dg,
are the two horizontal displacements of G. A vertical load X is applied on OG at point G
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and the corresponding vertical displacement of G is A.

From kinematics da, dp, dc, dp, the vertical displacements at points A, B, C and B,
dcz, day, A the horizontal and vertical displacements at point G, are for small values of
angles 6 and ¢ (again taking approximations that are correct up to 0(6?) and O(¢?)):

da=v+10—1p, dp=v+10+1p, dc=v—10+1p, dp=v—10—16,
. (AB-3.1)
dge = Lo, dgy =L, A=wv+L[1—(1—sin?0—sin®¢)/?] ~v+ 5(92 + ¢?).

The total energy & of the system, consisting of the energy stored in the springs and the
potential energy of the applied load, is found to be:

2 3
E(0.0.0.0) = 202 + P(0 + )] + (07 + 62) + Do (306 + %)
(AB-3.2)
nL* 4 3 2,2 3 4 L 2
g (20" +86°6 — 66°67 + 800° + 20") — Ao + (6% + 7).

By extremizing £ with respect to its degrees of freedom, the three equilibrium equations

of the system are:
Ep=4Ev—\=0,
E,9= (AEI%2 + kL2 — AL)0 4+ 2mL3¢0 + nL*(26° + 602¢ — 30¢* + 2¢%) = 0, (AB-3.3)
E.p=(AEI? + kL? — AL)¢ + mL3(¢* + 6%) + nL*(2¢> 4 6¢°0 — 366 + 26%) = 0.

The principal solution of the above system, i.e. the one passing at zero load A = 0 through
the origin (v,6,$) = (0,0,0) is:

0 0 0
V() = MAE,  0(\) = p(\) = 0. (AB-3.4)

For ¢ # 0, the same system of equilibrium equations has the following solutions:
N1: o(N) =M4E, 0(\) = o(N), A=A+ TnL3¢?

N2: v(A) =M4E, 0()) =—0(\), A=\ —9nL3¢?

m=20, n#0,
N3: o(\) = N4E, 0(\) =26()), A=A+ 18nL3¢?
N4: v(\) =M4E, 0\ =¢(N)/2, A=A+ (9/2)nL3$?
(AB-3.5)
M1: o(\) =A4E, 6(\) =0, A=A +mL2
M2: v(\) =MN4E, 0\) =o(\), A=A +2mL?%p m#0, n=0,

M3: v(\) =)NA4E, 0(\) = —¢(N), A= A\.+2mL%*¢

with A, = (4E1% + kL?)/L.
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N1 CUN3

Figure AB-3.2: Bifurcated solutions for symmetric perfect rigid plate model. Stable solutions are drawn in
continuous lines while unstable solutions are drawn in dashed lines.

Note that in the case m = 0,n # 0 four equilibrium paths go through the critical load
A = ). while for the case m # 0,n = 0 three equilibrium paths go through the critical load.
Also notice that all the bifurcated equilibrium paths in case m = 0,n # 0 are symmetric
(i.e. they intersect the X\ axis at a right angle) while the corresponding equilibrium paths
for case m # 0,n = 0 are asymmetric (i.e. they intersect the X axis obliquely). One can also
observe from Eq. (AB-3.5), where it was tacitly assumed that n > 0, that in the symmetric
bifurcation case some bifurcated solutions (N1, N3, N4) are supercritical (i.e. A > A.) while
the remaining one (N2) is subcritical (i.e. A < \.). The bifurcated paths for the asymmetric
bifurcation are found from Eq. (AB-3.5) to be all transcritical. The equilibrium solutions in
A—0—¢ space are depicted in Fig. AB-3.2 and Fig. AB-3.3 for the symmetric and asymmetric

bifurcations respectively. Only » > 0 and m > 0 have been considered here. The discussion
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Figure AB-3.3: Bifurcated solutions for asymmetric perfect rigid plate model. Stable solutions are drawn in
continuous lines while unstable solutions are drawn in dashed lines.

of n <0 and m < 0 will be omitted as completely analogous.

Similar to the discussion of the perfect rigid T model of subsection AB-1, the next issue
to be addressed is that of stability of the principal and bifurcated equilibrium paths of the
plate given respectively by Eq. (AB-3.4) and Eq. (AB-3.5). Recall that an equilibrium path is
stable if it corresponds to a local minimum of the system’s potential energy. For the present
three degree of freedom system, an equilibrium point v()),8()), ¢()\) is stable if it corresponds
to local minimum of the energy &, which according to Eq. (AA-5.4) requires the matrix &,uu

to be positive definite:
g’u'vv S’U@v Sa'v(f)

Sauu = 8791} ) 5399 ) 539¢ =

87451) 5 57¢79 5 ga¢¢

4E, 0, 0
0, (A\e = NL +2mL3¢ +nL*(66% 4 12¢0 — 3¢4?), 2mL30 + nL*(60% — 660 + 6¢°)
0, 2mL30 + nL* (64> — 60¢ + 60%), (Ae = AL +2mL3¢ + nL* (642 + 120¢ — 362)

(AB-3.6)
One can see from Eq. (AB-3.4) that on the principal branch &,,, = diag[dFE, (\c — )L, (Ae — \) L]

and hence the principal solution is stable for 0 < A < A. and unstable for A > ..
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For the symmetric bifurcation case (m = 0,n > 0) substitution of Eq. (AB-3.5); into

Eq. (AB-3.6) yields:

For N1 :

For N2:

For N3:

For N4 :

€,uu

€,uu

g?llu

g?llu

0,

0,

B/T) (A= Ac)L,

(6/7)(A = Ac)L,

(3/2)(A = Ac)L,

(A - AC)La

(A -

0

6/T) A= AL |,

B/7T)(A = Ac)L

(/\ - /\C)L

0

()\ - )\C)L

L )\C)L7 (3/2)()‘ - /\C)L
From Eq. (AB-3.7) and (AB-3.5) follows that the only positive definite matrix €., is found

for the N1 equilibrium solution. Thus of the four possible equilibrium paths in the symmetric

multiple bifurcation only one supercritical path (N1) is stable.

(AB-3.7)

For the asymmetric bifurcation case (m > 0,n = 0), substitution of Eq. (AB-3.5), into

Eq. (AB-3.6) yields:

For M1 :

For M2 :

For M3 :

€,uu

€,uu

g?llu

[ 4E

)

0,

0,

()\ - )\C)La

(Ae — AL

, (AB-3.8)



AB. BIFURCATION CONCEPTS AND FINITE D.O.F. SIMPLE EXAMPLES 37

From Eq. (AB-3.8) and Eq. (AB-3.5) follows that the only positive definite matrix &€,u, is
found for the supercritical (A > \.) part of the M1 equilibrium solution.

For both the symmetric (m = 0,n > 0) and asymmetric (m > 0,n = 0) models, the stable
and unstable equilibrium paths, denoted by a solid line and a dashed line respectively, are
depicted in Fig. AB-3.2 and Fig. AB-3.3. It is interesting to note the exchange of stability
of the principal branch at the critical load ). exactly as in the rigid T model analyzed in
subsection AB-1 (see Fig. AB-1.2 and Fig. AB-1.3).

Finally of interest is the total potential energy &, for a given load parameter \, associated
with each equilibrium path. Using Eq. (AB-3.4) into Eq. (AB-3.2) the potential energy of
the principal branch is:

= —3F (AB-3.9)

For the bifurcated equilibrium branches of the symmetric structure m = 0,n > 0 the

corresponding potential energies are from Eq. (AB-3.2) and Eq. (AB-3.5):

A2 (A= )2
For N & =%~ Tnr2
A2 (A= )2
For N2: & __8_E 71871132 5
(AB-3.10)
A2 5= A2
For N3 : & ——@—772/”[/2 )
A2 5= A2
For N4 : I ——@—772/”[/2

Notice that for A > \. the equilibrium branch with the least energy is the stable bifurcated
branch N1. On the other hand for A < ). the stable principal equilibrium branch has less
energy than the bifurcated subcritical branch. Hence for all values of the load parameter
A, the stable equilibrium path is the one with least energy. This situation is similar to
the behavior of the simple perfect rigid T model. Indeed recall from Eq. (AB-1.7) and
Eq. (AB-1.8) that for a given A the stable equilibrium branch always corresponds to the
lowest potential energy.

For the bifurcated equilibrium branches of the asymmetric structure (m > 0,n = 0) the

corresponding potential energies are from Eq. (AB-3.2) and Eq. (AB-3.5),

A (A= A)?
For M1 : =z ‘¢
or & 8E  6m2L3
A (A= A)?

. __AN c AB-3.11

For M2: & TRSTI R ( )
A2 (A= A)8
FOI' M3 gb ——8—E—712m2L3 .

From Eq. (AB-3.11) follows that for A < A, the minimum potential energy corresponds

to the stable principal branch while for A > A. the minimum potential energy corresponds
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to the stable bifurcated branch M1. This situation is again similar to the behavior of the
asymmetric rigid T model (see Eq. (AB-1.7) and Eq. (AB-1.8)).
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AB-4 IMPERFECT SQUARE PLATE MODEL

As in the case of the rigid T model, the introduction of imperfections in the perfect rigid
plate model investigated in subsection AB-3 provides a physically realistic model for the

determination of the plate’s actual equilibrium path in a loading process starting at A = 0.

Figure AB-4.1: Imperfect square plate model.

Once again, a geometric type imperfection is considered. The rod OG is no longer normal
to the plate but deviates from the ideal normal by the small angles v and ¢ in the § and ¢
directions respectively as shown in Fig. AB-4.1. All the remaining elements of the model
(dimensions, stiffness of springs, etc.) remain the same as for the perfect structure shown in
Fig. AB-3.1.

The kinematics of the imperfect rigid plate model are the same as for its perfect counter-
part (see Eq. (AB-3.1)), save for the vertical displacement A of point G, which, due to the

small values of the angles v, 6, 6, ¢, is now given by

92+¢2

A =v+L[(1—sin®y —sin? §)1/2 — (1 —sin?(0 + ) — sin®(¢ +0))/?] ~ v+ L( + 0y 4 ¢0), (AB-4.1)

where, as in the previous sections, only terms up to the second order with respect to the

small angles 6, ¢, v, ¢ are kept in the kinematic relations.
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The total potential energy € for the imperfect plate is:

2 3
E(0,0,0X,6) = 202 + (0 + 07)] + - (07 + 67) + (3076 + 6¥)+
(AB-4.2)

4
+%(294 + 803 — 602¢% + 809> + 2¢*) — A[v + §(92 + ¢ + 290 + 209)].
As expected, for the case of zero values for the imperfections, the imperfect energy yields
back its perfect counterpart, i.e. £(v,0,6,X,0,0) = E(v,0,6,)) (see (AB-3.2)).
Extremizing £ with respect to its degrees of freedom, one obtains the following equilibrium

equations:
E.=4Ev— )\ =0,
0= —ALy+ (4E1? + kL? — AL)0 + 2mL30¢ + nL*(20° + 60°¢ — 309> + 243) = 0, (AB-4.3)
E,p=—ALS+ (4EI? + kL?> — AL)$ + mL3(¢? + 6%) + nL*(2¢> + 6¢%0 — 3¢6% + 26%) = 0.
Recalling from Eq. (AB-3.5) the definition of the critical load ., the solution of the above
system is found to be:
v=\AE
A = [\l + nL3(20% + 662¢ — 30¢% +20%)]/(0 +~) m =0, n#0,
A = [Ae +nL?(2¢% + 6920 — 3067 + 26°)] /(¢ + 6)
(AB-4.4)
v = \/AE
A= [\ + 2mL20] /(6 + ) m#£0, n=0.
A=t +mL(¢* +6%)]/ (6 +9)

Determining the imperfect structure’s equilibrium paths is a rather cumbersome matter
that will not be pursued here. Suffices to say that of all possible imperfections with a given
amplitude e = (6% + +2)'/2, the imperfection with the “worst ” shape, i.e. the one with the
maximum load drop from the critical load, is the one with equilibrium paths that are on
the the N2 plane for the symmetric case or on the M1 plane for the asymmetric one (see
Fig. AB-1.2 and Fig. AB-1.3).
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AB-5 TWO-BAR PLANAR TRUSS MODEL

The perfect rigid T and plate models discussed in the previous subsections all share the
common feature of a trivial principal solution with a linear force-displacement response.
Many applications of interest have non-trivial principal solutions with non-monotonic force-
displacement responses, which exhibit limit loads. In these applications bifurcated equilib-
rium paths can also emerge from the non-monotonic principal solutions. The discrete two-bar
plan truss model presented below is an illustrative example of structures with a non-trivial
principal solution that exhibit snap-trough instabilities (associated with limit loads) as well

as buckling instabilities (associated with bifurcations).

Figure AB-5.1: Two-bar truss model.

The two-bar planar truss shown in FIG. AB-5.1 consists of two elastic bars, AC (bar
1) and BC (bar 2) each of cross-sectional area A, Young’s modulus E and initial length L.
A vertical load A is applied at node C which can move by w and v respectively along the
horizontal and vertical directions. The response of each bar is linearly elastic (¢ = Ee) where
o and e are the stress and strain in the bar, which deforms only in the axial direction (no
bending occurs in the bars).

The axial strain in each bar is given in terms of its final (¢) and initial (L) lengths by

e= % l(%)Z - 1] : (AB-5.1)

From the geometry of the deformed configuration, one can see that the deformed lengths

of the two bars are
(01)> = (Lcos¢+u)? + (Lsing — v)?,
(AB-5.2)
(€2)? = (Lcos¢ —u)?+ (Lsing — v)2.
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and hence the potential energy & of the truss, which consists of the elastic energy stored in

the two bars plus the potential energy of the external load, takes the form
E(u,v; 2) = %EAL[(51)2 +(e2)2] = M. (AB-5.3)

By extremizing £ with respect to its degrees of freedom, the two equilibrium equations

are

Eu = ETA[al(u—I—LCOSgb) +e2(u— Leosg)] =0,
(AB-5.4)
Ey = ETA[El(U—LsinqS)—i—sg(v—Lsin(b)]—)\=O.

The principal solution of this model, i.e. the one starting with zero displacements at
zero load, is the symmetric solution with horizontal displacement « (\) = 0, since as one can
easily check, Eq. (AB-5.4) is always satisfied for v = 0. However this principal solution has a

vertical displacement v (\) which is a non-monotonic function of A, given from Eq. (AB-5.4)

E4 0 VB () = 2Lsin g[S (A) — Lsing] — A = 0. (AB-5.5)

The dimensionless displacement ¢ (\)/L versus dimensionless load \/(EA) for the principal
solution is given by the cubic in v/L equation Eq. (AB-5.5) and plotted in Fig. AB-5.2.

bifurcated branch

(2/3v3) sin? ¢ |

M} principal path

} T T » v/L
Vi sin ¢ :“\\ ! Viz 2sin ¢

N 1
\ | i
S 1
\ SN
\ N

O fooede
\ ! /

N/

-(2/3V3) sin? ¢ bommmo oo Seor?

Figure AB-5.2: Principal and bifurcated solutions of the two—bar truss model in dimensionless load A\/EA
vs. dimensionless vertical displacement v/L space. Stable solutions are drawn in continuous lines while
unstable solutions are drawn in dashed lines.

In addition to the above described principal solution, the structure also admits a bifur-
cated equilibrium branch with u(\) # 0 which can also be found by solving Eq. (AB-5.4).
Indeed by using Eq. (AB-5.1) and Eq. (AB-5.2) into Eq. (AB-5.4), one obtains for the bi-
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furcated equilibrium branch
u? 4+ v? —2Lvsing + 2L%cos? ¢ = 0,

o4 (AB-5.6)
F(u2 +v? —2uLsing)(v — Lsing) = \.
Notice that the equilibrium equation Eq. (AB-5.6), can be restated as
u? + (v — Lsin¢)? = L?(3sin? ¢ — 2), (AB-5.7)

which admits a real solution for sing > (2/3)z, i.e. for angles ¢ > 54.7°. In this case the
bifurcated solution is a circle in the dimensionless displacements (u/L) vs (v/L) plane with
center at v/L = sin¢ and radius (3sin? ¢ — 2)1/? as shown in Fig. AB-5.3.

L .
u‘/k bifurcated branch
-t e . .
P R “~ principal path
/7 \
/ V(3 sin2 ¢ - 2) \
/
T o ———— e v/L
1V sin ¢
\
\
\
\
\
‘\
\\~~- e

Figure AB-5.3: Principal and bifurcated solutions of the two—bar truss model in dimensionless horizontal dis-
placement v/L vs. dimensionless vertical displacement v/L space. Stable solutions are drawn in continuous
lines while unstable solutions are drawn in dashed lines.

The bifurcated solution in the (\/EA) vs (v/L) plane is found, by substituting Eq. (AB-5.7)
into the equilibrium equation Eq. (AB-5.6),, to be

A 9 . v
A= 2 cos” ¢(sin ¢ — f)’ (AB-5.8)

which appears as the straight line with negative slope in Fig. AB-5.2.

Notice that the straight line described by Eq. (AB-5.8) is the projection of the bifurcated
equilibrium path given by Eq. (AB-5.6) into the (A\/(EA)) vs (v/L) plane, while the projection
of the same bifurcated equilibrium path in the (u/L) vs (v/L) space is the circle depicted
in Fig. AB-5.3. The bifurcated solution connects the with the principal branch of the two
points depicted by a small blue circle in Fig. AB-5.2 and Fig. AB-5.3. The points have
coordinates

(M /(BA),v1/L) = (2cos? ¢(3sin® ¢ — 2)2,sin ¢ — (3sin’ ¢ — 2)3)
(AB-5.9)
(A2/(EA),va/L) = (=2 cos® ¢(3sin® ¢ — 2)2,sin ¢ + (3sin® ¢ — 2)2).
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Having found the principal as well as the bifurcated equilibrium paths of the two-bar
planar truss model, the next topic to be addressed pertains to the stability of these solutions,

which is given by analyzing the matrix &,4,, found with the help of Eq. (AB-5.4) to be

g,uu g,uv :|

£ uu = [ e (AB-5.10)

By evaluating £, on the principal solution u (A\) = 0 Eq. (AB-5.10) yields principal
solution.

EA (% /L)? —2(10) /L)sin¢ + 2 cos? ¢, 0

- (AB-5.11)

gauu:

0, 3[(v /L)? —2( /L)sing + ; sin? ¢]

The roots of &€,,, are 0 /L = sin¢ + (3sin ¢ — 2)1/2 which correspond to the displacements
(v /L)1 and (v /L), given in Eq. (AB-5.9) which are the displacements corresponding to the
start and finish of the bifurcated equilibrium branch as seen in Fig. AB-5.2. The roots of £,,,
are 0 /L = sing(1 = 1/+/3) which are the displacements (0 /L)mas and (0 /L)min corresponding
to the maximum and minimum loads of the principal solution as seen in Fig. AB-5.2. Hence
in the absence of a bifurcated solution, i.e. for ¢ < 54.7°. &,,,> 0 and the stability of the
principal solution is determined solely by the sign of £, which is < 0 in the interval of
v /L € [(® /L)mas, (¥ /L)min] and > 0 outside. Consequently, in the absence of a bifurcated
solution, the principal branch is stable in the two load increasing branches, i.e. from zero
load up to the maximum load and from the minimum load and beyond, while it is unstable
in the load decreasing branch.

In the presence of a bifurcation (¢ > 54.7°) the principal solution is stable when both &,,, >
0 and £, > 0. Notice that the roots of £, from Eq. (AB-5.11) are (v /L) = sin ¢ (3sin2 p—2)1/2,
which are the displacements (v /L); and (v /L), where the bifurcated path connects with the
principal solution. Since €,,, < 0 in the interval v /L € [(0 /L)1, (v /L)s], the principal solution,
in the case of existence of a bifurcated path, as seen in FIG. AB-5.2, is unstable (dashed
line) for those displacements (v /L) for which a bifurcated solution exists and is stable (solid
line) otherwise. It should be noted at this point that in plotting Fig. AB-5.2 it was tacitly
assumed that (0 /L), < (0 /L)mas, 0r equivalently from Eq. (AB-5.9) sin?¢ > 3/4, (¢ > 60°),
in which case bifurcation occurs prior to reaching maximum load, as load increases away
from zero. For 60° < ¢ < 54.7°, the first bifurcation occurs past the maximum load on the
descending part of the principal branch and ends prior to reaching the minimum load, also
on the descending part of the principal branch.

Finally, the stability of the bifurcated path is investigated. Evaluating &,,, on the bifur-
cated equilibrium branch, one obtains from Eq. (AB-5.10) with the help of Eq. (AB-5.7)
oa [ 20/L)? 2(u/L)[(v/L) — sin]

L\ ou/D)[(w/L) —sing] 2[—(u/L)?+4sin®6—3] |

Epun = (AB-5.12)
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The determinant of the above matrix evaluated on the bifurcated equilibrium path Eq. (AB-
5.7) is found to be

Det €,uu= 4EA (u

. 3)2 sin2 ¢ — 1] < 0, (AB-5.13)

thus establishing that the entire bifurcated equilibrium path is unstable.
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AC BIFURCATION AND STABILITY - LSK ASYMPTOTICS
FOR ELASTIC CONTINUA

In the first two sections of this chapter, the notions of stability and bifurcation of equilibrium
solutions in nonlinear elastic solids have been introduced and illustrated by simple examples,
which admitted analytical solutions. Unfortunately this is not the case for more realistic
models, discrete as well as continuum.

To this end, an asymptotic method comes to rescue. As it turns out, a powerful asymptotic
technique, termed “Lyapunov — Schmidt — Koiter” method (LSK) can be applied to track the
equilibrium solutions of perfect or imperfect systems near critical points and check their
stability. This method is presented in this section for the case of continuum, conservative

elastic systems (structures or solids).
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AC-1 FUNCTIONALS AND THEIR DERIVATIVES

The treatment of the bifurcation, post-bifurcation and imperfection sensitivity behavior of
continuous elastic systems requires some elements from the calculus of variations. The
purpose of this brief section is not the presentation of a mathematically oriented introduction
to the subject. The goal here is to illustrate the technique for calculating the required
derivatives of the system’s potential energy involved in the corresponding bifurcation and
stability analyses.

For an elastic system, its potential energy is given by a real valued functional &£(u,\),
where the term “functional ” is used to indicate that the function’s independent variable is
itself a function defined at each point of the elastic system in question. For elastic systems,
the independent variable is v = u(x), typically the displacement field u at point x of the solid
in question. The independent variable « is a scalar or vector valued function of position
in the system depending on the application. The scalar parameter A, usually termed the
“load parameter’”, controls the externally applied loads or displacements to the system. In
general, a continuous structure has (countably) infinite possibilities to deform and hence the
displacement field v € U, with U some appropriate, infinite dimensional vector space. Often
in applications U is the simplest possible such space, namely a Hilbert space (or a Cartesian
product of such spaces). For the case of a discrete structure U = R" where n is the total
number of the degrees of freedom. Henceforth, it will be assumed that U possesses an inner
product. If uy,us € U their inner product is denoted by (u;,u2). The norm of an element u € U
will be the inner product induced one, namely | u || = (u,u)"/2.

Of interest is the notion of the derivative of a real valued functional, say &(u), with respect
to its argument . To this end one defines the first derivative of £ with respect to u, denoted
by &,., to be a linear operator on U, i.e. a linear function assigning a real scalar &,,u
to every element éu € U. The mathematical definition for this derivative, also termed the
“Frechet derivative” is:

||51ui|H0 | E(u+ou) —E(u) —Edul /| dul|=0 (AC-1.1)

Since the du in the above definition is arbitrary, one can fix in U the direction of §u and

consider in the definition Eq. (AC-1.1) the special case du = ev with || v || = 1 but € — 0. Thus,

if £,, exists it will satisfy:
lirr(1)|5(u+ev)—5(u)—65,uv|/e:O (AC-1.2)
e—

Recalling the standard definition for the partial derivative, the above equation can alter-
nately be rewritten:
Ev = [0E(u+ ev)/De]c=o (AC-1.3)

thus providing the practical method for the computation of the derivative &,, of £. Strictly
speaking the existence of the special (weaker) derivative defined in Eq. (AC-1.2) or Eq. (AC-



48 CHAPTER A. STABILITY AND BIFURCATION - EXAMPLES AND THEORY

1.3), also termed the “Gateau derivative” of the functional, does not imply the existence of
the stronger Frechet derivative defined in Eq. (AC-1.1). In all the applications of interest,
however, such pathological cases will not arise and the computationally simpler Gateau
definition will be used for calculations.

One can in a similar fashion define the derivative of the linear operator &,,, considered as
a function of u, with respect to u. The result £,,, is a symmetric, bilinear operator, operating

on arbitrary elements v,w € U which, in analogy to Eq. (AC-1.3), is given by:
(& V)W = (€ w)v = [0?E(u + €v + (w) /D] e—c—0 (AC-1.4)

The p** order derivative of £(u) is a completely symmetric, with respect to any two ar-
guments, p-linear operator, computed by a straightforward generalization of Eq. (AC-1.4).
It should be noticed for future use that, like in the case of a real valued function of a real
argument, one can have under suitable conditions a converging Taylor series expansion for

the functional £(u), i.e.:

1

E(u+du) =E(u) + %E,U ou + 5(6“” ou)du + 1 (€ yuuu Ou)du)ou + ... (AC-1.5)

3!

It is perhaps useful to illustrate the above described definitions by applying them to a

concrete example, namely the functional:
1
u) = /[exp(w) + (2 + cos(z))w? + 3(v,2 +v?)]dx (AC-1.6)
0

In this example u = (v(x),w(z)). Moreover, for the above integral to make sense v and w are
required to belong to some appropriate functional space. Although from the mathematical
standpoint it is important to provide the spaces to which the displacement functions belong,
in the engineering applications considered in this work it is tacitly assumed that all the
integrals are finite and that all the displacement functions are adequately smooth.

Employing Eq. (AC-1.3), the first derivative of € is found to be:

1
Ul = {/ exp(w + eqwy) + (2 + cos(z)) (w + e;wy)?
1
0

+3((v,0 +€1v1,2)* + (v + 6101)2)]d:1:} (AC-1.7)

61:0

1
/ exp(w)wi + 2(2 + cos(z))wwy + 6(v,, v1,5 + vv1)]de
0

where u; = (vy,w;) and vy, w; are arbitrary functions belonging to the same spaces as v, w

respectively on which the linear operator £, acts. The linearity of £, is easily checked.
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Similarly, from Eq. (AC-1.4) the second derivative of € is:

(guuu ul)u2

1
/ exp(w + e;wy + exws) + (2 + cos(x))(w + eqwy + eaws)?
861862
0

+3((v,z +€101.2 + €202.2)% + (v + €1v1 + 62’02)2)]dI} (AC-1.8)

61262:0
1
= /[exp(w)wlwg + 2(2 + cos(x))wrwz + 6(v1 4V2 4 + v1v2)]dz
0

It is not difficult to verify that (&,,. u1)us is linear with respect to both arguments u; and
uy as well as symmetric i.e. (€, ur)uz = (€, u2)ug.
One can continue in a similar fashion with the higher order of derivatives of £. Thus the

third derivative of £ is a completely symmetric trilinear operator namely:
1
((€ yuun w1)u2)u /exp Ywi wows|dx (AC-1.9)
0

In general, the p" order derivative of € can be computed by:

((E e Y2 1tz ity = —— [+ i) (AC-1.10)

861862...86:0 im1 e1=e2=...6p=0

For the special case where the displacement space is finite dimensional i.e. U = R™ and

noting that {e;}., is the corresponding orthonormal basis (u = f:ui e;), from Eq. (AC-1.3)

1 :
=1

the first derivative of £ is the vector:

35 " 9E
E = a ; <5,uv = 2 Mvi) (AC-1.11)

From Eq. (AC-1.4) the second derivative of £ is the symmetric matrix:

Erun = ZZ 5u16u j ((gauu v)w = ZZM%U@) (AC-1.12)
1=175=1 1=1j5=1 -
In general the pt" derivative of € is the symmetric rank p tensor:

7uu u ZZZ 811,1811, ezej'-'ek (AC-113)

i=1j=1k=1
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AC-2 CRITICAL POINTS: LIMIT VERSUS BIFURCATION POINTS

As discussed in the previous section, an elastic system is completely described by its potential
energy &£(u,\), where the admissible displacement « € U and where ) is the load parameter.

The potential energy is arbitrarily set to zero for zero displacements:
£(0,A) =0 (AC-2.1)

The system evolves from its initial stress-free equilibrium configuration at which A =0 and
u =0, to a loaded configuration with A # 0, u # 0. For a given load level, the corresponding

equilibrium equations are found by extremizing £ with respect to «3, namely:
E (U, \)ou=0, VouelU (AC-2.2)

For all physically realistic problems, for a given load parameter A one expects the solution
to the equilibrium equation Eq. (AC-2.2) to be unique in some neighborhood of (u,\) = (0,0).
This solution denoted by @ (\) and termed the “principal branch”, in addition to identically
satisfying the equilibrium equation for all values of A, is the only equilibrium branch that
passes trough the origin (u,\) = (0,0), i.e.

Eo (@ (), \)0u=0, u(0)=0 (AC-2.3)

One further assumes that for a physically meaningful problem the principal equilibrium
solution  (\) has to be stable in some neighborhood of A = 0, which implies the existence of

0
a positive number g(\)* such that:

(Evu (0 (), NGWSu > B [ 6 2, BN >0 (AC-2.4)

A symmetric operator satisfying the above property is termed in mathematics a “strongly
elliptic’ operator. Recalling that for the finite dimensional case, strong ellipticity coincides
with positive definiteness of the matrix corresponding to the operator in question, by abuse
of language a symmetric operator satisfying the above stability condition will subsequently

0
be called “positive definite”. It will further be assumed that the quantity 3(\) is the minimum
eigenvalue of the stability operator €,,. (¢ (\),\) and satisfies
0
BOY = min | (€ (i (), X))l (AC-2.5)
This eigenvalue will play an important role in the subsequent stability investigations.
Assuming that o (\) is an adequately smooth function of A, one obtains by differentiating

the equilibrium equation Eq. (AC-2.3) with respect to A:

(€ (1 (A), A)(d 0 /dA) + Epun (1 (), \)] 6w = 0 (AC-2.6)

3NOTE: From here and subsequently éu denotes an arbitrary element of the space of admissible functions U.

0
4NOTE: From here on all quantities associated with the principal solution will be surmounted by a ().
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For as long as the stability operator &,.. (¢ (\),)) is positive definite, it is also invertible
with inverse (€,,,)”'. Hence, equation Eq. (AC-2.6) is solvable and produces a unique
solution d & /d\. This way, by starting at load A = 0, one can visualize a constructive method
for finding the equilibrium path @ (\). Assuming that at a given load X the solution u (\) is
known, then at A+ AX Eq. (AC-2.6) gives & (A + AX) ~t (\) + (d u /dA\)AX since the existence
of d i Jd\ = —(E,uu ) 'E.n is guaranteed by Eq. (AC-2.4). This is exactly the approach
that forms the basis for most numerical algorithms (variations of the incremental Newton -
Raphson method) that calculate the equilibrium paths in nonlinear elastic systems.

Suppose now that as the load X increases (without loss of generality it is tacitly assumed
that A > 0), it reaches a value A, termed “critical load ” for which the stability operator loses
its positive definiteness and becomes singular. More specifically there exist a unit vector
u e U such that:

(Eruu (8 (M) AJWSu =0, [l |=1 (AC-2.7)

At this point in the interest of simplicity it will be assumed that the eigenmode 4 is unique
(up to sign), a condition which will be relaxed subsequently when structures with multiple
bifurcation points are considered. Under this assumption u is the only direction in which
£.60= Enu (U (M), A\o) loses its positive definiteness while in all other directions v of the space
U, the operator £, continues to be positive definite. Hence, it is assumed that a constant

¢ > 0 exists such that:

(€ uu (1 o), A)V)U > ¢ || 60 |2, ¢>0, Vove Nt (AC-2.8)

where the set N’ = {u € U | u = au, Yo € R} is called the “null space” of the stability operator €.,

Ju)u = 0.
The set Nt is called the “orthogonal complement of N with respect to U” and is the subset of all

and is defined as the set containing all elements u € U for which the expression ((£,S,
elements 6v ® of U whose projection on 4 is zero, i.e. N+ = {v € Ul(v,u) = 0}. Thus any
element v € U can be uniquely decomposed into a sum of two parts, one in A and the other
in Nt (NeN+t =U). From continuity, it is expected that for 0 < X < )., the stability operator
o (@ (N), N 1s strictly positive definite, i.e. satisfies Eq. (AC-2.4).

To investigate the equilibrium around the critical point (ue, A.), where u, =t (\.), one
employs the “Lyapunov — Schmidt — Koiter ” decomposition method. According to this method,
illustrated in Fig. AC-2.1, the increment of the displacement u — v, due to an increment in
the load AN = A — \. is decomposed in two components: One component ¢u is on the null

Tunu

space N of £¢, and the other component v is in N+, i.e. orthogonal to the first, namely:
U=tuet+Eutv, veNt el (AC-2.9)

Since the unknown displacement w« is in essence replaced by the equivalent pair (¢,v),

the equilibrium equation Eq. (AC-2.2) can also be replaced by the following two ones: An

5NOTE: Here and subsequently v denotes any element of A/L.
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u(ht AN) = u+ Eu+ v(E, AN)

Figure AC-2.1: Schematics of the Lyapunov—Schmidt-Koiter (LSK) decomposition.

equilibrium equation in N+, obtained by extremizing £ with respect to v:
Ewdv=0 = & (Uc+EU+v, A+ ANV =0, VoveNt, (AC-2.10)
and an equilibrium equation in N, obtained by extremizing £ with respect to ¢:
Ee=0 = & (e +El+v, Ao + AN = 0. (AC-2.11)

Both equilibrium equations will be expanded about the critical point (u.,\.). Starting
with Eq. (AC-2.10), one first observes that this equation will provide v as a function of ¢
and AX. Without loss of generality it can be assumed that v(¢, A\) defined in Eq. (AC-2.9)
has a regular expansion about (£, A\) = (0,0):

1
v(€, AX) = Eve + Advy + 5[521)55 + 26AXvey + (A)\)QU»\] + ... (AC-2.12)

Upon substitution of Eq. (AC-2.12) into the equilibrium equation Eq. (AC-2.10) and
expansion of the result about (¢, A\) = (0,0), one obtains the following results: the O(1) term
gives £,¢0v = 0 ¢ which is automatically satisfied in view of Eq. (AC-2.2) since dv € U.
Continuing with the linear in ¢ and AX terms and recalling Eq. (AC-2.7) one obtains:

O() : (E5,ve)0v =0 (AC-2.13)

unu

In view of the positive definiteness of £, on N+ according to Eq. (AC-2.8), the only
solution to Eq. (AC-2.13) is:
ve =0 (AC-2.14)

for had this not been the case, Eq. (AC-2.13) for év = v¢ would have been in contradiction
with Eq. (AC-2.8).

6NOTE: From here and subsequently, a superscript (¢) or a subscript () denotes evaluation of the quantity in question at
the critical point (uc, Ac), following the convention introduced for Eq. (AC-2.8, AC-2.9).
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The fact that the operator £,°,, which is defined as the operator £, restricted on N+

is positive definite, assures the existence of a unique solution « to any equation of the type
(£,,a)dv = (b,dv) for a,b,0v € N+. The reason for the existence of such a unique solution
a=(£:°,)71b is the existence of the unique inverse (£,¢,)~! on N+, a property guaranteed by

vV vV

the positive definiteness condition satisfied by &£,¢, on the same space N*.

v

The O(A)) term of the equilibrium equation Eq. (AC-2.10) yields:
O(AN) : (Enpvat+E5)0v=0 (AC-2.15)

which in view of Eq. (AC-2.6) admits a unique solution vy € N'*.
The quadratic in & AX terms in the expansion of the equilibrium equation Eq. (AC-2.10)
are found, with the help of Eq. (AC-2.14) to be:

O(€2) + (E5, vee + (5, W)dv =0 (AC-2.16)
O(EAN) + (£.°, vex + (.00 Un + E5x JU)0V = 0 (AC-2.17)
O((A/\)Q) : (gaZu VAN T (Enctuu UA)UA + 2571CLu)\ Ux + ga;)\)\ )51) =0 (AC_218)

The existence and uniqueness of wveg, vey,vay is assured from Eq. (AC-2.8) for the reasons
already explained in detail in the discussion of Eq. (AC-2.13). The calculation of any term in
the expansion Eq. (AC-2.12) of v proceeds in the straightforward fashion illustrated above.

Having thus constructed the solution v(¢, A)\) of the equilibrium equation Eq. (AC-2.10),
attention is next focused on the remaining equilibrium equation Eq. (AC-2.11), which in turn
is expanded about the critical point (u., \.), or equivalently about (¢, AX) = (0,0), yielding with
the help of Eq. (AC-2.2), Eq. (AC-2.7) and Eq. (AC-2.14):

0= AXEGA D+ GIE(E S W+ 2EAN(E G 3+ E 50 Y
(AC-2.19)
(AN2((E.% e 0) 07 + 26,0 V3 + Eruar )] + .

The above equation provides the wanted relation between ¢ and A) along the equilibrium

path (or paths) through the critical point (uc, \.). Assume that AX , in the neighborhood of

the critical point, can be put in a Taylor series expansion in terms of ¢:

2 3
AN = Mé+ /\2% + /\35 + ... (AC—Q.QO)

By introducing the above expansion into Eq. (AC-2.19) one can find the wanted coeffi-
cients \;.

Two cases are distinguished:

case (i) 1 ES, U0 (AC-2.21)
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in which case all the coefficients \; in Eq. (AC-2.20) can be determined uniquely; the first
two coefficients are:

M =0, Ao=—((EC,, W)u)u/EC,u (AC-2.22)

Limit load £

AN
principal
solution

» N

Figure AC-2.2: Schematics of the limit load case, where the solution about the critical load is unique.

One can conclude that if Eq. (AC-2.21) is satisfied, there is only one equilibrium branch
through the critical point (u., A.). Moreover, and under the tacit assumption that ((£,¢,,, @)u)u #
0, (assumption satisfied in most applications) one also concludes from Eq. (AC-2.22) that
the unique equilibrium branch through the critical point has a load extremum there, since
the sign of A\ is independent on the sign of ¢&. A schematic representation of this situation
is given in Fig. AC-2.2

Once the uniqueness of the equilibrium path through the critical point has been estab-
lished, attention is focused on its stability. To this end assume that 3(¢) denotes the minimum
eigenvalue of the stability matrix &, (u(¢), A(¢)) where ¢ has been employed as a convenient
parameter to describe the above found unique equilibrium path. The eigenvector corre-
sponding to p(¢) is denoted by z(¢). Since g is an eigenvalue of the stability operator, by

definition:

(Esuu (u(€), MEx(8))0u = B(E)(x(£), 6u), [ z(&) || =1 (AC-2.23)
Since B(¢) is the lowest eigenvalue of £,¢,, as expected from Eq. (AC-2.7), at the critical

uu?

point & = 0:
Be=B0)=0, z.=2u(0)=u (AC-2.24)
Expansion of Eq. (AC-2.23) about ¢ = 0 yields the following results: The O(1) term

reduces in view of Eq. (AC-2.24) to Eq. (AC-2.7). The next term is the O(¢) term, which in
conjunction with Eq. (AC-2.9), Eq. (AC-2.12), Eq. (AC-2.14), Eq. (AC-2.20), Eq. (AC-2.22)
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and Eq. (AC-2.24) gives:
O() (€ Wit + €15, (dr/dE))ou = (AB/dE). (i, Su) (AC-2.25)
which for su = u, and recalling Eq. (AC-2.7), implies:
(dB/dE)e = (€ Sy w)u)u # 0 (AC-2.26)

The above result provides a physical explanation for the hypothesis ((£.C,, w)u)u # 0
adopted in the discussion of Eq. (AC-2.22), since it links it with the stability of the equilib-
rium path near the critical point. Since B(€) = £(dB/d€)e + O(E2) = £((€ £, W)t + O(£2) in the
neighborhood of the critical point, a stability change for the equilibrium branch is implied
by crossing ). in view of the dependence of the sign of g on the sign of ¢. It has thus been
shown that when Eq. (AC-2.21) holds (and ((£,5,, u)u)u # 0), the critical point (u.,A.) corre-
sponds to a load extremum of the equilibrium path @ (\) and that the stability of the path
changes by crossing \.. Given that the limit point in question is the first one encountered
under increasing load , one concludes from continuity that this critical point should be a
load maximum. Moreover, and since the principal equilibrium path is initially stable, one
also concludes from continuity that the principal branch becomes unstable after it crosses
the limit point.

The second possibility for the A\ — ¢ relation in Eq. (AC-2.19) is:

case (ii) : & ,u=0 (AC-2.27)

principal
solution

Figure AC-2.3: Schematics of the simple bifurcation case, where the solution about the critical load is not
unique.

By introducing Eq. (AC-2.20) into Eq. (AC-2.19) one observes that, in view of Eq. (AC-

2.27), the AX - ¢ relationship is no longer unique. Indeed, )\;, the first term in the expansion
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of A\, satisfies:

(M) (- 020 + 26 5 0+ 5 N 200 (€ 07 + €y S+ (€ JWWE =0 (AC-2.28)

The above equation has in general two real solutions in \; and hence from Eq. (AC-
2.19) and Eq. (AC-2.20) one can construct two functions AX(¢), as seen in the schematics
of Fig. AC-2.3. The fact that there already exists the principal equilibrium path through
(ue, Ae) guarantees the existence of at least one real root \; of Eq. (AC-2.28). Consequently
two real roots for the quadratic in \; equation Eq. (AC-2.28) must exist and which in general
are different. Thus the condition Eq. (AC-2.27) implies that the critical point (u.,\.) of the
stability operator &,,, is a bifurcation point (some additional conditions are also needed in
order to ensure the existence of such a bifurcated path, as it will be seen in the next section).
Since in most applications one equilibrium branch, the principal branch (\) is known
explicitly, this information facilitates enormously the resulting algebraic manipulations. In
the remaining parts of this section, it is assumed that a principal solution  (\) is known and
that the critical point (u, \.) satisfies Eq. (AC-2.27).
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AC-3 PERFECT SYSTEM - SIMPLE MODE

Of interest in this section is the behavior of elastic systems near critical points which are
simple bifurcation points, i.e. have a unique eigenvalue u at A.. To this end it is assumed
that the system’s potential energy satisfies Eqs. (AC-2.1), (AC-2.3), (AC-2.4), (AC-2.7),
(AC-2.8) and (AC-2.27), and that its principal solution @ (A) is a known and adequately
smooth function of \.

At the neighborhood of the critical point (u., \.) the solution u of the equilibrium Eq. (AC-
2.2) can be written with the help of an LSK decomposition:

u=t(\) +&ut+v, veNt, e, (AC-3.1)

where the space N+ is defined in the discussion of Eq. (AC-2.8). The projection ¢ of u— U
along the eigenmode u, defined as € = (u— u, u), is termed the “(bifurcation) amplitude parameter”.
Splitting as before the equilibrium equation Eq. (AC-2.2) into two components on the
subspaces N+ and N, one obtains by extremizing £ with respect to v the equilibrium equation

along N+:
Ewdv=0 = .4\ +Eu+v, e+ ANSV=0 VoveNt, (AC-3.2)

while by extremizing £ with respect to ¢ one has the equilibrium equation in the null space
N
Ee=0 = £, W\ +E&i+v, A+ AN = 0. (AC-3.3)

As discussed in the previous section, the positive definiteness of £¢, on N+ assumed
in Eq. (AC-2.8) implies its invertibility there and hence ensures the existence of a unique
solution v(¢, A)) to Eq. (AC-3.2). Consider once more the Taylor series expansion of v about
(&, AN) = (0,0) according to Eq. (AC-2.12). Upon substitution of Eq. (AC-2.12) into Eq. (AC-
3.2) and expansion of the result in a Taylor series about (¢,A\) = (0,0) one obtains the
following results: The O(1) term gives £, dv = 0 which is automatically satisfied in view of
the equilibrium equation Eq. (AC-2.2). The O(¢) term yields in view of Eq. (AC-2.27) the

same results as in Eq. (AC-2.13):
O(€) : €5, vedv = 0. (AC-3.4)
which for the same reasons admits as a unique solution:
ve = 0. (AC-3.5)
On the other hand, the O(A)) term in Eq. (AC-3.2) gives:
O(AN) = (EC, va+EL, (AU JdN)e + £, )00 = (£, v2)6v = 0. (AC-3.6)

unu

In deriving Eq. (AC-3.6) use was made of the fact that (€., (d u /d)\), + £, )ou = 0, for
it is obtained by differentiation with respect to A of the equilibrium equation Eq. (AC-2.3)
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along the principal branch. Since Eq. (AC-3.6) is the same with Eq. (AC-3.4), it admits as
its unique solution:
U\ = 0. (AC—37)

Continuing with the quadratic order terms in the expansion of the equilibrium Eq. (AC-
3.2):
O(€?) (€ vee + (€5, )W)V =0, (AC-3.8)

O(EAN) = (E5y ver + (€5 (A1 [dN) + €50 J0)0U = 0, (AC-3.9)

O((AN?) ¢ (E5uvar + (Eua (A 0 /AN U fdN)e + 285\ (A JAN) ot

SUUN

(AC-3.10)
£\ +EL, (A2 1 /dN))dv = (€., var)dv = 0.

Note that as in Eq. (AC-3.6), Eq. (AC-3.10) contains the second derivative with respect
to A of the equilibrium equation Eq. (AC-2.3) evaluated on the principal branch and hence
it simplifies to (£,%,van)év = 0. For the same reasons as in Eq. (AC-3.4) and Eq. (AC-3.6)
one obtains from Eq. (AC-3.10):

v = 0. (AC-3.11)

It is worth mentioning at this point that all the coefficients of (AXN)™ in the expansion of
v(€,AN) (see Eq. (AC-2.12)), satisfy v,» = v,xn = v,nan ... = 0. This result had to be expected,
since by the definition of the LSK decomposition of v in Eq. (AC-3.1), ¢ = 0 corresponds to
the principal solution and hence one should have v(0, A)\) = 0.

The results from the solution of Eq. (AC-3.2) for v(¢,A\) are employed in the remaining
equilibrium equation Eq. (AC-3.3) which expanded about (¢, A\) = (0,0) yields with the help
of Egs. (AC-2.3), (AC-2.7), (AC-2.27), (AC-3.5), (AC-3.7):

0= € S W)+ 2EAN(AE i X))
(AC-3.12)

SIE(CCE S RV + B(E S v H) + ] .

In the above equation, which provides the A\ — ¢ relation for both the principal and the
bifurcated equilibrium paths through the critical point (u., \.), one can easily verify that all
the O((AN)™) terms vanish identically. Consequently, and as expected from Eq. (AC-3.1) and
Eq. (AC-3.12) admits two different solutions: One solution with ¢ = 0, A\ # 0 corresponds
to the principal branch « (\), while the other solution with ¢ # 0, A\ = AX(€) corresponds to
the bifurcated path.

For the bifurcated path, by employing the same Taylor series expansion of A\ about ¢ =0

as in Eq. (AC-2.20), one obtains for the asymmetric bifurcation case, defined as ((£.¢ W)U £

uuu
0:

o= —%((5 ¢ AN (dE s JAN) ), (AC-3.13)

IuuU
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Figure AC-3.1: Case of an asymmetric bifurcation for a problem with a single eigenmode at the critical
point. Stable paths are drawn in continuous lines while unstable paths are drawn in dashed lines.

while for the symmetric bifurcation case defined as ((£.S,, u)u)u = 0 one has:

M =0 Ao = =1 S W)+ BUE G e 03]/ (08 [N ) (AC-3.14)
where ve is the unique solution of Eq. (AC-3.8). It should be noted at this point that in the
above derivations it is tacitly assumed that the denominator in the expressions for \; and A,
is nonzero 7. A physical interpretation of this assumption will be given immediately below.

The next question of interest, pertains to the stability of the equilibrium branches through
the critical point. To this end one has to investigate the sign of the minimum eigenvalue 3 of
the stability operator &€,,, evaluated on the equilibrium path in question. For the principal
branch it is reasonable to assume in view of Eq. (AC-2.4), that %(/\) the minimum eigenvalue

of €,4u (2 (M), \) has a strict crossing of zero at A, i.e.:
0 0
BA) =0 , (dB/dN). <0, (AC-3.15)

with the negative sign of (d% /d\). explained by the fact that B > 0 for A < A\, according to the
definition of \. (see the discussion following Eq. (AC-2.8)). Assuming that the eigenvector

corresponding to g(/\) is #()\) one has from the definition of the eigenvalue:
(v (0 (). DA = BOYEN), o) (AC-3.16)

"NOTE: From here and subsequently ( ),» denotes partial differentiation of the quantity in question with respect to the load

parameter, while d( )/d\ denotes differentiation of the quantity in question evaluated on the principal equilibrium branch 2 A)
with respect to the load parameter.
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Figure AC-3.2: Case of a symmetric bifurcation for a problem with a single eigenmode at the critical point.
Stable paths are drawn in continuous lines while unstable paths are drawn in dashed lines.

while to ensure uniqueness (up to sign) of the eigenvector & one also requires it to have a

unit norm:
(2(A), 2(N) = 1. (AC-3.17)

Evaluating Eq. (AC-3.16), Eq. (AC-3.17) at \. and recalling from Eq. (AC-2.7) the unique-
ness of the eigenvector of £, :

ruut

(€L, 2A))u =0, (2(\e),2(A\)) =1 = 2(Ac) = w. (AC-3.18)

By differentiating Eq. (AC-3.16) with respect to A and evaluating the resulting expression
at \., one obtains with the help of Eq. (AC-3.18):

(EC. (A% JdN)o+EC. Yo+ EC. (d%/dN)0)5u = (dB/dN) (b, 5u). (AC-3.19)
By choosing du = u and recalling Eq. (AC-2.7) as well as Eq. (AC-3.15); one finally has:
(A€ e /ANyt = (dB/dN)... (AC-3.20)

The above result, in conjunction with Eq. (AC-3.15), ensures a non-zero denominator
in Eq. (AC-3.13), Eq. (AC-3.14) as well in all the subsequent terms A, in the Taylor series
expansion of AX(¢), and hence guarantees the existence of a bifurcated path through the
critical load.

For the thus constructed bifurcated solution, a parameterization with respect to ¢ is the

most convenient one to study the path’s stability. The starting point for the corresponding
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stability calculation is the definition of the minimum eigenvalue g(¢) of the stability operator

evaluated on the bifurcated path, namely:
(€ (1 (A + AX()) + U+ v(€, ANE)), A + ANE)x())du = B(E)(x(€), du), (AC-3.21)

which to ensure uniqueness of the eigenmode z(¢) has to be complemented by the normal-

ization requirement:
(@(£),z(§)) = 1. (AC-3.22)

By assuming a regular Taylor series expansion of 3 and = about ¢ = 0, namely:

2
BE) =eb+Sht

(AC-3.23)
2

(&) =mo+E&x1+ %:172 + ..
and employing them together with Eq. (AC-3.13), Eq. (AC-3.14) and Eq. (AC-3.22) into
Eq. (AC-3.21) one obtains by expanding about ¢ = 0 the following results:
For the O(1) term, in view of Eq. (AC-3.22) and the assumed uniqueness of the eigenmode
of £¢, (see Eq. (AC-2.7)) one has:

ruu

O(1) : (£°,m0)0u=0, (zo,20)=1, => z0=1u. (AC-3.24)

ruu

Continuing with the O(¢) term of the expansion of Eq. (AC-3.21):
0@©) + ((E:5uu Ma(d T JdN) e+ 1))t + ME Gt + €6 21)5u = By (1, 6u). (AC-3.25)

By taking du = u and recalling Eq. (AC-2.7) as well as Eq. (AC-3.13), one obtains for the

asymmetric bifurcation case, i.e. for ((€.5,, wu)u # 0, the following result for f;:

Br = A (A€ /AN )t + (€6 W)t = At [~ (A€ sy /AN ct0)l]. (AC-3.26)

uuu

For the symmetric bifurcation case, i.e. for ((£,5,, )u)u = 0, the O(¢) term in the expansion

of Eq. (AC-3.21) gives according to Eq. (AC-3.13), Eq. (AC-3.24) and Eq. (AC-3.26) that
B1 =M\ = 0. For this case, Eq. (AC-3.24), Eq. (AC-3.25) and the O(¢) term in Eq. (AC-3.22)
give in view of Eq. (AC-3.8):

0(€) + (ELumt)u+EL, x1)0v =0, (z1,1) =0, = 21 = vee. (AC-3.27)

Continuing with the O(¢?) term in the expansion of Eq. (AC-3.21) and making use of
Eq. (AC-3.23), Eq. (AC-3.24), Eq. (AC-3.25) as well as Eq. (AC-3.14) one obtains:

1
O(E) + ((GU(E 01+ €.y (2 1 /AN + vE) + o€ Y1)
(AC-3.28)

1 1
(€. )T1 + 5 2)0u = 552(15, Su).

ruuu
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Once again by taking su = u and recalling Eq. (AC-2.7), Eq. (AC-3.14), Eq. (AC-3.24) as
well as Eq. (AC-3.27) one finds 8, to be:

Bo = (€ e W)U+ A2 ((AE s /AN ) + (€% s vee )Y A+ 2((E oy 1))

(AC-3.29)
= 2 (—((dE€ uu JdN)cti) ).

Consequently the stability of the bifurcated equilibrium path in the neighborhood of
the critical point (uc, A.) is determined by the sign of the minimum eigenvalue g(¢) of the
corresponding stability operator which from Eq. (AC-3.20), Eq. (AC-3.26), Eq. (AC-3.29)
takes the form:

Aé[— (d%/d/\)c] +0(&?)  for asymmetric bifurcation ((£,,, 111,)111,)111, # 0,
B() = . (AC-3.30)
Ao&2[—(dB/dN)] + O(€3)  for symmetric bifurcation ((&,¢ 111)111)111 = 0.

ruuu

From the hypothesis (d%/d/\)C < 0 one concludes the following: For the transcritical asym-
metric bifurcation A\; # 0, the A > A, branch of the solution satisfies A;¢ > 0 and hence the
corresponding part of the bifurcated branch is stable, while for the A < \. part of the bifur-
cated branch \;¢ < 0 and hence the corresponding part of the bifurcated branch is unstable.
For the symmetric bifurcation, the supercritical A > \. branch corresponds to X, > 0 and it
is stable while the subcritical A < A, branch corresponds to X\, < 0 and is unstable. Hence
the general stability analysis for any elastic system exhibiting a simple bifurcation gives the
same results with the simple rigid T model analyzed in subection AB-1.

One can also compute A€, the difference between the potential energies on the bifurcated
and principal branches of the system, for a fixed value of the load parameter \. Since by

definition:
AE = E( (e + AN) + €6+ v(E, AN), Ao + AN) — E(U (Ae + AN), Ao + AN), (AC-3.31)

one can expand A€ about the critical point (u., \.) and obtain a power series expansion in &.
For the asymmetric (\; # 0) bifurcation case, Eq. (AC-3.31) with the help of Eq. (AC-2.7),
Eq. (AC-2.27) and Eq. (AC-3.13) yields:

AE = %Al((dg,w JdN) )i + O(EY), (AC-3.32)

while for the symmetric (\; = 0, Xy # 0) bifurcation case, Eq. (AC-3.31) with the help of
Eq. (AC-2.27) and Eq. (AC-3.14) yields:

AE = %Ag((dg,w JdN) )i + O(%). (AC-3.33)

These results are similar to the the one obtained for the rigid T model (see Eq. (AB-1.6),
Eq. (AB-1.7).
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Ezxample

As a simple first application of the general theory developed in this section, the perfect
rigid T example will be revisited. In this case the space of admissible displacement functions
u = (v,0) is U = R?, whose Cartesian basis is e; = (1,0) and e, = (0,1). From Eq. (AB-1.1) the

stability operator evaluated on the principal branch &,.. (¢ (\), ) is the rank two tensor:

Erun (1 V), \) = 2Ferer + (A — A) Leges. (AC-3.34)

It is easy to see that A = ). is a singular point for €., (v (), \) with the corresponding
unique eigenvector:

U= ey. (AC-3.35)

The critical point (u.,).) is not a limit point for Eq. (AC-2.27) is satisfied, as one can
easily see from Eq. (AC-3.34) and Eq. (AC-3.35):

1

Eoyu=(—e1)ees =0, (AC-3.36)

u

where (o) is the standard dyadic notation for the single dot (inner) product in finite dimension
vector and tensor calculus.

Note that the rigid T model satisfies the strict crossing at zero of the minimum eigenvalue
condition Eq. (AC-3.15) (see also Eq. (AC-3.20)) namely:

((dE uu /dN)ett)ts = ((—Leses) e €) s = —L < 0. (AC-3.37)
Also note that the bifurcation amplitude parameter ¢ from (AC-3.1) is given by:
€= (u—u(\)ou=][v—(\2E))e; + fes] e es =0, (AC-3.38)

which identifies ¢ as the bifurcation amplitude parameter ¢ in this example.

For the asymmetric rigid T model (m # 0,n = 0) the first nontrivial term A, in the A — ¢
expansion for the bifurcation branch is calculated from Eq. (AC-3.13). Noticing that in this
example from Eq. (AB-1.1)

E.8u = 2mL>ezeqes, (AC-3.39)

the value of )\; is found from Eq. (AC-3.13) with the help of Eq. (AC-3.35), Eq. (AC-3.37)

and Eq. (AC-3.38), to be:
= —%(2mL3)/(—L) =mlL?, (AC-3.40)

exactly as expected from Eq. (AB-1.4).
For symmetric model (m = 0,n # 0), the first nontrivial term in the X\ — ¢ expansion is

calculated from (AC-3.14). Notice that in this case from (AB-1.1):
g c

uuUUU

= 67’LL4928282€2, (AC—341)
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while £,¢,, = 0 and hence from Eq. (AC-3.14) with the help of Eq. (AC-3.35), Eq. (AC-3.37)
and Eq. (AC-3.39) one obtains:

Ay = —%((mﬁ) /(=L) = 2nL>, (AC-3.42)

exactly as expected from Eq. (AB-1.4).

As it turns out, the above found asymptotic results describe completely the bifurcated
solutions of the simple rigid T example, since one can verify that all the higher order terms
A in the expansion of A(¢) are identically zero. For the same reason, the stability discussion
based on the general asymptotic analysis of this section gives exactly the same results to the
ones obtained before in the analysis of the rigid T.

The preceding general theory for simple bifurcations of elastic systems although not com-
plete from the mathematical standpoint, is sufficient for the vast majority of engineering
applications of interest. Pathological cases where (d€,u. /d)\)ett)u = (d%/d)\)c =0 do exist and
require a modification of the preceding general analysis. This modification is not at all diffi-
cult since the LSK decomposition in Eq. (AC-3.1) can be used once more to obtain the new
equilibrium equation (counterpart to Eq. (AC-3.12)) along the null space N* which will au-
tomatically suggest the required parameterization of the equilibrium paths near the critical
point. Depending on some additional conditions, (d% /d\). = 0 can lead to a bifurcated branch
emerging tangently from the principal path (in contrast to the results of this section where
the bifurcated branches cut the principal path at a finite angle in A — ¢ space) or might even

be an isolated singular point with no bifurcation branch emerging from ..
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AC-4 IMPERFECT SYSTEM - SIMPLE MODE

Of interest in this section is the influence of imperfections in systems whose perfect coun-
terparts exhibit a simple bifurcation. To this end, it is assumed that the potential energy of
the imperfect system is £(u, A\,w) where w is the imperfection field of the system while v and
A denote the displacement field and the load parameter as before. Without loss of general-
ity, it is assumed that w € U, the space which also contains all the admissible displacement
functions u. If the imperfection function w vanishes, the system is reduced to its perfect
counterpart and hence:

E(u, A\, 0) = E(u, A). (AC-4.1)

Similarly to the perfect case, the potential energy & is arbitrarily set to zero for zero
displacements:

£(0,\,w) = 0. (AC-4.2)

The system evolves from its stress and displacement-free configuration at which A =0 and
u =0 to a loaded configuration with A # 0, u # 0. For a given load level, the corresponding

equilibrium solutions are found by extremizing £ with respect to u, namely:

E o (u, A, w)du = 0. (AC-4.3)

For all physically realistic problems, for a given load parameter A and a given imperfection
w, one expects the equilibrium solution u()\,w) to be unique in a neighborhood of A = 0 and
coincide with @ (\) in the absence of imperfections, in agreement with Eq. (AC-2.3) and
Eq. (AC-4.1):

Eo (uA, w), \,w)ou =0, u(0,w) =0, wu(A0) =1 (N). (AC-4.4)

Unlike @ (\) however, u(\,w) is not as easy to find in applications, since the presence of
imperfections destroys the symmetry of the system.
For imperfect systems, it is important to distinguish between the “imperfection amplitude”

denoted by ¢, and the “imperfection shape” denoted by w. The corresponding definitions are:

w/e, (|w]=1). (AC-4.5)

e=fwl, w

Of interest here is the behavior of the imperfect system near the critical point ()., u.) of its
perfect counterpart for small imperfections, i.e. for small amplitudes ¢ of the imperfection w
but for arbitrary imperfection shapes w. To this end, one adopts the same LSK decomposition
of the displacement u =t (\) + €u+ v as in the perfect case (see Eq. (AC-3.1)). Splitting as
before the equilibrium equation Eq. (AC-4.3) into two components on the subspaces N+ and
N (see Eq. (AC-2.8) for the pertaining definitions), one obtains with the help of Eq. (AC-3.1)
(in analogy to Eq. (AC-3.2), Eq. (AC-3.3)), that the equilibrium equation along Nt is:

v =0=>E,, (1 (A + AN) + EU+ v, Ao + AN, €@)6v =0 Vov € NL, (AC-4.6)
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while the equilibrium equation along the null space N is:
Te=0=E0 (& (A + AN) + €U+ v, \e + AN, €)1 = 0. (AC-4.7)

As discussed in subection AC-2, the invertibility of £,¢, on N+ which follows from its
positive definiteness according to Eq. (AC-2.8), ensures with the help of Eq. (AC-4.1) the
existence of a unique solution v(¢, A\ €) to Eq. (AC-4.6). By assuming that (¢, A\ ¢) has a
Taylor series expansion about (¢, A\ €) = (0,0,0), i.e.:

v(, AN €) = Eve + Advy + ev+
. (AC-4.8)
5[5%55 + 26ADvex + 2€evee + (AN)2van + 2ANevae + e + ...

and expanding in a Taylor series the equilibrium equation Eq. (AC-4.8) about (¢ A\ e€) =
(0,0,0) one obtains the following results: The terms involving only powers of ¢ and A\
produce exactly the same results as the perfect system, since for imperfection amplitudes
¢ =|| w ||= 0 the imperfect system reduces to its perfect counterpart in according to Eq. (AC-

4.1). Hence for the imperfect system, in addition to Eqs. (AC-3.4) — (AC-3.11) one needs

following terms to complete the Taylor series expansion of v up to the second order:

O(e) : (5, ve+EL,W)dv =0, (AC-4.9)

O(€) + (£ Ve + (€L Ve + E Loy TV = 0, (AC-4.10)

O(eAN) 1 (£, Une + (A€ uu /AN Ve + (€ /dN)T)00 = 0, (AC-4.11)

O(€2) + (£, Vee + (€L Ve)Ve + 2(E Euns BN + (€. 100y W)WV = 0. (AC-4.12)

All the above equations admit unique solutions in terms of the unknowns wve,vee, vae, vee
in view of the existence of (£,¢,)~! in N*. By introducing the thus constructed expansion
for v into the remaining equilibrium equation Eq. (AC-4.7), one obtains with the help of
Eq. (AC-2.7), Eq. (AC-2.27), Eq. (AC-3.5) and Eq. (AC-3.7):

0= (8 D) €6 G W+ REAN(E s /AN) )+ 2E((EGutc + )N

2eAN(dE /AN Ve + (€ s /AN )t + €2((EC,, V)0 + 2(E.C s T)Ve + (£ .6y WD)+

SIE (8 G )8 BE. 5 v ]
(AC-4.13)
The above equation, which relates the load AN = A — ., the 4 component of the defor-
mation ¢ and the imperfection amplitude e, can be solved with respect to e if (€., @)u # 0.

ruw
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¢ increases : ~
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Figure AC-4.1: Case of an asymmetric bifurcation for an imperfect problem with a single eigenmode at the
critical point. Stable paths are drawn in continuous lines while unstable paths are drawn in dashed lines.

Consequently, by considering the Taylor series expansion of e in terms of A\ and ¢, one ob-
tains from Eq. (AC-4.13), with the help of Eq. (AC-3.13), Eq. (AC-3.14) for the asymmetric

and symmetric perfect systems respectively:

(ME2—EAN) + ... for  ((£.5,, Wu)u # 0,

Iuuu

(€, AN) = [((d€ s /AN i)/ (E 2., )] \ (AC-4.14)
(G = €AN + o for (5 W) = 0.

The above relation gives the magnitude of the imperfection amplitude ¢ for an equilibrium
path of the imperfect system passing through the point (A, ¢) in the X — ¢ space. Hence, for
a given imperfection one can find the AX—¢ relationship along the corresponding equilibrium
path through Eq. (AC-4.14).

The next question of interest pertains to the stability of the aforedescribed equilibrium
paths in the neighborhood of the perfect system’s critical point (\.,u.) and for small im-
perfection amplitudes. To this end one needs to investigate the minimum eigenvalue 3 of
the corresponding stability operator £, evaluated on the imperfect system’s equilibrium

solution. The defining equation for g and the corresponding eigenvector 7 is:

(€ e (1 (Mo + AN) + €0+ 0(E, AN, €(€, AN)), A + AN, (€, AN)T)T(E, AN))ou =

(AC-4.15)

B, AN)(T(E,67), 0u).
In addition, the normalization requirement for the eigenmode Z(¢, A)) is (compare with
Eq. (AC-3.22)):
(T(§,AN),Z(§,AN) = 1. (AC-4.16)
Notice in the above definition of 3, that the stability of all possible equilibrium paths
in the neighborhood of the perfect system’s critical load are examined, since AX and ¢ are

considered as independent variables in this analysis.
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€ increases

Figure AC-4.2: Case of an symmetric bifurcation for an imperfect problem with a single eigenmode at the
critical point. Stable paths are drawn in continuous lines while unstable paths are drawn in dashed lines.

The minimum eigenvalue (¢, A)) and the corresponding eigenvector z(¢, A)) are expanded

in a Taylor series of their arguments in the neighborhood of (¢, A)\) = (0,0), i.e.:

BE, AN) = €5 + ANF, + 3 (€Bee +2AMBey + (AN By + . (AC-4.17)

T(E,AN) = To + T + ANT) + %(g%& + 26AXTex + (AN)*Tan) + ... (AC-4.18)
By introducing Eq. (AC-4.17) and Eq. (AC-4.18) into Eq. (AC-4.15), expanding about
(¢,A)) = (0,0) and collecting the terms of the like order in ¢ and A) one obtains the follow-
ing results. From the O(1) term, in view of Eq. (AC-4.1), the assumed uniqueness of the
eigenmode Eq. (AC-2.7) and Eq. (AC-4.16) one deduces:
O(1) & (£, To)0u=0, (To,To)=1 = To=1u. (AC-4.19)
Continuing with the O(¢) term in the Taylor series expansion of Eq. (AC-4.15) one has:
O(6) & (€5 Te + (€ ww)du = Be(u,5u). (AC-4.20)
By taking 6u = u, and recalling Eq. (AC-2.7) one obtains for Be:
Be = (£ G )u) (AC-4.21)

while for §u = dv and noticing from the O(¢) term of Eq. (AC-4.16) and Eq. (AC-4.19) that
(4, %¢) = 0, one obtains by comparing Eq. (AC-4.20) with Eq. (AC-3.8) that:

(E.5,Te + (€5 WOV =0 => Te = vee. (AC-4.22)
Continuing with the O(A)) term in the Taylor series expansion of Eq. (AC-4.15), one has:

O(AN) & (£, Tx + (A€ ,uy /dN)ett)du = By (4, Su). (AC-4.23)

ruu
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By successively taking du = u into Eq. (AC-4.23) and recalling Eq. (AC-2.7) one finds
that:
By = ((d€ uu JdN)ct)u. (AC-4.24)

while by taking su = v, and noticing from the O(¢) term of Eq. (AC-4.16) and Eq. (AC-4.19)
that (u,7,) = 0, one obtains by comparing Eq. (AC-4.23) with Eq. (AC-3.9) that:

(E.50Tn + (€ uu /dN)W)0u = 0 = T = ve. (AC-4.25)

Tunu

For the symmetric perfect system ((£.¢,,)u)u = 0, the O(£2) term in the Taylor series

expansion of Eq. (AC-4.15) is also required:

1 c 1.1,1 c 1 c 1 1., _ 1- 1
0(52) : (5(((57uuuuu)u)u+g7uuuvff)u+(gmuuvﬁﬁ)u—’—igmuxff)&u:§ﬁ££(u76u) (AC'426)

In the derivation of the above equation use was also made of Eq. (AC-4.17), Eq. (AC-4.19),
Eq. (AC-4.21) and Eq. (AC-4.22). Once more by taking éu = u and recalling Eq. (AC-2.7)
one obtains:

Bee = (Efuuut)t + 3EC yyvee ). (AC-4.27)

Consequently, from Eq. (AC-4.17), Eq. (AC-4.21), Eq. (AC-4.24), Eq. (AC-4.27) and
Eq. (AC-3.13), Eq. (AC-3.14) the minimum eigenvalue B of the imperfect system’s stability

operator assumes the form:

(“2ME+ AN +... for (£, Wu)u # 0,

B(E, AN) = [((dE€ u /dN) i)l ; o (AC-4.28)
(58 + AN o for (€ W) = 0.

In the neighborhood of the perfect system’s critical point (¢, A\) = (0,0), one can find the
load extrema of the equilibrium paths by setting 3 = 0. The fact that the points with g =0,
which are by definition the critical points of the imperfect system’s stability operator &,,.,
are load extrema of the corresponding equilibrium paths and not bifurcation points follows
from the assumption (£.,,@)u # 0 as one can see from Eq. (AC-4.13).

Denote by AN (€) = A\(€) — A the difference between the load extremum points A, of the
imperfect system’s equilibrium paths corresponding to a given ¢ and the perfect system’s
critical load A.. Assuming that A), admits a Taylor series representation in terms of ¢, at
least in the neighborhood of ¢ = 0:

AN = 1€+ 5€7 + 160+ 0(Y), (AC-4.29)

Since B(&, AXs(€)) = 0, one can easily find the coefficients s,, in the Taylor series expansion
of A)s, by introducing Eq. (AC-4.29) into Eq. (AC-4.28):

2AE+O(E2)  for (€5 Ut # 0,

AN (E) = (AC-4.30)
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Notice that the curve AX,(¢) connects the load extrema of all the equilibrium paths of the
imperfect system, each one of which corresponds to the same imperfection shape @w but to a
different imperfection amplitude ¢, as shown in Fig. AC-4.1 and Fig. AC-4.2.

In applications, where imperfection w is known, i.e. for ¢ and w given, one is interested
in finding A\, as a function of e. The finding of A), < 0, the reduction from the critical load
corresponding to the perfect system of the maximum load corresponding to the imperfect
system is of particular interest, for it quantifies the critical load drop due to the presence
of unavoidable imperfections in the system under investigation. Solutions for A)s > 0, can
be easily shown to correspond to equilibrium branches that do not pass through X = 0 and
hence are of no interest here.

Substitution of Eq. (AC-4.30) into Eq. (AC-4.14) and subsequent solution for A\, in

terms of ¢, gives to the leading order in e for the asymmetric and symmetric perfect system

respectively:
—20eM (E., )/ (—dE s /AN)e) ]2 + O(€) for ((£,,, wW)u # 0, e (8.5, T)u > 0,
A)g(e) = 5
S 00) €, T) /) ((—dE uu /dN) )] 2 + O(e) for (€5, w)u)u =0, Ay < 0.

(AC-4.31)

Since in most practical applications the amplitude of the imperfection can be controlled
but not its shape, it is important to find the imperfection shape w that maximizes the load
drop (A),) for a given e. It is not difficult to see from Eq. (AC-4.31) that (A),) is maximized

when | (£,¢ w)’lll, | is maximized, a rather straightforward problem in linear algebra.

ruw

FErample

As a simple first application of the general theory developed here, the imperfect rigid T
example will be revisited. In this case one can easily deduce by inspection of Eq. (AB-2.1)
that w = (0,6), @ = (0,1) = e; and e =|| w ||= 6. Also, from Eq. (AB-2.1) one obtains with the
help of Eq. (AC-3.32):

£ = ALeses, (£C,T)u=—ML. (AC-4.32)

Recalling Eq. (AC-3.37), Eq. (AC-3.38), Eq. (AC-3.40) as well as Eq. (AC-3.32) one
obtains from Eq. (AC-4.14) the result:
(mL22 — EAN)/Ne = Aee=mL?*0? —0(A—)\.) for m#0, n=0,
€= (AC-4.33)
(nL3&3 —EAN)/Ne = Aee= nL303 —0N—)X.) for m=0, n#0.

exactly as found in Eq. (AB-2.4).
Having independently rederived from the general theory the equilibrium equations for the

rigid T model, attention is turned next in finding the minimum eigenvalue of the model’s
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stability matrix. Recalling once more Eq. (AC-3.37), Eq. (AC-3.38) and Eq. (AC-3.40) one
obtains from Eq. (AC-4.28):

B

—L(AXN —2mL2%¢) = (A\e = A\)L +2mL30 for m#0, n=0,
= (AC-4.34)

—L(AXN = 3nL3¢?) = (\e = A)L + 3nL*0?> for m =0, n#0.
As expected, both the above expressions coincide with the results obtained in Eq. (AC-2.6)
for the minimum eigenvalue of the stability matrix of the imperfect rigid T. More realistic

examples from structural and solid mechanics requiring the application the general theory

developed in this section will be given in the next chapters.
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AC-5 PERFECT SYSTEM - SIMULTANEOUS MULTIPLE MODES

Up until now, a fundamental assumption in the bifurcation, post-bifurcation and imperfec-
tion sensitivity analyses of elastic systems was the uniqueness of the eigenmode u associated
with the lowest critical load A, (see Eq. (AC-2.7)). For the remaining sections of this section,
this assumption is to be generalized as to include systems with a finite number of eigenvectors
&, 1 <i <m corresponding to A..

The system considered is still characterized by a potential energy &£(u,)\) which obeys
Eqgs. (AC-2.1) — (AC-2.4). The stability of the principal branch @ ()) is lost for the first time,

as \ increases away from Zero, at A. where:
(Erun (0 A, A)W)0u =0, (1,00) = 8ij; 4j =1,.ym. (AC-5.1)

The mode normalization condition in the above equation ® ensures that the eigenmodes
form an orthonormal set. This property will facilitate some of the subsequent calculations.
Further simplification can be achieved by choosing a specific inner product, as will be de-
scribed later.

In analogy to the simple bifurcation case it is also assumed that the critical point (& (A.), Ae)
is a true multiple bifurcation point for the system, i.e. it satisfies the m-dimensional version
of Eq. (AC-2.27) namely:

Sou=0, i=1,..,m. (AC-5.2)

A criticality, the stability operator £, loses its positive definiteness only for those di-
rections that are linear combinations of its eigenvectors «, i.e. for directions belonging to
its null space N. This implies the strict positive definiteness of £, on N*+. Consequently
Eq. (AC-2.8) continues to hold, but with the updated definition for the null space, namely
N={uelU|u=>", ¢u, & € R}. The corresponding definition for the orthogonal comple-
ment to the null space is Nt ={ve U | (v,4) =0, i =1,...,m}.

At the neighborhood of the critical point (u., A.), the solution u to the equilibrium Eq. (AC-

2.2) can be written with the help of the LSK decomposition (compare to Eq. (AC-3.1)):

u=u(\)+ > &Gutv; &ER, veNt, (AC-5.3)
=1

where ¢; is the projection of u— u on 4.
The sought displacement v is thus replaced by an equivalent set of unknowns (v,¢;) and the
solution to the equilibrium equation &£, éu = 0 proceeds in two steps: First v is determined

as a function of AN (AN =) —-),) and ¢ from the equilibrium equation in N+, namely:

Eubv=0 = €, (U A+ +Y i tv, A+ ANV =0 Vov e NE. (AC-5.4)

=1

SHere 0;; denotes the Kronecker delta symbol defined such that §;; =1 if i = j and §;; = 0 otherwise
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The resulting v is used in the remaining equilibrium equations on N. This provides the

relation between A) and ¢&;. The m equilibrium equations that have to be solved on N are:

Ee=0 = Eu(u At AN)+ D &Gli+v A+ ANU=0 (AC-5.5)
=1
From the assumed positive definiteness of £,¢, on Nt follows that Eq. (AC-5.4) has a

unique and adequately smooth solution v(&;, A)), at least in the neighborhood of the critical

point (u, A.). The Taylor series expansion of this solution is:

(&, AN) = &ui + Advy + %(ZZ@@% + 2803 Evin + (AN)?van) + .. (AC-5.6)

i=1 i=1j=1 =1

Upon substitution of Eq. (AC-5.6) into Eq. (AC-5.4) and subsequent evaluation of its
Taylor series expansion about (&,A\) = (0, ...,0) one obtains the following results: The O(1)
term of the expansion gives £, 6v = 0 which is automatically satisfied in view of the equilib-
rium equation Eq. (AC-2.2). The O(&;) terms yield, with the help of Eq. (AC-5.2), the result:
(£, vi)dv =0 which in view of Eq. (AC-2.8) implies the generalization of Eq. (AC-3.5):

By taking ¢ = 0 into Eq. (AC-5.4), comparing the result to the equilibrium condition
on the fundamental solution Eq. (AC-2.3), and invoking the uniqueness of the solution to
Eq. (AC-5.4) for v(¢&,AN), it is readily seen that v»(0,A\) = 0. This implies once again the
results already seen for the simple mode (see Eq. (AC-3.7) and Eq. (AC-3.11)):

UN = U\ — ... = 0. (AC—58)

This result could have also been obtained directly from the O(A))" terms in the expansion
of Eq. (AC-5.4).

One can similarly continue with the quadratic order terms in the expansion of the equi-
librium equation (AC-5.4) to find:

OE:€;) + (E.5, vis + (€5, 1))00 = 0, (AC-5.9)

O(&AN) : (£.5, vin + (dE uu /dN) )50 = 0. (AC-5.10)

The above equations have unique solutions v;;,v;y in view of Eq. (AC-2.8). In a similar
way one can find the higher order terms in the expansion of v(¢, AN) and hence uniquely
determine the solution to Eq. (AC-5.4). Upon substitution of the thus found v(¢, A)) into
the remaining equilibrium equation Eq. (AC-5.5), and after using Eq. (AC-5.2), Eq. (AC-5.7)
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and Eq. (AC-5.8) one obtains the following m equations relating A\ and ¢&;:

mom m

Zzgjgkguk + 2A/\Z§] z])\ Zzzgjgkglgz]kl + .. ] +...= 07

Jj=1k=1 Jj=1lk=11=1

k
Eijr = (€5, W), (AC-5.11)

N l i k.1
Eijit = (((€ S WU A+ (€500 Vi) A (€ Gy Vi) + (€ o 117 )0,

Eiin = (A€ /AN YW = (€ Gy (A1 [AN) e + €50 Y.

As expected, an obvious solution to Eq. (AC-5.11) is the principal equilibrium branch for
which & =0, v =0 but AX # 0 according to Eq. (AC-5.3). The determination of the remaining
equilibrium paths through the critical point, i.e. the determination of the curves & (A)), is
facilitated by introducing the “bifurcation amplitude parameter” ¢, defined as the projection of
u—  on the unit tangent of the equilibrium path at \.. For a neighborhood of the critical

point, assuming an adequately smooth dependence of ¢, AX on ¢ one has:

2
66 =oletaS +

0 N~ i
here: €= (u— § L). AC-5.12
, where: &= (u—u ‘ a;u) ( )

A)\(é) =&+ /\2% +

Two cases are to be distinguished at this point: First the asymmetric case for which
Eijx # 0 at least for one triplet of indexes (i, j,k). By inserting Eq. (AC-5.12) into to Eq. (AC-
5.11) and collecting the terms of the like order in ¢, one obtains the following system of m

quadratic equations from the lowest order nontrivial term in this expansion (the O(£?) term):

ZZ@ o Eijr + 2/\lza Eija =0, i(a})2 =1 (AC-5.13)
Jj=1k=1 i=1

where the second equation results from the unit norm of the tangent Za%ﬁ.
=1
The above algebraic system of m + 1 equations for the m + 1 unknowns o}, \; has at

most 2™ — 1 pairs of real solutions (a},\;) and (—a}, —\;), with each pair corresponding to a
bifurcated equilibrium path through the critical point. Each one of these equilibrium paths
can be constructed by computing its Taylor series expansion as indicated in Eq. (AC-5.12).
Higher order terms in the expansion of Eq. (AC-5.11) show that the series can be continued

to any desired order if the following condition is satisfied:

Det [Bij] #£0, B;; = Zallcgijk + A€ (AC-5.14)
k=1

The second case to be investigated will be the symmetric case for which &, = 0 for all
triplets of indexes (i,j,k). In this case Eq. (AC-5.13) implies that \; = 0. By inserting
Eq. (AC-5.12) into Eq. (AC-5.11) and collecting the terms of the like order in ¢, one obtains
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the following system of m cubic equations from the lowest order nontrivial term in this
expansion (the O(¢?) term):

mom m m

=0, Y3 N alakalEi + 3)\2204 Ein=0, D (a})=1 (AC-5.15)

Jj=1lk=1l=1 =1

where again the second equation results from the unit norm of the tangent Za%ﬁ.
i=1
This algebraic system of m+1 equations for the m+1 unknowns o}, A\, has at most (3™ —1)/2

pairs of real solutions (o}, \2) and (—al, \2), each corresponding to a bifurcated equilibrium
path through the critical point. Each one of these equilibrium paths can be constructed by
computing its Taylor series expansion as indicated in Eq. (AC-5.12). The continuation of
the expansion of Eq. (AC-5.11) to terms of O(¢*) and higher for each particular branch is

assured when:

Det [Bij] #0, By = Zzallgallgijkl + A2&ija. (AC-5.16)
k=11=1

To complete the study of the above found bifurcated equilibrium branches, one has to
investigate their stability. To this end one needs to find the sign of the minimum eigenvalue
Bmin Of the stability operator £,,, (u,\) evaluated on the equilibrium path whose stability is
under investigation. First the stability of the principal branch is to be investigated. To this
end, assume that %(/\) is any one of the m eigenvalues of &, (¢ (\),\) that vanish at )., while
() is the corresponding normalized eigenvector. A strict crossing of zero at the critical load
will again be assumed for %(A) which will again have to satisfy Eqs. (AC-3.15) — (AC-3.17).
Notice that in this case each one of these equations actually represents m different equations,
each one of which corresponds to one of the m different functions %i(/\) and corresponding
eigenvectors 2;(\) Owhere the subscript i has been avoided to alleviate notation.

Evaluating Eq. (AC-3.16) at the critical load one has in view of Eq. (AC-2.8) and Eq. (AC-
5.1)

T = leu (AC-5.17)

Assuming that each one of the g()\) and 2()\) are smooth functions of their argument,
Eq. (AC-3.16) can be differentiated with respect to A. Evaluating the result at the critical
point, and recalling from Eq. (AC-3.15) that %(/\ ) =0 one has:

(A€ s JAN) e+ €5 (d%/dN))0u = (dB /dN)o(he, 0). (AC-5.18)

Taking su = « and recalling Eq. (AC-5.1) and Eq. (AC-5.17), equation (AC-5.18) yields:

ZE'LJAX] - dﬂ/dA)CXw (AC—519)

which shows that the m derivatives (dﬁ/d)\)c are the eigenvalues of &;;, and the m vectors i

are the corresponding eigenvectors. Since from Eq. (AC-3.15) each such eigenvalue satisfies
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(d% /d\), < 0, one concludes that &;, is a negative definite matrix. This condition is satisfied
in the majority of applications of interest.

The stability of each bifurcated equilibrium branch trough the critical point depends on
the sign of the minimum eigenvalue 8,,:,(¢) of the corresponding stability operator &£,,,. In
analogy to Eq. (AC-3.21), the definitions for each one of the m lowest eigenvalues 5(¢) and
the corresponding normalized eigenvectors z(¢) are:

(€ s (U (e + AN) + i i+ v(&, AN), Ae + AN)z)du = B(a, ou), (AC-5.20)

i=1
while the normalization condition for z(¢) is still given by Eq. (AC-3.22). In the above defini-
tion &, A\, B,z are functions of the parameter ¢. Recall that for every bifurcated equilibrium
path the m lowest eigenvalues 8(¢) of the corresponding stability operator have to vanish
at ¢ = 0. In addition, for each bifurcated equilibrium path, g(¢),z(¢) are assumed smooth
functions of their argument and their Taylor series expansions as still given by Eq. (AC-3.23).

By introducing Eq. (AC-3.23) into Eq. (AC-5.20) and recalling Eq. (AC-5.1), Egs. (AC-
5.6) — (AC-5.8) and Eq. (AC-5.12), one obtains by expanding about ¢ = 0 and collecting the
terms of the like order in ¢ the following results: The O(1) term yields:

zo= Y xil. (AC-5.21)
i=1
Continuing with the O(¢) term in the expansion of Eq. (AC-5.20) one has:
O(€) + (€ (At JdN)e + Y 0kth) + MEn )(SX51) + Ey 21)0u = B (Yo x5), 0. (AC-5.22)
k=1 =1 j=1

Taking éu = u and recalling from Eq. (AC-5.1), the orthogonality of the eigenmodes, the

above equation yields:

ZBinj = ﬁlXiu (AC-523)
j=1

where B;; is defined in Eq. (AC-5.14). For the asymmetric bifurcation case, this matrix is
nonsingular, which ensures that all its eigenvalues g; are nonzero, as well as real, in view
of the symmetry of the matrix B;;. It follows from Eq. (AC-5.23) that the constants y;
introduced in Eq. (AC-5.21) are the components of the eigenvector of B;; corresponding to
the eigenvalue g;.

For the symmetric bifurcation case, since &, = \; = 0, B;; = 0 as seen from Eq. (AC-5.14),
which in view of Eq. (AC-5.23) also implies that 3, = 0. Consequently, the O(¢) term in the
expansion of Eq. (AC-5.20), with the help of the definition of v;; given in Eq. (AC-5.9) and
the normalization condition from the eigenmode (z,z) = 1, results in the following expression

for x;:

m m

0 = O Xiah(E b W+ €2, x1)0u=0, (z1,20)=0, = z; = DN xiajvij. (AC-5.24)

J=1k=1 i=1j=1



AC. BIFURCATION AND STABILITY - LSK ASYMPTOTICS FOR ELASTIC CONTINUA 7

Continuing with the O(¢?) term in the expansion of Eq. (AC-5.20) and recalling that
A =61 =0 as well as Eq. (AC-5.1), Egs. (AC-5.6) — (AC-5.8) and Eq. (AC-5.12), one has:

(52 : muuu Zaku ZO[ 111‘ + gmctuu )\Q(d u/d/\ + Zzakal Vgl + Zaku
k=1 =1

k=11l=1
(AC-5.25)

+)\257uu)\ ZXJ + 2(& uu ( Zaku N1+ &,y v2)0u = BQ((ZXJ&)?&U
j=1 k=1 j=

By subsequently taking éu =« and using Eq. (AC-5.24) into Eq. (AC-5.25) one obtains:
ZBinj = faXi, (AC-5.26)

where the matrix B;; is now given by Eq. (AC-5.16). For the symmetric bifurcation case,
this matrix is nonsingular, which ensures that all its eigenvalues B, are nonzero (as well as
real in view of the symmetry of the matrix). It also follows from Eq. (AC-5.26) that ;, the
components of z; introduced in Eq. (AC-5.21), are the components of the eigenvector of B;;
corresponding to the eigenvalue $,.
Hence the wanted minimum eigenvalue 8,,:,(¢) of £,., for the bifurcated equilibrium path
in question is:
EBMaT 1 O(€2) if £ <0, &R 4+ 0(€2) if € >0 for asymmetric bifurcation,
Finl€) = { (£2/2)B5™ + O(€3) for symmetric bifurcation.
(AC-5.27)
For the asymmetric bifurcation case, if for a certain bifurcated branch the maximum
and minimum eigenvalues of B;; respectively gye* and g*® are of the same sign, then the
bifurcated branch in question changes stability as it crosses the critical point, while if the two
extremal eigenvalues are of opposite sign the bifurcated branch in question is always unstable.
For the symmetric bifurcation case, if the minimum eigenvalue g3"" of B;; is positive, the
bifurcation branch in question is stable. Any negative eigenvalues render it unstable.
One can also compute A€ the difference for a fixed value of the load parameter A\, between

the potential energies on a bifurcated and on the principal branch. By definition:

AE = (U (he + AN) + 3 &t 065, AN), Ae + AX) — E( (Ae + AN), A + AN). (AC-5.28)

=1
Expanding A& about ¢ = 0, and collecting terms of the like order of ¢, one obtains with
the help of Eq. (AC-2.2), Eq. (AC-5.1) and Eq. (AC-5.12), Eq. (AC-5.13) for the asymmetric

bifurcation case (€ # 0):

Aliia ajEijx + O(&Y), (AC-5.29)

1=175=1

while following a similar procedure for the symmetric bifurcation case (€, = 0) and with the
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additional help of Eq. (AC-5.9) and Eq. (AC-5.15) one has:

AE = ¢ AQZZQ Eijn +0(9). (AC-5.30)

1=175=1
Recall from the discussion of Eq. (AC-5.19) that &, is negative definite and hence

ZZa}a}&j » < 0. Our conclusions about the energies of the bifurcated equilibrium branches
i=1j=1

through . are the same to the ones reached for the single mode case (see Eq. (AC-3.32),
Eq. (AC-3.33)). Given a load level A, one can see from Eq. (AC-5.29), Eq. (AC-5.30) that
the supercritical branches A > . (which correspond to A& > 0 for the asymmetric case or
to Ay > 0 for the symmetric case) have lower energy than the principal branch. For the
subcritical branches A < \. (which correspond to \¢ < 0 for the asymmetric case or to \» <0
for the symmetric case) the situation is reversed and the principal branch has lower energy

than the bifurcated one.
Ezample

As a simple first application of the general theory developed in this section, the perfect
rigid plate example discussed in subection AB-3 will be revisited. In this case the space
of admissible displacements u = (v,6,¢) is U = R® whose Cartesian basis is e; = (1,0,0),
es = (0,1,0), e3 = (0,0,1). From Eq. (AB-3.1), the stability operator evaluated on the principal

branch &,., (2 (\), ) is the rank two tensor:

Eoua (U (N),\) = 4Ferer + (A — \)L(ees + eses). (AC-5.31)

It is obvious from Eq. (AC-5.31) that at A = ). the stability operator £, has zero as a

double eigenvalue and that a corresponding pair of eigenvectors are:

unu

U=es i=e;. (AC-5.32)

Notice that the eigenvectors constitute an orthonormal basis to the null space N =
{(6,9)] 6,90 € R}. Hence the space N+ = {v| v € R}.

The critical point (u.,).) is a double bifurcation point since it satisfies (AC-5.2), as one
can see from Eq. (AC-5.31), Eq. (AC-5.32):

L u=(—e)ees=0, EC° i=(—e)oes=0. (AC-5.33)

Note that the two lowest eigenvalues of the stability matrix evaluated on the principal

branch €., (¢ (\),\) have a strict crossing of zero at A. and hence the matrix Eijx 1s negative

definite. Indeed from Eq. (AC-5.31), Eq. (AC-5.32) and recalling the definition of &;, in
Eq. (AC-5.11):

i

Eijx = (A€ uu JAN) )l = —L((e2e2 + eses) o ) o &t = — L. (AC-5.34)
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The two eigenvalues (d%/d)\)c of &;jx (see Eq. (AC-5.19)) are from Eq. (AC-5.34) found to
be (d3/dA). = —L < 0.
Also note that the bifurcation amplitude parameters ¢, and & are found with the help of
Eq. (AC-5.3) and Eq. (AC-5.32) to be:
0

&1=(u—u(X)e U= [(v— (NA4E))e1 + ez + pe3] @ ez = 0,
(AC-5.35)

&= (u= (X)) ot = [(v — (\/4E))er + bz + des] e 3 = o,
which gives a meaningful physical interpretation to the bifurcation amplitude parameters ¢&;
in this example.

For the asymmetric rigid plate model m # 0,n = 0 the determination of the first order
coefficients {a}} in the expansion of the bifurcation amplitudes ¢; and the first order coefficient
A1 in the expansion of the load A for each bifurcated equilibrium path, requires in addition
to Eq. (AC-5.34) the evaluation of the rank three tensor £,¢,,. Hence from Eq. (AB-3.1) one
has:

£.6 = 2mL%[(eze3 + ezes)es + (exey + ezes)es). (AC-5.36)

Using Eq. (AC-5.32), Eq. (AC-5.34) and recalling Eq. (AC-5.36) into the definition of the
coefficients & (see Eq. (AC-5.11)), Eq. (AC-5.13) gives the following system for {«}!} and
A1:

dmL3atal —2X\ 1 Latl =0

(a])? + (ad)? = 1. (AC-5.37)
2mL3[(a})? + (ad)?] — 2\ Lal =0

The above system admits three different solutions M1, M2, M3 namely:
M1 : ol =0, ay =1, A = mL?,
M2 : al=1/vV2, od=1/v2, M\ =+V2mL? (AC-5.38)
M3 : a}:—l/\/i, oz%:l/\/§7 A1 = —V2mL2.

By continuing with the higher order coefficients {a?}, n > 1 in the expansion of & (¢) (see
Eq. (AC-5.12) as well as with the component v of u— u on N* (v = (u— u)ee;) one easily finds
af =0 for n > 1 and v = 0. Hence from Eq. (AC-5.38) the 2™ — 1 = 3 bifurcated equilibrium

branches for the asymmetric rigid plate model are:
M1 : u= (N4E)e; + ez + pes, X\ = A+ EmL?; 0=0, ¢=E¢,
M2 : u= (M\4E)e; + 0es + ez, A=A\ +EV2mL% 0 =6 =E/V2, (AC-5.39)
M3 : u= (N4E)e; + ez + ¢es, A=A —&V2mL? —0=¢=¢/V2

which coincide with the solutions found in Eq. (AC-3.4), as expected.
For the stability of the above bifurcated equilibrium branches one has to investigate the
eigenvalues of the stability matrix B;; defined in Eq. (AC-5.14), which with the help of
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Eq. (AC-5.34) and Eq. (AC-5.36) is found to be:

[Bi;] = (AC-5.40)

2mL3ad — M\ L 2mL3al
2mL3a% 2mL3a% — ML

For each one of the equilibrium paths in Eq. (AC-5.39), the above stability matrix takes

the form:
) [ mL? 0 max . pmin 3 m& >0 stable
M1 : [Bj] = 0 mL? }’ =t =mlt = Ml { mé <0 unstable
3
M2 : [Bjj] = ﬁ?nL?’ \/igﬂbL } . Brer =\2mL3, Bt = —/2mL3? = M2 unstable
3
M3 : [Bjj] = ﬁ?nL?’ \/51(7)1L } . e =\2mL3, Bt = —\/2mL3 = M3 unstable

(AC-5.41)
which coincide with the results obtained in Section AB-3 (see the discussion of Eq. (AB-
3.6)2).

For the symmetric rigid plate model m = 0,n # 0 as seen from Eq. (AC-5.14) one would

require the additional evaluation of the rank four tensor £,2,,, which from Eq. (AC-3.1) is

found to be:

1 1
EComwn= 12nL*(ezes + esez + eses — §e3e3)e2e2 + (—§e2e2 + eges + eses + eses)eses+
(AC-5.42)
1 1
+(ezez — 56293 - 59362 + eses)(eze3 + ezes)],

Substitution of Eq. (AC-5.32), Eq. (AC-5.34), Eq. (AC-5.36), Eq. (AC-5.42) into Eq. (AC-
5.15) gives the following system for {a]} and X:
nLA12(a1)? + 36(a})?al — 18ad(ad)? + 12(ad)?] — 3A2Lat =0
(a)? + (ad)? =1. (AC-5.43)
nL*12(a1)? — 18(al)?al + 36ai (ad)? + 12(ad)?] — 3NoLal =0
The above system admits four different real solutions N1, N2, N3, N4 namely:

N1 : al=1/v2, oad=1/vV2, M\ =0, Xp=T7nL>

N2 : al=-1/v2, al=1/V2, M\ =0, \y=-9nL>
(AC-5.44)
N3 : al=2/v5, al=1/V5, A\ =0, X =(36/5nL>

N4 : ol =1/v5, al=2/V5, M\ =0, X =(36/5nL>

By continuing with higher order terms {a”},n > 1 in the expansion of ¢ (¢) as well as
with the component v of u— « on N* (v = (u— ) e e;) one easily finds a? = 0 for n > 1 and
v = 0. Hence from Eq. (AC-5.44) the (3™ — 1)/2 = 4 bifurcated equilibrium branches for the
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symmetric plate model are:
N1 : u=(\4E)e; +fes + ges, A=\ +E2(Tnl?/2), 0=¢=¢/V2

N2 : u=(\4E)e; +fes + pes, X =\.—E2(INL3/2), —0=¢=¢/V2
(AC-5.45)
N3 : u=(\4E)e; +fes + de3, I = \.+E2(18nL3/5), 0 =24 =2//5

N4 : u= (\/4E)es + ez + ges, A= \.+&>(18nL3/5), 20 = ¢ =2¢/\/5

For the stability of the above bifurcated equilibrium branches, one has to investigate
the eigenvalues of the stability matrix B;; defined in Eq. (AC-5.16) which with the help of
Eq. (AC-5.37), Eq. (AC-5.38), Eq. (AC-5.40) and Eq. (AC-5.42) can be written as:

6nL*[2(af)” + datas — (03)%] = Ao L 12nL*(af) — afaj + (a3)?]
[Bij] = (AC-5.46)

12nL4(a})? — adab + (ab)2]  6nL*[—(ad)? +4adab + 2(ab)?] - AoL

For each one of the bifurcated equilibrium paths in Eq. (AC-5.45), the stability matrix in
Eq. (AC-5.46) takes the form:

i 4 4
N1: [Byl= 2%4 2%4 ] Byin —2nL4 — N1 stable
r 4
N2 : [By] = 182L4 1878L } , it = —18nL* = N2 unstable
) (AC-5.47)
i 4 4
N3 i [By| = 82@%4 (36/ %)”L ] Byin = —(18/5nL* — N3 unstable
[ 0 36/5)nL* in
N4 . [By] = (36/5)n L 554?5371[}4 ] , pyin = —(18/5)nL* = N4 unstable

which coincide with the results obtained in Section AB-3 (see the discussion of Eq. (AB-
3.6)2).
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Chapter B

APPLICATIONS IN ELASTIC
STRUCTURES AND SOLIDS

Having developed the general theory for bifurcation, stability and imperfection sensitivity
of elastic structures, attention is now turned in applying it to solve problems in mechanics.

This Chapter deals with structural applications.
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BA ONE-DIMENSIONAL STRUCTURES

This section deals with one-dimensional structural applications. The most classical appli-
cation is the inextensible beam under axial compression, the celebrated “elastica” problem,

which was presented by Euler in 1744.
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BA-1 ELASTICA

The first application to be given for the case of one-dimensional elastic structures is the well
known “elastica” problem due to Euler. It consists of an inextensible, slender planar elastic
beam of bending stiffness EI and total length L. The beam is fully clamped at end A while
its end B can move freely along the y direction with a slope that remains fixed, as shown in

Fig. BA-1.1. The beam is loaded by a compressive force A which acts along the z axis.

y
IF B

|

v
>

A
v -

Figure BA-1.1: Undeformed and deformed configurations of Euler’s elastica beam.

The role of displacement variable u for this structure is played in this problem by the
scalar function 6(s) where ¢ denotes the rotation from its initial position of the tangent at
a point with arc length coordinate s. The curvature at point s is df/ds and consequently
the strain energy of the beam per unit length is (1/2)EI(df/ds)?. The point of application B
of the compressive force ) displaces by A = JL"(ds —dr) = jL"(l — cosf)ds and hence the beam’s

0 0

potential energy is given by:

L

£(0,)) = /[%El(j—z)z Z (1 = cos)]ds. (BA-1.1)
0

The kinematically admissible functions 6(s) are all continuous functions in the interval

[0, L] which vanish at s = 0, L and for which the potential energy in Eq. (BA-1.1) exists and is

finite.! One can also define an inner product for the admissible displacement functions 6(s).

The simplest possible such choice is:

(6‘1,92) = z /6‘1(8)92(8)6[8 (BA—12)

L
INote: The appropriate space U for 6(s) turns out to be the space Hg [0, L], i.e. the set of all §(s) such that {[[(df/ds)? +
0

62]ds}!/? < oo and which in addition satisfy 8(0) = (L) = 0.
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From Eq. (BA-1.1) the equilibrium equation and boundary conditions of the problem are
(see Eq. (AC-2.2)):

0\
T3 T Epsing =0, 0(0) =6(L) =0. (BA-1.3)

This boundary value problem has one obvious solution, which is valid for arbitrary loads
A, namely:
0
0(A) = 0. (BA-1.4)

The above trivial solution is obviously the principal equilibrium solution of the beam, for
it satisfies 8(0) =0 (see Eq. (AC-2.3)) and corresponds to the straight initial configuration.
The principal solution is also stable, at least for adequately small values of the load X i.e.
it satisfies Eq. (AC-2.4). To prove this assertion, one has to show that for adequately small
values of \, a positive constant %(/\) exists such:

L

L
Erun (BN, N)Su)5u = / (1 (@) — A(56)?] % / ) >0, Vel (BA-L5)
0

0

Any admissible §6(s) can be expanded in a Fourier sine series:

00
nms

50 = [60,, sin(—— 7)) (BA-1.6)

n=1

Upon substitution of Eq. (BA-1.6) into Eq. (BA-1.5) one obtains:

Mlmo

€ (H(N), N)du) 0t = g;{(wn)?[m > 53 (09) (BA-17)

The above result proves that for 0 < A\ < EI(r/L)? one has %(/\) = L(EI(r/L)> — \) > 0 and
hence the straight principal configuration is stable. The EI(x/L)? value of the load, above
which the beam loses its stability will be identified subsequently with the lowest critical load,
A. at which the first bifurcation occurs.

Having discussed the principal solution and its stability, attention is turned next to the
bifurcated solutions for the elastica, and in particular the bifurcated equilibrium solution
that passes through the lowest critical load. An analytical solution for the wanted bifur-
cated equilibrium path does exist and is given in terms of elliptic functions. Following the
general methodology developed in Section AC an asymptotic solution for the same bifur-
cated equilibrium path will also be derived. The results from the asymptotic method will be

shown to agree with the exact solution.
1) Ezact Solution

The exact solution for the bifurcated equilibrium path of the elastica is obtained from

Eq. (BA-1.3) as follows: After multiplying the equilibrium equation by (df/ds) and integrating
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with respect to s one gets:

o s

T 1[2(cos b — cos a)] u? = \/EI, (BA-1.8)
s

where o is the rotation of the beam at its inflexion point, i.e. the point for which df/ds = 0.
Introducing the change of variable y = sin(6/2)/sin(a/2) and the boundary condition 6(0) = 0,
one obtains by integration of Eq. (BA-1.8):

sin(%s)) =k sn(pus), k= sin(%), (BA-1.9)

where sn(x) denotes the Jacobian elliptic function “sine-amplitude of ” defined by:

sn(x)
dy
o (1 —y?)(1 - k2y2)|/2 (BA-1.10)

Let K(k) denote the quarter period of this periodic function, i.e. sn(x) = sn(x + 4nK) for

any integer n:

dy

AR N (e (e e

sn(K) = —sn(3K) =1, sn(2K) = sn(4K) = 0. (BA-1.11)

o _

From the remaining boundary condition 6(L) = 0, Eq. (BA-1.9) and the property sn(2K) =0
(although sin(2nK) = 0, the value n = 1 is considered since of interest is the lowest correspond-
ing value of the applied load \) one obtains the following relation between the load A, the
material and geometric properties of the beam EI, L and the rotation a at the inflexion point
of the beam: \

pL=2K(k) or L(£)"? = 2K(sin(%)). (BA-1.12)

For small values of k¥ = sin(a/2) by expanding K about k¥ = 0 one obtains up to O(k*) in
accuracy:

)\:EI(%)2[1+%sin2(%)+...]. (BA-1.13)

The above relation between the applied load A and the resulting rotation o at the middle
point (note for s = L/2 in Eq. (BA-1.9) sn(uL/2) = sn(K) = 1 and so 6(L/2) = «) of the beam
shows that a bifurcated solution is possible when the load A > \. = EI(r/L)? where ). is the

lowest load at which instability of the principal solution occurs.
ii) Asymptotic Solution

The bifurcation problem for the elastica beam will now be solved using the general asymp-
totic methodology developed in Section AC. The starting point for these calculations is the
determination of the lowest critical load A, which from Eq. (AC-2.7) and Eq. (BA-1.1) is
found by solving the following system:

1
d20 Ao L 1 1
72 + Ee =0, 0(0)=0(L)=0. (BA-1.14)
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The solution to the above problem corresponding to the lowest eigenvalue is:
1
e = EI(n/L)%, 0(s) = V2sin(rs/L), (BA-1.15)

where é(s) is the unique eigenmode corresponding to X.. The V2 term in o comes from
normalization (é, é) =1.

The above value for ). coincides as expected with the lowest bifurcation load of the elastica
found from the exact solution. The fact that A, is a bifurcation point can be independently
verified from the general theory which gives from Eq. (AC-2.27) with the help of Eq. (BA-1.1)
and Eq. (BA-1.15):

) 0
Eonu=— /sin(@(s))@(s)ds =0. (BA-1.16)

Proceeding with the calculation of the expansion of the load X in terms of the bifurcation
1.1

amplitude ¢, one obtains from Eq. (BA-1.1) for ((£ uuuu)u)u:
L
1.1,1 0 1
(€ ) u)u = /\c/sin(ﬁ(s))[ﬁ(s)]?’ds =0, (BA-1.17)
0

which shows that the bifurcation is a symmetric one and \; =0 (see Eq. (AC-1.13)).

The calculation of )., the next higher order term in the ¢ expansion of the load A,
requires the evaluation of the various quantities appearing in Eq. (AC-3.14). Starting with
((d€ 4u /X))t One obtains from Eq. (BA-1.1) and Eq. (BA-1.15):

L
((dE wu /AN i)t = — /cos ds = —L. (BA-1.18)
0

In view of Eq. (AC-3.20) the above result means that the lowest eigenvalue of the stability
operator evaluated at the principal branch has a strict zero crossing at \. with (d% /d\). = —L
exactly as expected from the general theory (see discussion of Eq. (AC 3.15)). The result
could have also been obtained directly from Eq. (BA-1.7) which gives B( )= L(EI(T/L)? = \).

1.1

Of the two expressions appearing in the numerator of A, in Eq. (AC-3.14), (€%, vee)u)u =0
while (((£¢,,,,w)u)u)u yields from Eq. (BA-1.1) and Eq. (BA-1.15):

,<uuuu

L
(E DB = A / cos(0(s))[0(s)]Ads = gmc - gEIW; (BA-1.19)
0

uuuu

Hence using the results in Eq. (BA-1.18), Eq. (BA-1.19) into Eq. (AC-3.14) one has:
Ao =—2(5LA)/(-L) = —-. (BA-1.20)

Thus the asymptotic expansion for the load X\ in terms of the bifurcation amplitude

parameter ¢ is:

A= [1+§+O(§ ))=EI( )[1+§+ . (BA-1.21)
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Similarly the expansions for 6(s) are in view of Eq. (BA-1.4) and Eq. (BA-1.15):
0(s) = &£V2 sm( 5+ 0(Ed). (BA-1.22)

It is of interest to compare the above obtained asymptotic results for the bifurcated
equilibrium solution with their exact counterparts in Eq. (BA-1.13) and Eq. (BA-1.9). Since
the exact solution is given in terms of k = sin(a/2), while the asymptotic one is given in
terms of ¢, the starting point of the comparison is the relation between those two quantities.
Recalling from Eq. (AC-3.1) the definition of ¢ = ((u — w),u), one obtains up to O(k2) from
Eq. (BA-1.4), Eq. (BA-1.9) and Eq. (BA-1.15):

b‘l’—‘

/9 = %/ 2sin~ ! [ksn(us) sm( )ds—k\/_+0(k2) (BA-1.23)

By introducing Eq. (BA-1.23) into Eq. (BA-1.9), Eq. (BA-1.13) one recovers as expected
Eq. (BA-1.22) and Eq. (BA-1.21).
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BB TWO-DIMENSIONAL STRUCTURES

Attention is now turned in applications involving two-dimensional problems in structural
mechanics. The first application to be given is the stability of a flat plate subjected to in-
plane loading. Two cases will be considered: a plate with a single eigenmode at the critical

load and a plate with a double mode at the critical load.
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BB-1 RECTANGULAR PLATE

The first application of the general theory presented in Section AC for two dimensional struc-
tures is the buckling of a simply supported rectangular plate which is uniformly compressed
in its own plane. Depending on the geometry of the plate, the lowest critical eigenvalue can

be either simple or double. Both cases will be studied.
i) Von Karman Plate Model

The simplest possible nonlinear plate model that can be successfully employed in the
prediction of buckling of an axially compressed plate is due to T. Von Karman. This model
is in essence a kinematically nonlinear (but constitutively linear) elastic model and takes
into account the contributions to the strains of the squares of the rotations of the middle

surface.

X1, Uy

Figure BB-1.1: Von Karman plate.

Consider a thin rectangular plate whose middle surface is a region A in the 1,2z, plane
and with thickness h, as shown in Fig. BB-1.2. Let u,(z1,72) (o = 1,2) be the tangential
displacements of an arbitrary point on the middle surface along z, and w(z;,z2) be the
vertical displacement of the same point. The small strain - moderate rotation kinematical
assumption leads to the following strain-displacement relations for the in-plane membrane

strains E,s and the curvature strains K,z

1 1
Eaﬁ = 5(1@)3 + u&a) + §w,a w,s, Kaﬁ = —W, aB, (BB-l.l)
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where ( ),,= 9( )/0z,. Note also that from here and subsequently in this section Greek
indexes range from 1 to 2 while the presence of repeated indexes in an expression implies
summation with respect to those indexes from 1 to 2 (Einstein’s summation convention).
The membrane resultants N,g (N1, Nao are the axial forces while Nyp = Ny is the shear
force) and the moment resultants M,s (M, Myy are the bending moments while M = My,
is the twisting moment) are related to their work conjugate strains E.; and K,z by
h3
Nog = hLapysErs,  Map = 15Lasakos, (BB-1.2)
where the plane stress elastic moduli L,g.s of the material are given in terms of its Young’s
modulus E and its Poisson’s ratio v by
E 1-—
Lagys = T2 |:Ty(5a75,35 + 50155,3” + V6apdys| - (BB-1.3)
The plate’s potential energy &£, assuming that its midsurface is a region A in the (z1, )
plane with boundary 94 is
1 h?
£ = 5/[Laﬁ75(EaﬁE75+ 13 K apKys)hldA
A
(BB-1.4)

- / [Patic + pu] dA — / ltatte + qu + m(—w,, )] ds,
A O0A

where p,,p are the distributed forces on the surface of the plate and t,,q are the boundary
tractions acting along the z,, » directions respectively while m is the imposed bending moment
at the plate’s edge and (-w,,) is its work conjugate edge rotation (w,, is the directional

derivative of w along the outward normal n to the boundary 94).
ia) Simply Supported Perfect Plate Under Compression — Simple Eigenvalue Case

Consider the thin rectangular plate shown in Fig. BB-1.2 of dimensions a; x a; and of
thickness h. The plate is simply supported on all its four edges. Moreover the plate is
axially compressed along the z; and z, directions with the help of four rigid bars which keep
the plate’s edges straight. The rigid bars are considered to be lubricated at their surface
of contact with the thin plate and can transmit normal stresses but not shear ones. The
normal forces F, acting on the rigid bars are assumed to increase in proportion to a scalar
parameter A > 0. More specifically it is assumed that F, = Agllagh, I = )\g'ggalh where gaﬁ
are constants whose physical meaning will be made apparent in the sequel.

From the absence of distributed forces p, = p = 0, and in view of the simple support
at the boundary, the vertical displacement w = 0 and the edge bending moment m = 0.

Consequently, the external loading part of the potential energy £ of the plate takes the form

Eext = — /[taua]ds. (BB-1.5)
0A
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Figure BB-1.2: Rectangular Von Karman plate under in-plane loading.

The trivial principal solution to the plate problem is the one in which the forces applied on
the rigid bars are uniformly distributed along the edges of the plate, in which case the traction
to = Agaﬂnﬁh (n the outer normal to 9A) thus implying that Agaﬁ is the resulting constant
stress field inside the plate. From the divergence theorem applied to the two dimensional
domain A one has from Eq. (BB-1.5)

Eoxt = —A / [GastiaslhdA, (BB-1.6)
A

and consequently from Eq. (BB-1.4) — (BB-1.6) the plate’s potential energy can be written

as

1 h? 0
&= /[ELag.yg(EaﬁEfyg + ﬁKaﬁK.ﬂ;) — /\O'aﬁua_ﬂ]hdA
A

(BB-1.7)
w(0,z2) = w(ay,z2) = w(z1,0) = w(z1,a2) =0
u1(0,22) = wy2(a1,x2) = uz(r1,0) = uz1(z1,a2) =0,
with the membrane (E.5) and curvature (K,s) strains given by Eq. (BB-1.1). The above
essential boundary conditions given in Eq. (BB-1.7), reflect the fact that the vertical dis-
placement at the edges of the plate has to vanish and that the ends of the plate have to
remain straight during the deformation. It is also tacitly assumed that the admissible dis-
placements u,,w have adequate smoothness as to ensure the finiteness of the potential energy
integral in Eq. (BB-1.7);.
The equilibrium equations of the plate are given by extremizing £ with respect to the
displacement Eq. (see (AC-2.2)). Hence from Eq. (BB-1.7) and by recalling Eq. (BB-1.1)
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one obtains

h2
€60 = [[Lapys(BapdEys + 15 KapdKos) - AGasdta slhdA = 0
4 (BB-1.8)

1 1
6Ea,3 = 5(511,0[)5 =+ 6uB7a) + 5(’[1},& 6’[1),5 +w,g 6w,a ), 6Ka5 = —6’[1}, aBs

where the admissible displacement du,, dw satisfy the essential boundary conditions Eq. (BB-
1.7)s.
It is not difficult to see that the principal solution to Eq. (BB-1.8) is the constant mem-
brane force, zero moment solution, i.e.,
0 0 0 0 0 0 0
Nag = Moap, (011,022 #0, 012=021=0); Mus=0
(BB-1.9)

0 0 0 0 0 0 0
Uy = ()\1‘1/E)(0’11 — 1/0'22), U2 = (Axg/E)(Ugg — VUH); w = O,

since a simple substitution of Eq. (BB-1.9) into Eq. (BB-1.8) proves that the equilibrium
equations and boundary conditions are satisfied and since the solution vanishes for A = 0.

Of interest is the lowest critical load ). for the above found principal solution. To this end
one has to find the lowest load A, that satisfies Eq. (AC-2.7), namely (€. ((Ae), Ae)u)du = 0.
Upon taking an additional derivative of Eq. (BB-1.8) with respect to u, and after noting also
from the principal solution Eq. (BB-1.9) that N af = hLaﬁW;%aﬁ = Ao, one obtains at the
critical load .

h2
(E° s )0 = /[Laﬁvé(éa,ﬁzsuv,g + ﬁll”’ 0O, 15) + AT apth, Sw,5 |hdA = 0. (BB-1.10)

A
Note that in the derivation of Eq. (BB-1.10) use was also made of the symmetries of the
plane stress moduli L,s.s given in Eq. (BB-1.3). It is also understood that the eigenmode
U = (i, ) has to satisfy the essential boundary conditions Eq. (BB-1.7)s.
Integration of Eq. (BB-1.10) by parts gives the following Euler-Lagrange form of the

corresponding equations plus boundary conditions:

1 .
Su, (Lapystiy,s),p =0 in A,
1 1 1 1 1
Lioystuys =0 on 0A,  u1(0,22) = ui2(ar,x2) = ua(x1,0) = us,1(x1,a2) =0,
(BB-1.11)
Sw (h2/12) Loy, asys — ATapil,ap = 0 in A,

1 1 1 1 1
w =0 on 8145 w,11 (vaQ) = W,11 (ala IQ) = W,22 ('rlv O) = w,22 (Ila a2) = 0.

Observe that Eq. (BB-1.11), is the equilibrium equation of plane stress linear elasticity
with zero distributed loads on A4 and zero boundary conditions on 94. Consequently the

. . 1 . .
unique solution for u, is the zero one i.e.

U = 0. (BB-1.12)
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On the other hand, one observes that Eq. (BB-1.11), admits the following solutions w
w = hsin(mmrxy/ay) sin(nmzs/az), (BB-1.13)

where m and n are arbitrary positive integers (m,n € N). A substitution of Eq. (BB-1.13) into
Eq. (BB-1.11), gives for the value of A = A\(m,n) corresponding to the hsin(mrz; /a;) sin(nraa/asz)

eigenmode
B [mr/a)? + (nm/az)?]”

12 1—12 0

A(m,n) = — :
o1 (mn/a1)? + g22(nﬂ/a2)2

(BB-1.14)

Consequently there exists an infinity of critical points for the stability operator of the
simply supported plate. Moreover all these points are bifurcation points since according to
the general theory from Eq. (AC-2.27) £,y u = 0. Indeed from Eq. (BB-1.8) and Eq. (BB-
1.12) we deduce

ECunil = — /[gaﬁimg]hd/l = 0. (BB-1.15)

A
Of all these bifurcation points of interest of course is the one corresponding to the lowest

critical load. Assume for the time being that the minimum of A(m,n) is achieved for a unique

pair of real integers (m.,n.)

Ae = A(me,ne) = min [A(m,n)], (BB-1.16)

m,n€EN
then the hsin(menzi/a1)sin(n.mrs/az) is the unique eigenmode corresponding to A. at which
point the principal equilibrium branch encounters a simple bifurcation.

One expects the principal branch of the solution to be stable for 0 < A < A.. Indeed it will
be shown that the stability functional of the principal solution (£,.. (w()), \)du)du is positive
definite in the aforementioned range of loads A. From Eq. (BB-1.8) and Eq. (BB-1.9) we
have

2
(€ (S(0), A)ou)5u = / Lo (St 01 5 + %(m, w30, 5) + ASagbune Sw,s JhdA. (BB-L17)

A
A straightforward calculation using Eq. (BB-1.3) shows that for 1 > v > 0, Lag,50ua, 0uy.s >
0 if [Sua,g]s # 0 and hence one has to concentrate on the jw dependent part of the integrand in
Eq. (BB-1.17). Noting that any admissible sw satisfying the essential boundary conditions
sw =0 or 9A (see Eq. (BB-1.7),) can be put in the form

dw=nh Z Z OWonn sin(mmay /ay) sin(nmzs /az), (BB-1.18)

n=1m=1

where the dw dependent part of the quadratic in éu form in Eq. (BB-1.17) takes the form:

h2
/ (15 L0, asdw,qs AT 0 0Ww,0 6w, 5 |hdA =
A
(BB-1.19)
h3 oo o0
‘“ff 3 (6Won)? N, 1) — X [~011(m/a1)? — Gan(n/as)?].
m=1n=1
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Since 11, 022 < 0 (the plate is compressed), it follows from Eq. (BB-1.7) and Eq. (BB-1.19)
that for 0 < X < A\. (with \. given by Eq. (BB-1.16)) that the sw part of the stability functional
Eq. (BB-1.17) is positive definite and hence, given that the du part of the stability functional
is always positive irrespective of the value of A, the stability of the principal solution for
loads up to the lowest bifurcation load . follows from the just proved positive definiteness
of Eq. (BB-1.17).

One should note at this point that with some additional effort, and after defining an
inner product in the space of all admissible displacements, one could have shown the el-
lipticity of the stability operator in the sense of Eq. (AC-2.4), i.e., that a %(A) > 0 exists
(€ s (W(N), N)ou)du > g(/\)(éu,éu) for 0 < X\ < )., exactly as shown for the relatively simpler case
of the elastica (see Eq. (BA-1.5)).

Having found the lowest bifurcation load . = A(m.,n.), attention is focused on the
post-bifurcated expansion of the bifurcated equilibrium path. To this end notice that

((d€ yuu /dN) )t can be found from Eq. (BB-1.7), Eq. (BB-1.9) and Eq. (BB-1.13)

1.1 0 1 1 h3 0 9 0 9
((dE€ yyay /AN cut)u = /[Uagw,a w,g |hdA = Ialag[oll(mcw/al) + 092(nem/az)?]. (BB-1.20)

A

Notice that since oq5 < 0, ((d€,uu /d\)ct)u < 0, as expected from the general theory in
Section AC-3.

According to the general theory, the first term A\, in the asymptotic expansion of the
bifurcated equilibrium path through ). is given by Eq. (AC-3.13). The denominator in that
expression has just been calculated above in Eq. (BB-1.20) while the numerator, with the
help of Eq. (BB-1.7), Eq. (BB-1.9) and Eq. (BB-1.12) yields

(£, wue 1)0)t = / 3[L gy (Wsa .5 tis 5)]hdA = 0, (BB-1.21)

A
which implies from Eq. (AC-3.13) that A\; = 0 and hence that the structure will undergo a
symmetric bifurcation.

The calculation of the next term )\, in the expansion of the load requires according to
Eq. (AC-3.14) the determination of the next order term vg in the expansion of the displace-
ment which is found according to the general theory from Eq. (AC-3.8). With the help of
Eq. (BB-1.7), Eq. (BB-1.9), one obtains from Eq. (AC-3.8) the following variational equation

for Veg = (121,0” ﬁ))

0= ((5c,uuu ’111)111 + &% un Ugg) ov = f[La,Bv6(&}7'y ’&),5 5ua,3 + 2’111%51}},(1 511},,3 )]hdA
A

, (BB-1.22)

h
+ f Lag.yg(l%,%g(suaﬁ + D] ’LzU, 75511), aﬁ) + /\cg'aﬁ'(%,a 5’LU,5 ]hdA.
A

Integration of Eq. (BB-1.22) by parts and recalling the admissibility conditions Eq. (BB-
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1.7), gives the following point-wise equations and boundary conditions for By, 10

2 11 .
Olg (Lagrys(Uy,s +w,yw,5)),5=0 in A;

2 11 2 2 2 2
Ligys(Uy,s +w,yw,s) =0 on A, u1(0,x2) = 1 ,2(a1,z2) = ua(x1,0) = ug1(x1,a2) =0

ow - (h2/12) Lagysits agys — AeGapid ag = 0 in A;
© =0 on 0A, 120,11 0,z2) = 120,11 (a1,22) = 1%,22 (21,0) = 73}722 (z1,a2) = 0.
(BB-1.23)
Notice that the equation governing  is identical to the one for w (compare Eq. (BB-1.23),
and Eq. (BB-1.11), for A = A.) and hence @ = cw. However, in view of the orthogonality
(vee,u) = 0 (recall that vee € N- according to the general theory in subsection AC-3) and the
fact that u, = 0 from Eq. (BB-1.12), one concludes 0 = (vee, u) = (i, w) = c(w,w) which implies
that the constant ¢ =0 and hence

i =0. (BB-1.24)

The determination of i, is a somewhat more tricky task and is based on the observation
that Eq. (BB-1.23); are the equations of plane stress linear elasticity with a distributed body
force (Laﬂwgzbw w,s ),5. Consequently, the Airy stress function technique of linear elasticity will

be employed in this case. To this end, define the following quantities

2 2 1 1

q i i (U’OZ,B +u6701) +w70¢ wuﬁ- (BB-125)

$af = Lapys(Uy,s + Wy W,s ) = Lapyseys, €ap =

DN =

Moreover define the Airy stress function f(x1,z2) to be
511 = fi22 ,  $22=fi11, Si2=su=—[12. (BB-1.26)

It is not difficult to see that with this definition the in-plane equilibrium equations in
Eq. (BB-1.23), take the form s,z 5 = 0 i.e. they are identically satisfied. On the other hand,
by inverting the relation between s,z and e,z from Eq. (BB-1.25) by using the elastic moduli
expressions in Eq. (BB-1.3), one has

€11 = —=(S11 — VS € = — (S22 — VS €12 = € =
11 E 11 22), 22 E 22 11), 12 21 B

S12. (BB—127)

In addition, by exploiting the relation between ez, 1o, and w one obtains the compatibility

condition

1 11
e11.22 + e22.11 — 2e12.12 = 2[(w,12)? — w11 w22 . (BB-1.28)

Upon substitution of Eq. (BB-1.27), Eq. (BB-1.26) and Eq. (BB-1.13) into Eq. (BB-1.28)

one obtains the following governing equation for f
%V4f = h2(mer/a1)?(nem/az)? [cos(2menay fay) + cos(2n.mxa /as)], (BB-1.29)

where V* denotes the biharmonic operator i.e. V*f = f,1111 +2f,1122 +f,2222.
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The solution of Eq. (BB-1.29) is found to be

_ ER? [ (nc/az)?

(mefar)?
1= 96 | tmejar )2

(nc/a2)2
and thus from Eq. (BB-1.26), Eq. (BB-1.27) upon substitution of Eq. (BB-1.30) one has for

cos(2memxy/ay) + cos(2n.mra/az)| , (BB-1.30)

SapB
ER? , ER? ,
s11 = —T(mcw/al) cos(2n.mxa/as), S22 = —T(ncﬂ'/ag) cos(2memxi/a1), S12 = s91 =0,
(BB-1.31)
and for e,
h2 2 2
el = —Z[(mcw/al) cos(2n.mra/as) — v(nem/ag)” cos(2menzy /ar)], ez =0.
(BB-1.32)
2
€99 = —hz[(ncw/agy cos(2memxy Jay) — v(imer/ay)? cos(2nemas /as)],  e1a = 0.
Finally, from Eq. (BB-1.25), and Eq. (BB-1.32) one obtains for g
2 2 _ 2
= _%{[(mcﬂ-/al)2fl;1 + [(mcw/a;()m W;C(:)CF/(IQ) - %(mcw/al) cos(2n.mza/az)] sin(2merar /ar)}
2 2 _ 2
ity = _%{[(ncﬂ/az)zxz + [(ncw/aé)(n FI;(OZL)Cﬁ/al) - %(ncﬂ'/az) cos(2memxy/a1)] sin(2n.mxe faz)}
(BB-1.33)

It is not difficult to verify that the @, found above, also verify all the boundary conditions
in Eq. (BB-1.23);.

The last ingredient according to the general theory (see (AC-3.14)) required for the calcu-
lation of ), is the numerator (((£¢,uwuun )+ 3 £ uun v&)zﬂ)zﬂ. To this end by using Eq. (BB-1.7),

the wanted numerator in the expression for A\, according to Eq. (AC-3.14) becomes

(((E€ uun WY+ 3((EC vy vee)u)l = 3 [[Lanps(thy.s + W,y W5 )0 1,5 |hdA =
A
(BB-1.34)
3
3f[sa511t1,a tlu,g]hdA = ﬁEh5a1a2[(mcw/a1)4 + (nem/az)?],
A

where in the derivation of Eq. (BB-1.34) use was also made of Eq. (BB-1.12), Eq. (BB-1.13),
Eq. (BB-1.24), Eq. (BB-1.25), Eq. (BB-1.31). The denominator of A, has already been found
in Eq. (BB-1.20) and consequently from Eq. (AC-3.14) X, is finally given by

- 2 S L TN

0 0
o11(mem/a1)? + ooa(nem/ag)?

(mcw/a1)4 + (ncﬂ/a2)4
[(mem/a1)? + (nem/az)??

(BB-1.35)

N

Recalling from the discussion of Eq. (BB-1.20) that gll(mcw/a1)2 + 322(nc7r/a2)2 < 0 (or
equivalently since \. > 0) we conclude that A\, > 0 which implies that the simple symmetric

bifurcation of the simply supported plate gives a stable bifurcation equilibrium branch.

Ezxample
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As an application to the above analysis consider the case of a square plate a; = az = a

under equibiaxial compression ¢y, = 092 = —1. Then from Eq. (BB-1.14), Eq. (BB-1.35)

7T2 E h 2 3 Ac
)\C = F 1_]/2 <a> y mC:nC = 1; )\2 = Z 1_]/2 (BB—136)

ib) Simply Supported Perfect Plate Under Compression — Double Eigenvalue Case

The analysis in the previous subsection is valid when the lowest bifurcation load \. cor-
responds to a unique eigenmode i.e. when the pair of integers m,, n. that minimizes \(m,n)
(see Eq. (BB-1.14)) is unique. Suppose now that a; = v/2a, as = a and that the plate is
compressed only along the z; direction, i.e. o1; = —1, 025 = 0. Under those conditions it is
not difficult to see that the lowest bifurcation load ). corresponds to a double eigenmode
since from Eq. (BB-1.16)

2 2
S () e =0 o), (BB-1.37)

while the corresponding bifurcation eigenmodes are (see Eq. (BB-1.13))
w = hsin(mzy/a1) sin(mzs /az), i = hsin(27mzy /a1)sin(rxg/ag); a1 = V2as. (BB-1.38)

The corresponding in-plane displacements w4 to each mode with @ out-of-plane displace-
ment are from Eq. (BB-1.12)
Uy =0, uq=0. (BB-1.39)

The bifurcation is still a symmetric one i.e. & = 0 since according to Eq. (AC-5.11) and
with the help of Eq. (BB-1.7), Eq. (BB-1.9) and Eq. (BB-1.39) one obtains

iik i ik ik E i g
((E% uun u)zJL)u = /[Laﬁ,yg(w,a gu,ﬁ Uny,5 + 1Ju,a W,8 Uy,s + W, W,3 ﬂmg)]hdA =0 (BB-1.40)

A

Following the general theory developed in Section AC-5, the calculation of the bifurcated

equilibrium paths through A. requires first the evaluation of v;; = (ﬂa,ﬁ]}) satisfying (see

Eq. (AC-5.9) for the corresponding definition)

0= [(E )it + €5, vij)00 = / Ly (10, 0,5 Othe, g + 1oy 510,00 G105+ 510, 0w, 3 | A A
A
i h2ij 0 i
+ [La[gw(uv,géuaﬁ + Ewwg 5w,a5 ) + )\coa,@w,a 6w,5 ]hdA
A
(BB-1.41)
In the above derivations use was made of Eq. (BB-1.7), Eq. (BB-1.9). Integrating Eq. (BB-

1.41) by parts and recalling once more the admissibility conditions Eq. (BB-1.7), as well as
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j

Eq. (BB-1.39) we obtain the following Euler - Lagrange equations for @,
TP Laﬁw(gmé + &w W, ),5=10in A,

L12v6(zd'y,5 + &’w W,5) =0 on A, Uy (0,x5) = 1111,2((117962) = y(z1,0) = 1112,1(961, as) =0
h2

ij 0 ij .
ow : ELQL-;»Y(;U), aBys — AeOapW,a8 =0 in A,

5} =0 on JA, 5&11 (0,22) = %,11 (a1,w2) = 5’,22 (21,0) = 3’722 (1,a2) = 0.
(BB-1.42)
Notice that similarly to the simple eigenmode case, the equation governing  is identical to

Eq. (BB-1.11), governing each & and thus o = cijw+d;;i0 where ¢;; and d;; are constants. Since

vij = (ﬁm{f;) is orthogonal to the eigenmodes B = (0,5}), k=1,2at A\, we have 0 = (v;, 1’3) = (%,5))
which implies ¢;; = d;; = 0 and hence
= 0. (BB-1.43)

The determination of 4. is done in a similar way as for the simple buckling mode case.

To this end define, in analogy to Eq. (BB-1.25) the stress ,L;Sjaﬁ and strain Zgag quantities

Saf = Laﬁvé(uvﬁ + W,y W5 ) = La,@wﬂev& €ap = (wua w,p +W,q w,p ) (BB'144)

(s + Thp.0) +

N =
N =

In analogy to Eq. (BB-1.26) one also defines the Airy stress functions ? to be
ij iJ ij ©j ©j
S11=fo2, S:2=fa1, S12= 3 =—foao, (BB-1.45)
which satisfy automatically the equilibrium equatlons Eq (BB-1.42); in 4, i.e. 9445 =0. By
inverting the relation Eq. (BB-1.44) between 3,5 and .5 one has, in analogy to Eq. (BB-
1.27)

ij 1 ij ij ij 1 ij ij ij ij 14+ vij
Cgu:E(gu—ng), ézzZE(rgm—Vgu), 19 = €91 = 319, (BB-1.46)

The compatibility condition, analogous to Eq. (BB-1.28) is found by exploiting the defi-
nition of ¢, in terms of #, and @ in Eq. (BB-1.44) to be

ij 4 4 i g i i i
€11,22 + €22,11 — 2€12,12 = 2w,12 W,12 —w,11 W22 — W,11 W,22 . (BB-1.47)

Upon substitution of Eq. (BB-1.38) and Eq. (BB-1.45), Eq. (BB-1.46) into (BB-1.47) one
obtains the following equations for i;‘

4/} i i i
_V (f) = 2w,12 1,12 —w,11 W22 — W,11 W22 (BB-1.48)
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The solution of Eq. (BB-1.48) gives the following results for lf

2 [ /00 \2 a0\ 2
lflz % [(a—;> cos(2mzy /ar) + (fl—j) COS(27T$2/CL2)]

2 2
Qf: £ (ﬂ) cos(4mr1/ar) + <@> cos(2mxy/as)
16 2a2 ax

12 Eh? {cos(3ﬂ':1:1/a1) cos(mzy/ay) { 9 cos(mzy/ay) cos(3mxy/ay)
[(

4 (Baz/a1)®  (az/ar)? as/a1) + (dar/az)]2  [(9az/ar) + (da1/az)]?

} cos(27rx2/a2)}

(BB-1.49)
Consequently, using Eq. (BB-1.49) into Eq. (BB-1.45) one obtains for 4,4. Likewise one can
also calculate ¢,5 from Eq. (BB-1.46) and Eq. (BB 1.49) and subsequently from Eq. (BB-
1.44) with the help of Eq. (BB-1.39) one can find %,. It turns out only %,s are required in
the subsequent calculations for \,.

As discussed in the general theory in Section AC-5, the coefficients & and &, are
required in order to calculate A, and the initial tangents {a}} to the different equilibrium paths
through . for the symmetric multiple bifurcation (see Eq. (AC-5.15) and the definitions for
Eijw and &y in Eq. (AC-5.11). By using Eq. (BB-1.3), Eq. (BB-1.7) and Eq. (BB-1.44) one
obtains for &k

) 7 kl k l ) ! ik 7 k 3 k gl
Eijrt = /[La,@vé[&}aa W5 (U 5+ Wy W5 ) + Wi Wy (Uny 5 + Wyry W5 ) + Woey Wy (Uny 5 + ww w5 )|hdA

A

kl i j ) l
- /[ aﬁ’&);a 'LJU,[j—FSaﬁﬂ),a wvﬁ +Sa5w7a w?ﬁ]hdA

A
(BB-1.50)

and for &;;,
gij)\ = /[8-015&}701 ﬂjv,@]hdA (BB—151)
A
It is interesting to note that &, and &;;, are completely symmetric with respect to any

permutation of indexes. By using Eq. (BB-1.49), as well as Eq. (BB-1.38), into Eq. (BB-1.50)

one obtains for the nonzero coefficients &1

15v2 7t 15v2 7t 14135v2 o7t
51111 == 1—28Eh5 5 82222 == WE}'LS 5 81122 == mEhSE (BB-152)

The remaining nonzero &, are given by all the possible index permutations in view of
the symmetries discussed. The &;;, coefficients are found by substituting Eq. (BB-1.38) into
Eq. (BB-1.51) (and recalling also that the only nonzero .4 is 011 = —1. Hence one obtains

for the nonzero coefficients &,

2 2
Enx = —%h:”wz, Exoy = —gh%Q (BB-1.53)

A more convenient way to proceed with the algebraic calculations is to rewrite the non-

zero components of the coefficients &;;,; and &;;, in terms of three positive constants «, §, v
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as follows:

E1111 = o, Exo0 = 4a, 1122 = Ea211 = (404/3)(1 + 5); E11a = =7, E220 = —4,
(BB—1.54)
a = (15v/2/128)ER°n* /a2,  ~ = (vV/2/8)h37%, & = 226/2601.

Consequently, from Eq. (AC-5.15) of the general theory and by substituting in Eq. (BB-
1.54), the initial direction o} of the bifurcated equilibrium solutions at \. satisfy the following
system

a(af) [(a1)? +4(1 +6)(a3)* = 3Xe(v/a)] = 0
da(ad) [(1+6)(e1)? + (a3)* = 3X2(v/a)] = 0 (BB-1.55)
(o) + ()2 = 1
The above system admits four real solutions
Nl: al=1, ad=0; X=a/3y
N2: al=0, ad=1;, X=a/3y
(BB-1.56)
N3: abjal = [6/(3+48)]%; A= (a/37)[1+ 8(3 +48)/(3 + 50)]
N4: alfal = —[5/(3+ 4812 Ao = (a/37)[1 + 6(3 +40)/(3 + 50)]

Notice that since all X\, > 0, all the bifurcated paths are supercritical at )., i.e. occur
under increasing load.

Next the stability of the above bifurcated branches is to be examined, at least in the neigh-
borhood of .. To this end one has according to the general theory presented in Section AC-5
to examine the positive definiteness of the matrix B;; given by Eq. (AC-5.16)

51111(04})2 + 51122(04%)2 + X2&11a 2511220&045

Bij = (BB-1.57)

28112200 @) Ex11(01)? + Eazza () + AaEaon

where in the derivation of (BB-1.57) from (AC-5.16) use was made of the fact that the only
nonzero coefficients & and &;, are given by (BB-1.52), (BB-1.53). The evaluation of the
stability matrix (BB-1.57) for the four bifurcated branches found in (BB-1.56) gives the

following results

2a 1o
N1: Bij = ? — Stable
0 26
o 3+406 0
N2: Bij = § — Stable
0 8
(BB-1.58)
o 3446 4(1 + 6)\/3(3 1 40)
N3: BU = m — Unstable
B+50) | 401 +6)/5B +49) 45
o 3446 —4(1 4 6)\/33 T 40)
N4 : BU = m = Unstable
B+5) | _4(1 4 6) /53T 1) 46
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It is interesting to note that unlike the simple mode case where the post-bifurcation equilib-
rium branch of the plate was stable, in the double eigenmode buckling case one finds that
two of the four bifurcated equilibrium branches, N3 and N4, are unstable. However, since
for all the post-bifurcated branches X, > 0, no imperfection sensitivity is expected and the
corresponding imperfect plate will not exhibit any snap-through instability at a load lower
than ..
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