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Elastic Stability of Structures

Week #4 — Lecture series

Stability of plates

* Introductory example
»  Cylindrical plate buckling
» Deriving the Equation of loss of stability
 Some classical cases
> simply supported rectangular plate Stable-symmetric
: i bifurcation ¢
under one-side compression o
»  simply supported rectangular plate \
under in-plane bending and
compression i
»  Shear buckling of a rectangular .
plate
* FEAlinear buckling example
* FEA post-buckling example
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Plate buckling
(ala-laipan lommahdus)
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Post-buckling analysis
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N.B. Plate buckling starts

Clamped cantilever (ala-laipan lommahdus)

/

Plate buckling

Waking—up
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N.B. Here, we did elastic post-
buckling analysis as it is the
topic of this course.

The next analysis step is to add

possibility for yield of the material
(GMNA) postuckling analys.



Recall about GNA and GMINA  Stable-s
bifurcation
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* Here, we do Geometrically

Non-linear Elastic post- <«
buckling Analysis (GNA) as it is
the topic of this course

* The next analysis step to do in
is to add possibility for yield
or other types of failure of the
Material. Such postuckling
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Waking—up Example from my research work

Buckling load parameter \lambda versus
foundation stiffness \gamma parameter for the

8r free edge. (NB. 1/over \gamma ~ k/D = E(cold)/E(hot), is a
measure of the relative softening of the hot layer)

A versus y

o A A
0 2 4

o 7

Fig.3 A versus y for the free edge. Legend is similar to that of
Fig. 1.

Buckling load parameter \/=mbda versus foundation stiffness \zarmima
parameter for the free edge.

Only the solid line represents the buckling load. Small circles denote a change in
buckling modes. The dotted line is from the n=2 mode. The buckling modes are
shown schematically as disks with nodal lines.
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Post-Buckling Analysis

Post-buckling analysis (rectangular thin plate) [Baroudi, 2018]
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Homework #5

1 Exercise: Plate buckling and stiffeners

As a future or already an active structural designer you want to design stiff-
eners for a simply supported square thin metallic plate under the compressive
edge load (Figure 1). The purpose is to increase the buckling strength (buck-
ling stress) of the plate at least to 10 x 72D /a?.

The stiffeners! are directed along the loading direction and are equal
spaced beams of length a and rectangular cross-section h x 4h, where h bei
the height of the plate. Read the margin comment.

The material of the stiffeners and the plate is the same isotropic wi
Poisson’s ratio about 0.3.
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2 Exercise: Column local and global buckling

Shear buckling of thin
plates of finite length a

A metallic column of length L (Figure 2) is being loaded centrically by a

ﬂpproximgle

for finite slab:

Shear buckling of thin plates

gnore the values

k = 5.35 + 4(b/a)?

s — half-wave length

thrust P. The metal being isotropic (¥ = 0.3). The stress at the loaded
cross-section is constant and transmitted to the column through a stiffening
end-plate. The cross-section is a square thin tube of thickness ¢ and width b

such that L/b = 20.

ction AB

The exact solution of the problem for an infinitely long strip with simply

supported edges gives

Exact for infinitely long slab:

st ffmedd \UC’ '

Figure 1: Simply supported square plate and stiffeners. Assume for simpl

that the the stiffener-heam is divided in twao narts as shown in the ma

D
b%h

Tee = 5.35

\

3 Exercise: Shear buckling

Figure 2: A thin-walled tubular column.

“onsider Shear buckling of thin metallic isotropic plate of a very long* strip
(L > b) (sub-figure b) in Figure 3) is loaded at horizontal edges by a con-
stant shear stress 7. The bending rigidity of the plate is [D. Determine

“You can approximate it as an infinite sheared plate strip.

w(x,y) ~ Asin(my/b) sin|w(x — ay)/s]



Energy principles to estimate buckling load ... example coming soon....

Buckling of a stiffened plate

Consider a thin elastic plate (Fig. XXXX) of thickness ¢, having length ¢ and b e

width b. The effective bending rigidity of the plate being D. The external delta UL, b, D, w0) =

compressive load is applied along the lines x = 0 and x = ¢ with intensity - _ N L ~

NY < 0 (N/m). A stiffener®®! is designed along the loading direction. The 5 ‘&H —_— (D*L*w0 %*pllil)f(S*b 3) + (D*b*w9 2*Pi 4)/(8xL73) +
bending rigidity of the stiffener-beam being EI,. In this example, we assume _ 0 (D*nu*w0~2+pi~4)/(4+L¥b) - (D¥w0"2+pi~4*(nu - 1))/(4+L¥Db)

that ratio b/{ is such that the first buckling mode of the plate is in form of a

bubble. The stiffener has half-height hy and thickness t,. Notice that the inertia d2x_w_beam =
moment —(wO*pi~2xsin((pi*x)/L))/L"2
Buckling of a stiffened plate delta U beam(L, b, D, w0) =
mikk e 1 (EI*w0~2#pi~4)/(4*L"3)
7ETe | _ stiffener-beam

oy

delta_W(L, b, w0, NOx) =
(NOx*b*w0~2%pi~2) / (8%L)

Al ! delta_Pi =
i ‘ (EI*u0~2%pi~4)/(4+L"3) + (D*L*w0"2%pi~4)/(8+¥b73) +

tp T (D*b#*w0~2%pi~4) /(8+L"3) + (NOx*b*wQ 2%pi~2)/(8*L) +
T 1 (D*xnu*w0~2%pi~4) / (4*L*b) - (D*w0 ™ 2#%pi~4*(nu - 1))/(4*L*b)
, AY‘ =~ 1 delta Pi_w =
Y/ p ate (wO#pi~ 2% (D#pi~2*L"4 + NOx*L"2%b"4 +
/(;%?;'*" N% < 0 (N/m) 2%D#pi~2%L"2*%b"2 + D#pi~2%b~4 + 2*EI*pi~2%b~3))/(4%L"3%b~3)
?". __________________________________________________________
texti =
~ ’Remember Nox is now negative : = - Nox_ref’
5 " % m=mmemmeseesesesssmeceesessecseseseesesseeesseseee—ea-
T 23 3 3
I 7ot (2hs +1p)°  Ustp
=18 | ° 12 12
,\(‘ ‘ N — = -q
=X .
] l L] ]
e before solving that, let's start from the begining



Pure torsional buckling and plate buckling

plate model

A
N
<
1)
o

.g.’o
A

>
w

3 ) Torsional Buckling b )

The primary mechanism the rotational mode of the thin-walled beam open cross section is be
the result of plate buckling.
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Shear buckling of thin plates
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Stability of plates

Many structures or structural elements have plate

elements or substructures that under certain loading
conditions can buckle 1

flanges and webs of rolled or build-up beams & columns

hollow metallic bars (rectangular cross-sections)

shear walls in buildings
aircraft fuselage panels

aircraft wings, rudder and wing panels

Plate buckling

Examples of common structures

Buckling of Plates Compression
Bending experiment buckling of flange

supports

" ) Buckling of
. Shear buckling loading flanges
of web Nodal lines

G

Web shear
buckling

\




Initially flat paper
sheet buckles under
in-plane pushing

Cylindrical plate buckling

Analogous to Euler column
with unit width a —




Introductory example AR

Cylindrical plate buckling = :,(
-4 I,

1! \L :"";

thin plates with relative thickness h/¢ < 1/10 A

Kirchhoff-Love theory : (;lx th .

von KArman moderate rotations. AN

- : | S

. . ! gl

the linearised homogeneous equations of (loss) of stability —| =

0 B o

DAAw — Nygw op = 0, = =

0 0 0 - =

D (W zr0z + 2W gayy + Wyyyy) — NppWay — 2N Wey — Ny wy, = 0. S _)(Z

\ Y / , T

You and I will derive these equation very easily e

Assume them, for the moment given.

Analogous to Euler column
with unit width a

v



Cylindrical-type buckling of plate slab //700
the linearised homogeneous equations of (loss) of stability ) A Ay — N9 o a = 0 O/(/Q‘.
af o8 ? /O/?

This stability equation will be derived

0 0 0 —

|

a = 1 [m] of an ’infinitely’ long plate

l The critical load g, [N/m]
Ddi_w 1 dz_w —0 By analogy with Euler—buckling:
1 dzt " Taz? ’ [P—— ;
d*w d?w (Ger =T D/t
FI——+P—=0
dz? + dz? ’
EFElI=a-D. P=a-q P = ?TQEI/EQ- J]/ ‘slenderness’

Oer < [R/0)?

Engineering formula
qQr ™D 1 w2 Eh?

Jc*r':—:

h ~ h2  h 12(1 —12)2

B mE h1?
T 12(1 - 1?) !E] =1

L ?
I ) »
S NrC
| -
| b e | %
~h >
1 :"‘:
: |
T—‘ rl
| |
b= =
| I
o L | g
l._yl "o 8 u((
. v/' %

m] of an ’infinitely’ long plate



Analysis of an Engineering formula formula from SFS-EN-1993-1-5
45.3 Column type buckling

(1) The elastic critical column

.. . should be taken as the buckling st
Plate buckling: Euler column buckling: '

i'"“_““““_““_“““““"_“““"“; (2) For an unstiffened plal:e the

| i 2 2 2

. ?TZE h/ 2 i P = p) . m EI I(;'-:.'il'r;' = z EZI 2
Ocr = 12(1 - Uz) E : cr A €2 ? , 12 (I—V )a
‘r . - | .
A — . am— reference buckling load
reference buckling stress

Effect of boundary
conditions lL
Buckling coefficient
Lommahduskerroin P r12
o = f =,£L‘JT2E [E:|
v = /A T: Basic buckling
Y i
The buckling coefficient K depends on ‘slenderness’ formula ~ for  a
. Loading /Sp column-like  buck-
» ‘ ) & Jling mode taken
* boundary conditions and I mE [l_z}“ *@ \ SFS.EN
* the aspect ratio /length to width « = a/b o 12(1 — v2) [ 4 j\’:l : e

(for rectangular plates)

denoted ¢
(1.594)).

aspect ratio a = a/b




Deriving the equations of, stability

O(AIl) =0 (loss of )
_“ Sy W5

—

Kirchhoff-Love theory

thin plates with relative thickness h/{ < 1/10

von Karman moderate rotations.

the linearised homogeneous equations of (loss) of stability

DAAw — Npgw op =0,

£

-
A

0 0 0 —
4

Initial mid-plane kinematics, in the reference p

(u = u%(z,y)

rimary equilibriTn state:

Y

v =1(z,y) Pre-buckled
configuration

-

w = uz,y) = 0

intial (membrane = in-
plane) stresses

Mid-plane kinematics increments, in the post-buckled configuration:

Au=u— 2w,
Post-buckled

Av =v— 2w, _ _
configuration

Aw = w «

v

Ny
SV
No—h- b

Can be loading 0
also edge shear N,

Huom.! Here, this Z\ is not the Laplace

operator, it is just a difference = increment




Deriving the equations of stability

buckling of a column

1
All = —f c1  Ee;dV +
2 Jv

>

Y o

linear part of strain increments in AU  quadratic part of strain increments

f eo L a¥dV All =
1%

E'I'w d+/ N? (%'wi) dx

- Efﬁ,

(G.CI:‘ 9&€$?NL)

A

Buckling of plate

The initial membrane stress-resultants N, 0
The pre-stress resultants N°

Quaderatic part of strain increment (at buckling)

 NO N , satisty the equilibrium

yy?

yy?
NU Wlﬂ work 0 0 0
NO,,NO N9
* * 1T
T €2 = [E:r:x:? yy? Fme 26 ]
€ = 1/2upiug j,

1 1
* 2 2 27 2
€ T 5[?1’,:1: + v,a: +w,a:] ~ §w,:m
N——
%O((w2
€y ['u, + v, W, ]Nﬁw,y, )
~0
Yoy = 26$y = Ugly + Vgly TW LWy R WLW,y

At buckling, the derivatives of displacement components of the

primary equilibrium are small (can be ignored)
Recall column buckling where u,x was ignored since it doesn’t change during
buckling (in the neighborhood of critical point)




Initial (membrane) stress
resultants satisfy N©

Deriving the equations of stability

1 equilibrium equation in
AIl = 2 / e1TEe;dV + / e To0dy | Preteckedsiete N
1% 1%
- - _J ~ \ \_J NO |
linear part of strain increments in AU  quadratic part of straixﬁ\t\cremen Ty
: : / \ Ngfﬂ’ Ngy" Ngy
For an isotropic plate
— [.* * * 9 * 1T
1 1 T €2 = [E;r:n::? Eyy: F}’my — Emy]
AU == [ 0:6dV = = [ e EedV = .
2 Jv 2 Jv I €; = 1/2ug iug j,
1
2 2 2 1 1
= §D /A ['wm + Wy + 20W gz W 4y + 2(1 — I/)w’a,;y] dA G = Gl 0 ] Sud,
——
~0<Lw?
Refer to you course: . o ]
Plates and Shells T ey = gluy vyt R Sw,
o T ~0
€1 = [Ou/0x, Ov/0y, Ou/dy + Ov/0x] R =26 — gy +vguy W, W,
T . -~ o
= —zZ[Wae, Wyy, Way + Wyl ~0
T O 1—v v 0 €
— _z[ﬁ:x’ Ry, 2”’5179} ) o, | = E v 1—v 0 €
Y (l— 2V)(1—|—V) 1-9 Y
Txy 0 0 | [Vay

(4



Deriving the equations of stability Initial (membrane) stress N,
resultants satisfy

1 equilibrium equation in Ngx
AIl = — / €1TE€1dV + / EZT 0.0 1V pre-buckled state 0
L2 4 _ JVIL Ny

"

linear part of strain increments in AU| quadratic part of strain i crem;s
4

\ N[} N[} NCI

F . . / rT? yy?
or an isotropic plate e . e 1T
1 1 T €2 = [E;r:n::? Eyy: F}’my = 2e¢ ]
AU:—/U:eldV:—/elEeldV:
2 Jv 2 Jv I
= 1D ['wz + w2+ 20w w4+ 2(1 — v)w? ] dA
2 J4 L% Y TE VY LY Non-linear (quadratic) part of strain
incrgment.
Refer to you course: ﬁ 1 5
Plates and Shells 6 ['u, T v —HU ] Qw,:r’
%0<<'w’m
Linear part of strain increment: 1 1
. T e = ~[u%, + v +wl] =~ w2,
€1 = [Ou/0z, Ov/0y, Ou/0y + Ov/0x] vy — glly T Ty Tl ™ 9y

M, = D(k; + vKg),
M, = D(ks + vEz),
; Mzs = D(1 — V)Kygs, ~0

— _z[wamxj w:yy7 w&:ﬂy + w:ym]T
}T




L L4 L] L L] * ]_ 1
Deriving the equations of stability T e 5 + v Ful] & Sw,

«— 1 %O({w?m

The work increment of pre-stresses on the increment of second order part of | ]
. . Ey = —[uzy + U2y +w2y] R~ —’wa,
strains being 2y Yy T2
~0
:7 = 26:3 — ’U;’_/L-u, —I_ v=$U: —I_w:ww: ~ w’xw’
AW(O'.U, AENL D/ O'O": AENL dV = Toy N yv i Y Y
~0
+h/2 . O e
— + ol + 70 * + 70 * ] dzd A Initial membrane stresses work
/ /h/g L ToaCaz vy Y oy yrouT with their conjugate NL-strain
+h/2 . O 0 increments (they are work-
N .
—/ / Oy + cryyeyy + Txy'Ya:y] dzdA conjugate)
h/2 :
NO L N N, w dA NO_, NO NG
B Al %42 W "' vy any + WaWy T VPR,
€2 = €30 €yys/Tay T 2€0y]
The increment of total potential energy is now

1 _
ATl §D | _w?m + wiy + 20W g W 4y + 2(1 — y)w?my] dA
o [ [NOw? + NGw? +2ND w w | dA sl g e

cJa’ S(ATI) =0 —>



Deriving the equations of stability

Variation of the strain energy increment term will result in the classical part

known for bending of plate (ignoring the boundary terms) lL
— 5(&U) = L [w,mm + 2w}mw1yy + w,yyyy] owdA &/
Variation of increment of work of pre-stresses on the increment of deformations
(ignoring boundary terms) will be &
- / 1 0 0
aesve = §(AW) = - [N Wz + Nyt gy + 2N 1| Swd A \X
boundary
conditions ( ) [ ]
s O(AIl) = / D W goza + 2W gayy + W yyyy| OW+
Equations A
of loss of — {Ngmw,m + Ngyw,yy + QNgywjmy] dwdA =0, Yow
stability:
The membrane D [w,ﬂ::{rmm + Qw,mmyy + w,yyyy] — {Ngg;w,:cm + Nyy Y + QN;Eth,my] =0
stresses have to ~ .&E g - E—
equilibrium w N“ |

ﬁw,ﬂcﬁ
equations in the

pre-buckled state

DAAw — NYgwap =0, (z,y) € S x [-h/2,h/2], (+BCs)

6(df/dz) = d(df) /dz = 6(f2) = (0f)



Deriving the equations of stability

e

o Aenp AV =

0 _x 025 0 _x 0 _*
:/ / [amem T s T e & Tyxﬁyx] dzdA
AJ—h/2
+h/2 0 * 0 * 0 _x*
— /A/ [amem Tl ey + Txy")’xy] dzdA

‘! E 1 1
0 2 0 2 0
— /A N, W N, oW + nyw,xw,y] dA

i

N .oesi

% NS L The increment of total potential energy is now

N 1
P RN ik All = QD/ [w2m. + way + 2Vw,a:a:'w,yy + 2(1 _ V)w2$y] dA"F
T3S N Rl | ’
.“1: ‘ 1

Do,

'Zl'.l";z_« + i
wwyva

Tl
k]




Energy principle to estimate buckling _
loads with examples A = e

A
y

1. Buckling of a stiffened plate

_ fee—— | ———
stiffener-beam

M“, plate model
©

2. 2-D versus 1-D: Plate model
versus beam-model for .
torsional buckling

A 4
(9
Ne
- \ .E.
XE ;
g=

il TITTTTTT

A
v

3. Plate with a stiffener




Energy principles to estimate buckling load Buckling of a stiffened plate

Consider a thin elastic plate (Fig. 1.202) of thickness ¢, having length ¢ and width
b. The effective bending rigidity of the plate being D. The external compressive >
load is applied along the lines z = 0 and & = ¢ with intensity NV < 0 (N/m). T
A stiffener®®! is designed along the loading direction. The bending rigidity of
the stiffener-beam being EI;. In this example, we assume that ratio b/¢ is such

that the first buckling mode of the plate is in form of a bubble. The stiffener has ¥ L3 4 L4
half-height hs and thickness ts. Notice that the relevant inertia moment of the o
stiffener is = RS
2h 3 et e bhf; :
7 — ts - (2hs +1p) _ Uslp effective inertia moment for the plate [, = —= | stiffener-beam
3 12 12 4 h, being the height of the plate and b its loaded width
N
T

tll o=

stiffener-beam loading plane



Energy principles to estimate buckling load Buckling of a stiffened plate

Trial bucling modes 1
8 AIl = ] D W, + Wy, + 20w o gy + 2(1 — v)w?, | dA+
A b 1 bl

. [ Tx . [Ty i _
w(z,y) =wp - Sm(?) : Sm(T)
1 0 2 0. 2 0
w(z,y) =wo - (£ — 9::)/4?2 ~y(b— y)/b2 +§ ]A \f_\&_ﬂi W+ {Vyyw}y + QNmywafcw?g dA+
_E—Ng_.r{O now, thi;jcerm =0 1

1 ¢
+§] EIw’,(z,y = b/2)dx.
0

l, stiffener-beam

y/ 1 ’ e =& 1 \1
stiffener-beam

B

loading plane



Energy principles to estimate buckling load

=3 ] D W, + w y T 20w gaw yy + 2(1 — u)wiy] dA-+

Trigonometric trial:

w(x,y) =wp - sm(?) -Sin(%y)

1 | - o(AIT) = oA dwy = 0, Vowo,
+3 fA Np. wh+ Ngywy + 2Ny wawy | dA+ . Owg
—~— ”
_E—Ngm'{ﬂ now, thlgq:erm =0 ]
¢
+%fo EIS’LU?m(m,y =b/2)dzx.
. 2m?EI  Dn? ({0  b\?
2,2 2 o\ A S
ATlI(wg: N9) "8"’;37;3 "8";3’;3 |2BI7%° + DR 4+ 07 — N0 /(,Nm)“‘" 2h b2 (b + .é’)
ov_2EIT2  D2[% 4 b?)? / 0= _ N0
0y N, =-N/<0 !
— (Nm)cr — 2) + 2pi |
2m2ET D2 2
/2 b2

=42 D /b? = exact analytical, for £=b

-

=4,fﬂr , I=b

- _—_

stiffener-beam




Trigonometric trial:

[T\ . [Ty — 0 om?El, Dn? 1% [b]?
cenmn(7)e(?) e B o [
2 T2[¢2 212 - - o
— (W0, =2 DT V] ny
Con?El Dr? AR Dr? 2m2El; b
= + bT L(Q + !B] + !E] )J . =k{3 . —b2 1 £2b . kCDﬂ_Q
. —4, for , (=b . - )
=4An2D/b? = exacra,na,lytical, for £=b k _Dﬂ'z 1 27T2EIS b2
=k, —— . .
b2 EQb k FEh ,ﬂ_g
;o ts (2hs )% sty ! °12(1-v)
’ 12 12 D2 21, b2
L stiffener-beam =k, R 1+ 7 . s
" i ke 12(1—v)
s Dn? . [b] 2 21 —-v) I
RS ¢ ke I
stiffner contribution




Parabolic trial: w(z,y) =wo - 2({ — ) /€% - y(b — y) /b Less accurate ... but good

2
ATI(wo; N9) :36;‘]"% . (24D¢* + 2N2p* + 40DE2b? + 24Db* + A5ELLH)
= N\ \J
SR a@‘“ GO oY (NN, =12D0* + 20D0%v* + 12Db* + 45/2 - ELLY —
= 7 owO (N?) f~-a23"’T2M+D—"’T2 20+12[£r+12[br
S5 ol BTy T T\ FP T ] T
~oke
, B 2EIn*  Dm?[(* + b?)?

770
= WNo)e ===+ — g

_2?T2EI+ Dr? 2+[£r+ !br
I b b (] )

- ——

—4 for . £=b

M —

Trigonometric trial: =472 D /b? = exact analytical, for £=b




o\

Work increment of initial stresses (applied NOx along the boundaries x=0

% and x=L
% Energy method to approximate buckling load L
$ for a §t1ffened thg pléte with ln—p}ane compressive Nox along one side delta W(L, b, w0, NOx) — 0.5 % int( int (NOx * dlx w * dix w, x, [0 L) , v,
% the Poisson expansion is not restrained by the supports. [0 b]_ ) — _

%% Note that here Nox is negative

o°

Author: Baroudi D. 2021

o°

syms x vy

syms delta P delta W delta Pi = delta U(L, b, D, w0) + delta W(L, b, w0, NOx) + delta U beam(L, b,

D, wO0)

syms w w0 delta Pi = simplify( delta Pi)

syms L b D EI nu % Equations of neutral equilibrium

syms NOx o

c T , , delta Pi w = simplify ( diff(delta Pi, w0) )

% Displacement approximation (you can use better approximations) - T -
cTTTTTTTTTTTrT T texti = 'Remember Nox is now negative : = - Nox ref'
%% w(x, y, w0, L) = w0 / ((L"2) * (b"2)) * x * (L - x) *y * (b -1y) % -
less good than the trigonometric

w(x, y, w0, L) = w0 * sin(pi* x /L) * sin(pi* y /b) % best one

dlx w(x, y, wO, L, b) = simplify( diff(w, x) )

d2xy w(x, y, w0, L, b) = simplify( diff(dlx w, y) )

d2x w(x, y, wO, L, b) = simplify( diff(dlx w, x) )

dly w(x, y, wO, L, b) = simplify( diff(w, y) )

d2yx w(x, y, w0, L, b) = simplify( diff(dly w, x) )

1
2 2 2
a2y wix, y, w0, L, b) = simplify( diff(dly w, y) ) Al 9 /A D [w,mm + Wiy + 200w gy + 2(1 — V)w,:cy] dA+

% Strain energy (plate alone) 1
delta U(L, b, D, wO) = 0.5* D * int( int(d2 w ol2 o , [0 L o , [0 Db r 2 2
e a U( w0) int ( int(d2x w X w, %, [ 1) v, ol 1) +§ N;g;c 'w,:r +Ny0yw, 4+ 2Ngyw,:}:w,y dA_|_
0.5* D * int( int(d2y w * d2y w, %, [0 L]) , y, [0 bl) + A T{rﬂ <0 ~ th‘v{: 5 ~
=—Ngis now, this term =

nu * D * int( int(d2x w * d2y w, x, [0 L]) , y, [0 b]) + 1 ¢
2 _
(1 - nu)* D * int( int(d2xy w * d2xy w, x, [0 L]) , y, [0 b]) +§/0 Efsw’m(a:"y = b/2)dz.

% Strain energy (stiffner beam alone)

d2x w _beam = d2x w(x, b/2, w0, L, b)

%% delta U beam(L, b, D, wO) = 0.5* EI * int( int(d2x w beam * d2x w beam, x,
[0 L]) , y, [0 bl)

delta U beam(L, b, D, wO) = 0.5* EI * int( d2x w beam * d2x w beam, x, [0 L] )



2-D versus 1-D: Plate model versus beam-model for torsional buckling

plate model

Task: use sationary total potential energy
principle and estimate buckling load



2-D versus 1-D: Plate model versus beam-model for torsional buckling 1(3)

Task: use sationary pot. energy principle and estimate buckling load )
Trial: kinematicaly admissible®

Cw(x, y; we) = wp - sin(wx/f) -y2/1?2

|
; \ w(m,'gz(}):(].
N T T g SO
; - ATl = D - 72bw? - (9606 /72 + 48b*7? + 640£2b2 4 48¢2b* - NO /D — 960£2b%1) /96047
|

v 'a b Energy-approximation:  (N9), ~ TTE_ED _ (020 [f] 2 N [ﬁ]z las 2‘031})
WWE—W‘W i b b !

Analytical: torsional buckling (1-D model)

Gt2 This is a good analytical approximation:

Ocr = 2 critical buckling stress (Timoshenko)
/ 72 Gt? )

buckling stress in pure torsional 6(1—v) b2

buckling for an angle cross-section b Length effect ” 2]

— (ﬁmﬂ)CI = Jer * t = (0.456 + bg/'gﬂ) b—g

(Timoshenko) Q'b(e
c,o((\

Oer = (0.456 + bz/fz) Buckling stress for this plate




2-D versus 1-D: Plate model versus beam-model for torsional buckling 2(3)
Task: use sationary pot. energy principle and estimate buckling load Trial: kinematicaly admissible*

w(z,y; wo) = wo - sin(wx /L) - y/L
w(ﬂj = an) = 'IU(SE = f,y) =0,

6D¢2 + Db*n? + £2N2b* + 3ELbn® — 6Dy =0 =

i mp e 1% . ) ’
g i ] b2
1 & ATl = w? - W[SDBE + Db*n? + £2NEY* + 3EIbr? — 6D0*V)]
|
|
|
|

——

W’ . ﬁ3:$({§]2+¥+s.i‘ﬁ Er)

Yy
Analytical: torsional buckling (1-D moc -"' 2 512 Note that in this
Gt? (Timoshenkdl NY = % (0.456 + H ) , Timoshenko region, the cross- |
Cer = section rotates ===

b2

almost as a rigid

2 bod
6(1— v )/m%+ {—] , our result Y
ings W gy ~ 0

. b
~0.45597 /v

This a better result than with the NO_T
guadratic approximation.in y.




2-D versus 1-D: Plate model versus beam-model for torsional buckling 3(3)
Task: use sationary pot. energy principle and estimate buckling load Trial: kinematicaly admissible*

w(z,y; wo) = wo - sin(mz /L) - y/L

A

Ll _
| o Note that in this region, the
{ cross-section rotates almost v
| — as a rigid body This a better result than
aidp ' ion = ' . .
Nk :I" SO No dIStOF'FIOﬂ no bending with the quadratlc
oLl of the platein the normal + ] ) ]
E’ﬁ’ A y - direction toward the free approximation iny. N
| edge There is a reason.
Y | Wy =0 -
~0 |
Way ~
i i ] —o ™D b]? .
_, thissupportis Nz = B 0.456 + {E] , Timoshenko
3D-FEM model clampedin the
simulation
Centric load with doubly symmetric X-section _ 2D b12 '
N? = T 6(1 — v )/?T2—|— {—] , our result,
b? % ¢

0.45597



Reation between plate bucklng and pure torsional buckling of thin plates w(z, y; wo) = wo - sin(wx/l) - y/L

- ';‘"1 YZA\ — =
S= e
|
e
i
! 1' v
i Note that in this
. region, the cross-
= section rotates
almost as a rigid
body
W gy ~ 0
=i =S

Why we obtained a very good approximation?



1

Energy method to approximate buckling load AIl = -D / [wzm + W, + 20W zpw gy + 2(1 — V)W y] dA+
P ’ ; , ) T

2
of plates 1
— N2 w? + N° w? + 2N° w w]dA

Task: Figure shows a stiffened thin plate under edge compressive loading. +2 /A [ zxWie T NyyWy + 2Ny Wy T
Estimate the buckling load of such stiffened plate. What is the benefit given by 1 r¢
such stiffener? Express that by a formula to find out what are the key design u -I-§ / ET Swz$2(a:, Y= b)d:l:. 00
parameters. 0 w(z,y) = Z f(y) sin(nmz/¢)

n=0

Such problem can be treated analytically. It is tractable by solving the rele-
vant differential equations for both the thin plate and the beam, and by imposing . 1.
continuity and equilibrium at the interface plate-beam. This approach is very Trial: w(z=0,y) =w(z=4y) =0,
demanding in work hours. An example of a Longitudinally Stiffened Plate is " — i c a2 /P2 0o —
treated by this approach in our course textbook by CHAI H. YOO and SUNG w(:z:, Y wo) 0 sm(ﬂ'x/E) J /f Wiy =0)=9.
C. LEE. ' Our approach will be different. We will use the energy method to
solve approximately but correctly this problem in few minutes. Bellow follow the

kinematicaly admissible®

examples. 2 2 4 0p2
o Al = b“g’olzf (625 + 3b*n” + 15D—Eblsb47r2 +406°0* + 3€2b2% - 60u€2b2)
Plate with a stiffener P x
ATl
5(AH) =0 = 8( ) . 5'w0 =), V5w0
(W _mD (20 [er N [br | 1333200  5EI [br
zler T p2 w2 | b / w2 Db (¢
S~~~

\ =Elp

D | 2077412 [b]1%2 13.33-—20v I, b2
£ + + 2 + 5' P S
T Iy L4
\ e
stiffener effect




Energy method to approximate buckling load

%
%

compressive Nox along one side

o°

o°

_____________________________ The Matlab cod

Author: Baroudi D. 2021

o°

o°

clear all

syms x vy

syms delta P delta W

yy .y
syms w w0
syms L b D EI nu
syms NOx
syms n m

¢
+l/ Elw,,.*(z,y = b)dz.
2 Jo

(o)

% Displacement approximation (you can use bett
approximations)

5% w(x, y, wO, L) = w0 / ((L"2) * (b"2)) *
vy * (b - y) % less good than the trigonometric
%% w(x, vy, w0, L) = w0 * sin(pi* x /L) * s
best one

w(x, y, w0, L) = w0 * sin(pi* x /L) * (y*
dix w(x, y, w0, L, b) = simplify( diff(w, x) )
d2xy w(x, y, w0, L, b) = simplify( diff (dlx w,
d2x w(x, y, wO, L, b) = simplify( diff (dlx w,
dly w(x, y, w0, L, b) = simplify( diff(w, y) )
d2yx w(x, y, w0, L, b) = simplify( diff(dly w,
d2y w(x, y, wO, L, b) = simplify( diff(dly w,

for a stiffened thn plate with at y=b (free end) in-plane

the Poisson expansion is not restrained by the supports.

————————————————————————————— the previous result---

1
AIl = QD/A [wiz + w,zyy + 20w zpwyy + 2(1 - V)w?xy] —

1
+—/ [N;’xwi, +NOw? + 2N2yw31w‘y] dA+
2Ja ’

er

x * (L - x) *
in(pi* y /b) %
y) / (L*L)

v) )

x) )

x) )

vy) )

@)

% Strain energy (plate alone)

delta U(L, b, D, w0) = 0.5% D * int( int(d2x w * d2x_ w,

L) , y, [0 b]l) +

0.5* D * int( int(d2y w * d2y w, X,

L) , y, [0 b]l) +

nu * D * int( int(d2x w * d2y w, X,

L) , y, [0 b]l) +

(1 - nu)* D * int( int(d2xy w * d2xy w, X,

L1) , y, [0 bI)

o)

% Strain energy (stiffner beam alone)
ystiff = b;
d2x w beam = d2x w(x, ystiff, wl0, L, b)

delta U beam(L, b, D, wO) = 0.5* EI * int( d2x w _beam *

d2x w beam, x, [0 L] )

o)

boundaries x=0

(o)

% and x=L

(o)

(e}

delta W(L, b, w0, NOx) = 0.5 * int( int(NOx * dlx w * dlx w, X,

(0 L1) , y, [0 b] )
% Note that here Nox is negative

delta Pi = delta U(L, b, D, w0) + delta W(L, b, w0, NOx)

delta U beam(L, b, D, w0);
delta Pi = simplify( delta Pi)
% Equations of neutral equilibrium

[OR
D
'_l
t
lQ)
av]
"
|
Il
[0)]
'_l.
2
O
'_I
'_l.
o
=
[OR
'_J.
o
o
[OR
D
'_I
t
lQJ
av]
'_J.
5
(@)

% Work increment of initial stresses (applied NOx along the



Some classical
analytical solutions
of
the
partial differential
equations of buckling



Some classical cases

Buckling of a simply supported rectangular plate - on-side com-

pression
Pl %
D‘[_w,mmmm + Qw,mmyy + w,yyyyl — {Ng_-.; W xx +%yy + gyw,my] =0
AAw 7Y NE;U g

simplifies .“,

The buckling of the plate is described by the Eigen-value problen
Nys |
_D P

w(0,y) = w(a,y) =0, w(z,0)=w(z,b)=0
Mw(oay) :Miﬂ(a:y) :01 My(.’,ﬂ,O) :My(.’,ﬂ,b) :0

-

Wazze + 2W zayy + W yyyy =

Yy
It is known to you from your previous course on thin Plates O‘/llg(lbb
oo 00
w(z,y) = Z Z G SIN Oy SIN By
m=1n=1 T Qo = mﬂ'/a

We look for a solution in this form 5?1- — nﬂ'/b

compressive load —N (N > 0) [N/m

Can move

thrust

9AOW UB) +—p



Some classical cases

Buckling of a simply supported rectangular plate - on-side com-
pression

compressive load —N (N > 0) [N/m]

\ thrust Nz = —N < 0.
It is known to you from your previous course on thin Plates
a,, = mr/a N.B. Stability loss Criteria: here it
w(z,y) Z Z G SIN Oy SIN By { is asked from the trial to fulfill the
m=1n=1 B = nm/b eigenvalue problem

4 2, 2 4 0 2
4 [ ™ m-n n N, om ) ) B
Qrmn [?r (a4 + 2 32 + |) + o aglsmam:rsmﬁny =0

Buckling stress-resultant [N/m]

Buckling occurs when:

2 ™2 (m n\? 2
NO — _Dnr? a’ (m2 n ngi—— n=1 gives the smallest — |N = Db2 ( +%) =k Db—2

lL . =0 non-trivial am, # 0,Vm,n

m2 \ g2 b2 critical (the buckling) stress-
resultant ratio of the sides, n = a/b (for n = 1)




Some classical cases

Buckling of a simply supported rectangular plate - on-side com-
pression

lL Buckling occurs when:

2 _ .
0 9 a? [ m? n2 n .—.1 gives the sn.nallest
Nyy = —Dm + — critical (the buckling) stress-
m2 \ a2 b2
resultant

Buckling stress-resultant [N/m]

™ /m  n)\? 2
N=D = k.D—
b2 (n - m) b2

A

v

Buckling coefficient
ratio of the sides, n = a/b (forn=1) T

Stationary condition for a minimum dN/dn = 0

—— T) = TN take the closest integer m

n

2
D Buckling stress-

|N;t:a:,c:’r| — 4'6—2 resultant [N/m]

I MZ(E+_

<
g

Let’s make a graph to see how many buckles
(half-waves) we have depending on a/b

v

Buckling
=2, =1,

compressive load —N (N > 0) [N/m]

mode,



Buckling of a simply supported rectangular plate - on-side com-

pression

Buckling stress-resultant [N/m] A
2 2 2
™ (m 0 T
N=D + =|kiD—
b2 ( n m) “C b2
ratio of the sides, n = a/b (f;r n=1)

Buckling coefficient

10

Buckling stress-resultant [N/m]

2
d D Buckling stress-
b2 resultant [N/m]
x (for m = n)

|N;t::t:,cr| =4

A

et’s make a graph to see how
buckles (m half-waves) we

T ’}7 2 ma
kc — — 4+ — pending on a/b
n m
~ . TE [h]?
Ter = Y Tara oy |
o 12(1—17) | 7
At the limit kc =4 . — -
reference buckling stress

/////
/////

— Buckling coefficient SEEEE L BRES
m number of halfiwaves _ R
m=1 2|3 4 &

T W W -
| \ R "
. A
LY “\ ,’-\ < b ~a"
\ \ ‘& N ~__ -
% \\ \><~ \\s_,l”) ",
: 13'{’\; ‘:g:s; “a..i.p' ]
| ; ! !
| l ! !
; (alin verf?okéyré) : :
i i M i
i i i i
1 J2 2 J6 3 12 a4 J20 5
PLATE ASPECT RATIO, %

Normalized buckling load k for simply supported
rectangular plates with Various Plate Aspect Ratios

(Ref.RObETt M. Jones. Buckling of bars, plates and shells. Bull Ridge

Publishing, 2005,)



Buckling of a simply supported rectangular plate - on-side com- Material Aluminum: E = 70 GPa, nu = 0.33
pression

Buckling coefficient
Lommahdus kerroin

Buckling stress-resultant [N/m]

sisAjeuy Suipjong Jeaul

2 2 2 S
m m 7 (3 :
N — _D_ E— + E— = kCD— m 1
b2 \n m b2
Buckling coefficient
. ] 10
ratio of the sides, n = a/b m number of halffwaves —n
4 sl ™ 33 ¢ R 5
l‘ ‘\ \\ \\ N\ - /
. . i -~
Can be written in St © \\ RS N < W7
this canonical form K= D VG SO T P P
4 : ,,T.:‘l ~~ ' iy Y ST g
) | ] [}
2 i | i i
T I{._F T ? 'E 'h' 2 i (alin verl'iokéyr‘a) E E
er = - 7 i ; ; !
12(1 —12) | ¢ 0 N R
. ., 0 1 J2 2 J6 3 iz 4 J20 5
Bl a
reference buckling stress PLATE ASPECT RATIO,

Normalized buckling load k for simply supported
rectangular plates with Various Plate Aspect Ratios

(Ref. Robert M. Jones. Buckling of bars, plates and shells. Bull Ridge
Publishing, 2006.)



Buckling coefficients forsome boundary conditions and axial edge load

2 n - _

Oy = Ks Q Ll_‘__»\f_\i UJ J JL\H 1 ) U“J_J
P FE‘}Z'/ A T == |

b= L[4 7 ﬂ Dsprr| Fop 0 Jap#y

v LA~ ;ﬁ T"//": — - !\ — -—**-;\ //\‘, o

197 19 At A4 MO




Buckling of a simply supported rectangular plate with constrained

aj/b =2,

compression 5 mll [ 5| 4
mb 2 2 TL
e +n 1 10.7 3 | 4.09
a 2 38 | 1D.7] 109
c — 2) 3 26 25 | 241
mb 9
— + vn
. a
Reaction stress .
tant: Buckling stress reduces to 3/4
resultant: Nyy = vN,,
— No restraints:
N, = vNgy s o
R, easmsasemmca _ar P
00O 000 7] p— [ Nog,er| =4 b2
— — —= — L --
] - : Lo : : - uckling coefficient
¥ Nxx E:. Ewa N : -i :.._l—: . :Tr:un%bez;\of\:alf\;vaves //f‘;
: : l_:_-l :'_?_ \ \\\ \\\ \\\ \\“ {'/Q
T — - :_f_.l I'_T_ N,b? © \\ ot \\ G "
' O 0O 0O 0O 0O O — "1 TS AT
AT 7= = T
L 1 2 2 - e :
I (al er'okayral) ! :
N :V " 1Iz:s:1c1|24ios
vy = UV N T .Ij’_LATE A:;ECT RA::';) "

Normalized buckling load k for simply supported

rectangular plates with Various Plate Aspect Ratios
(Ref. Robert M. Jon

O Publishing, 2006.)

nes. Buckling of bars, plates and

‘D
|sz,cr| :

shells. Bull Ridge



Reaction stress
resultant: Nyy = VNgg

Z
L B
i

F







Example from exam 11.4.2019

Exercise 2: Buckling of plates [5 points]

Consider only the buckling of the simple plate model in left figure 2b). The
plate is loaded by a constant in-plane distributed edge-load N2.

1. Write down all the boundary conditions ]L
' 6 9 r

3. Determine an upper-bound estimate for the buckling edge load N o ofj i)
the plate in figure 2b). Use Rayleigh-Ritz method. L’ ? r {

2. Specify which boundary conditions are the kinematic ones

A 'J \‘ LT Ty l <
| 1
J FREE EDGE
< W
X il 7z /-/ il \
| N.B, = sin ) Sty
a} Local plate-buckling of thin i S ¢ . |
plates in a crucifix column b) A plate buckling model R o
'S IL({ \ vCC j Fanet. -
Figure 2: In b) Sides BADC are freely supported and BC is free. The plate | { .1,y N
is isotropic elastic with thickness A (thin). The data of the problem E, v and ‘! ., R
bending rigidity D are given. [the rollers are only on the ends and direction —-Z_ . \’ \ ¢ { LoW
of sides AB and DC to allow free expansion| k i
D < / yed —

il sl
1 2 2 2
Al = 2D [4 [w2e + Wy + 20w axw gy + 200 — v, | dA +

+5 fﬂ [Nﬁ,wﬁ + Npw? + 2N_.‘,’yw,,,.w_,] dA

The energy functional: The increment of total potential energy:

NB. there is one FREE EDGE and the trial functions should not be such the displacement
along this edge being constrained to be ZERO. In such case, you are solving another prob-
lem than the one stated in the exam question.

N

:’;\Loﬁl{"t Bls

- 'K’QnL “\IL' A uh\'ﬂwhu/ —“l'."i"k N k
'I\:r = J San (5‘}_ ) 7 lnr m-\g W= Snn &m’“’; )kaj
\ PN o = ; X 1 k=
S s 2\ s "__ Ve x“»w et " /)\
" \ C)\\ we take’ n=i and =1
1w = W ==
\'1'» o x=6 X e -

- Kh\(”v-'\d& ?D(> .
3 \ < 'W"('MV;\\: ,g('t(\).sm\-"%{)

m\ = O \
3‘ : 0 L’ k M ¢ Q
@ '{’\Uwa\m(‘ “g, ’l’\\.aq S&c».,( ( L\-&_ \&L) 4AC 4 Lk(’( fhkuﬁg — Souna u\(& awl )
(o flaciim .

SL‘J,Q ,vv\@% /1;41..:; N—‘-—/&\ el \X.‘\“"("‘I‘L /kn k’“"’“ r?,‘.‘—‘l- "‘F

1Y)
— e x 3 g cos"r""‘ S P S L [ e
w;@‘?ﬂ@“’"“ﬁ“‘s?) 2 How 97D 2 "‘"(-ﬁ],z)'
bt bl “"7/ =

0 L

Solution

-0 =’°(ﬂ\ 0 .é ﬂ° o
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Mathemati ri
glaciatica Seilpt NB. there is one FREE EDGE and the trial functions should not be such the displacement

along this edge being constrained to be ZERO. In such case, you are solving another prob-

Btz - Piprgnr g lem than the one stated in the exam question.

File Edt Inset Format Cell Graphics Evaluation Palettes Window Help

o o
x ) ) A (’ﬁ T
o{14e) s W[X_s y_s 0_, L_] := nsulx :] y —_— W o% S =
wx[x_,y , #0_, a_) :=D[w[x, y, w0, a], x]; = q"",-c.
wox(x_; y_» wd_, a_] :=D[Du[x, y, w8, 0], x], x]; =M

wylx_s y_, w8_, a_] :=D[u[x, y, w0, a}, y]; Lem ? /‘A")
wyylx_,y , w@_, a_) :=»D[D[w]x, y, w8, a], yls yl; sy A

Tt
wxy[x_sy_» w0_, a_] :=D[D[w[x, y, », a], X], ¥]; > " “

wyx(x_,y_> w0_, a_] :=D[D[w[x, y, », a), y], x]3 = \.,7;

Sl i
UplateBendingl = 2o nu » wat[x, y, w0, a] » Wyy[x; y, w8, a] + 24 (1- nu) sroy[x, y, w8, a] A2; ﬁAb (&”‘hwﬁ)

UplateBending? = wox[x, y, w8, 2] 42 » wyy([x, y, wd, a]"2 ; = S /'
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The concept of effective-width in local buckling resistance of plates

! ~ local buckling of plates
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The concept of effective-width in local buckling resistance of plates
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account for all kind of initial imperfections present in cold- FC3-part 1.3
steel members based on a large series of experiments on CF steel members.
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Buckling of a simply supported rectangular plate - in-plane bend-
ing and compression

.

LTI T
Plate buckling |fo(:1:, y) = No [1 N a%]
'| : j‘ff;_._._ : ‘”’ g ;fﬁ;,?_J“ i‘w | *'“f‘ | @ b 4

W | . =T |
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Buckling of a web plate section due to bending and compres-
sion of the beam-column.



Buckling of a simply supported rectangular plate - in-plane bend-

ing and compression This problem can be found in Timoshenko's textbook
Y p"o
0
N_..(x,y) = No [1 — a] 6/@
b z
A s — ... '
N0 =NO =0 %, Ao
yy Ty ¢ o - S=EEE =
- A T = = ":Z
D [w,mmmm + QW,zmyy + w,yyyy] _— I:Ngx w!:n_g; %‘Eﬂﬁyy +%éyw‘$y:| = O - —— : | — — ~ : ;— -
Abw NO u 7 = :‘;_~ B

Boundary conditions:

simplification: insulated panel a x b simply supported at all 4 edges
1.  Thisis an approximation leading to a lower-bound for the critical buckling load
2. Inreality, the upper and lower edge-connections of the web-plate to the flanges correspond to those of

rotational springs due to their rotational rigidity while the web buckles. This type of boundary cc
is not impossible to address even theoretically.

Trial solution:

o0 oo
w(zx,y) = Z Z QA SIN QG @ sin B,y

-9 \dI}-
m=1n=1 eq;-
non-trivial a,,, # 0,VYm,n o

Plate buckling

= {4 Wl
N

]

I ’ 5% 7% il ‘l

s LA 1l
A

lNgz(z,y) =Ny [1 - a%]

Nee

| W
11T s
T

Buck’fing mode,

where lem:m’}r/a and ﬁn:nﬂ/b’ 71;,:2,71:1




Buckling of a simply supported rectangular plate - in-plane bend- non-trivial amy, 7 0,Ym,n |

. . o0 [ @]
11 and compression . .
& p w(z,y) = E E QApr SIN O, sin By

The change in strain energy is simpl m=1n=1
& &Y Py where «a,, = mm/a and B, = nw/b,
D abrt 2. & 2 2\ 2 n - number of half—wave s in x—direction Example:
AU = — a2 | — 4+ = m - number of half-wave s in y—directi v/
2 L () ydivedt & . S,
S
and the increment of the work of initial stresses ¥

N.B. Stability loss Criteria: here it

1 fe [o y . . .9\0;7'9
AW = / / No(1 — ag)(w,m)gdazdy is now energeticc AIl = 0 o,
0 JO

Buck/fing mode,
= 2, i=1.

After performing careful integrations and using the criterion AIl = 0 on |
the critical load Ny .-(m,n) as??1 . E
o
2 S
D & & m?2  n? 2
Noor =5 2 2 amn | oz + 32 | / :
m=1n=1 a b A QI
> 2 m?m? « m2m? | & 9 32 o= = A Gmi TV
{Z Zamn a2 _§Z a2 Za’mn_W_ZZ(n2_i2)2 IS T
m=1n=1 m=1 n=1 n=1 1

index ¢ is such that n41 is always an odd number. /

2 :

4 [ ™ n 5 m2n2 am?r? 5 16 & @y, ni
Damynm >t 2] =Noer | Omn— 5 = 55 |Tmn — Z 2 _ ;2)2
a b a 2 a T2~ (n? —1?)

Timoshenko, Theory of Elastic Stability, 2nd Ed. p.375.




Buckling of a simply supported rectangular plate - in-plane bend-

ing and compression

In the following an illustrative example of approximate solution for the above
system within less than 1% or relative error in the buckling load by taking only
three equations (Timoshenko). For instance, for o = 2 (pure bending) =

fixing m = 1 - number of half—wave s in y—direction| .o =2
(1+5?  ~l6radsy 0 Tfau] [0 i
—160,, - 3 ‘14; (1 4 4 160, 6 aj;;j a1o| = |0 = E ---%—-— = :
L 0 —160,, - %% (1+9%)* | las] [0, == :
det A (0er)=0 == =EES
The first zero of the determinant provides =

L

Buckling stress

2D / = :'I; %
—2562— fora =50, a =2 EEEE
b h’ Timoshenko, Theory of Elastic Stabaltty, 2nd Ed. p.375. ‘é E
In general, the critical buckling stresses for various combined loading factor ¢ g &
o and ratio a/b is expressed in the canonical form Lommahdus kerroin - S
k - Buckling coefficient depends of %
/ i
_ L 2D [z ?TQE [h:| 2 * ration a/b,
— 2 ) — | Bl P * boundary conditions and .
b%h 12(1 v ) b * loading case




Buckling of a simply supported rectangular plate - in-plane bend-

ing and compression
LOmMmandaus Kerroin

Buckling stress

D i wE [hr —

Ocr = k—— =k

b2h L 12(1 —v2?) | b |
_Buckling of simply supported thin plate N SEE== =
Tims . Nowsmow, Viigss or wus Facron b .y = k
a 0.4 05 | 0.6 | 0.667 075 | 0.8 1 0. — =
2 29.1.125.6 124.1 | 23.9 | 24.1 |24.4{25.6]25.6|24.1
$ 18.7 | .... |112.9 |- .... {11.6 |11.2]....{11.0|11.5
1 16.1 -9.71 -8.4 8.11. 7.8} 8.4
4 | 13.3 8.3 7.1 6.9]. 6.6 7.1
# 10.8 7.1 6.1 6.0]. 5.8] 6.1
' Timoshenko




Buckling of simply supported thin rectangular
plate in pure bending

Buckling stress

kﬂgD Pure bending o = 2
Opp — K—/— = 4
cr b2h \>3 . :?
32 |
m .
~26 T 1T 1 <1
Ran e B /
22
0 —
20.2 | 12 14 16 3
A |
b Ref. Timoshenko & Gere

NS

10
m numbler of halffwaves N
= £
gl ™ 1 1‘: 3‘\ q \5‘ :
\ v\ \L g /
5.2 6 SN e e
Nxb \ \ ‘\’ ~ ‘\ b
2D AR A \‘s ‘;"’ 7
n R S sl T~ _- -
4 N — J:TL T, UL s
Val | I | |
] ] )
/ 2 / 1 l ' :
: (alin verl'!ok'éyr'a) : :
| i I I
o 1 i i

Buckling coefficient

0 1 42 2 J6 3 12 4 J20 5

PLATE ASPECT RATIO, %

Normalized buckling load k for simply supported
rectangular plates with Various Plate Aspect Ratios

(Ref. Robert M. Jones. Buckling of bars, plates and shells. Bull Ridge

Publishing. 2006.)
EzD
|Na::v,cr| : b2

NB. About 6 times higher buckling load (buckling
strength) than for compresses rectangular plate




* Similar tables are provided our-days for practical design in standards related to structural design of metallic
structures

* Forinstance, the standard EN-1993-1-5, Table 6 (2006), provides similar buckling coefficients k tables for
combined compression and bending of thin plates for various boundary and loading conditions

Toulukko 4.9 a=a/b
Lommahduskerroin k.
Rasitustita Rasitustila
g, g, 9, o
A
b
b
9 | %
R " . Tuenta kuvassa 4.3 Tuentatapa a kuvassa 4.
Loading direction pas .
) a) k = Va2 +12- (1 - v)/m? d) k = Va2 +6- (1= v)/m?
Rasiisan S\UG: Frem: | Lol ds oo csvnnaauienle il dia - imiia it e nn g s o
Tuentatapa b kuvassa 4.3 Tuentatapa b kuvassa 4.3
/_ boundary b) k = 1597 + 1,87/a2 + 86 a2, o) k= Va2+a+2,
kuna<2/3 kuna<1
| ¢) k = 240, f k=40,
| | b kuna=2/3 kuna=1
!_ _____ _,l Rasitustila Rasitustila
. a N g, 9, g, o,
e o————y
o |
s = : : 8 oy Vo, vo, vo,
Tuentatapa b kuvassa 4.3 Levyn reunat otaksuttu jaykasti kiinnitetyiksi
- a . -10<$<10 -10<S¢<10
g k=4+2(1-¢P+2(1-¢) h) k= 4+4(1—gP+2(1—¢)
kuna>10 kuna>1,0

| still admire the clarity and non-ambiguity of this table from old B7



Shear buckling of a rectangular plate m F et
flanges e """""""""""""""""""""""""""""""""""" 3
\ = £ e ff ‘ Nodal lines //__x ) . .
Physics of the | ) L i i o |
r
phenomena | ! !
A b |1 g
\ T |
) | i N?
| Web shear . y v |
_______________________________________ buckling = “
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Bulking of rectangular plate
under edge shear stresses
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ENRYR
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Principle stresses under edge sharing:

tension Weaken the buckling strength in the
orthogonal compressive direction




Shear buckling of rectangular plates under Bulking of rectangular plate

in-plane shear edge-loading under edge shear stresses
e N
_ [ as0 {)| . f
D [0 zzaz + 20 gzyy + W yyyy] — [ N2gWae + Ny yy + 2Ngy.ay| = 0 n
AAw Ng;u,ﬂﬁ T |
——— = -

g

DAAw — 2Ny w 7y = 0.

= For infinitely long strip:

2D w2 E h12 ks = 5.34, simply supported
(Nay)er = ks—5— = (Tay)er = ks - o~ | _
b 12(1 —v?) |b ks = 8.98, clamped support.
Southwell & Skan (1924)
Exact solution is available only ﬂ

for an infinitely long strip (Brush & Almroth (1975)).

T
For finite strips:  aspect ratio a = a/b.

ks =4.00+5.34/ a?, for a < 1; four edges simply supported,
ks =5.3444.00/a? for a> 1; four edges clamped.

l

Galambos, T. V. (Ed.). 1998, Guide to stability design criterie for mefal structures.
New Yorle John & Sons.




Shear buckling of thin plates

S — half-wave length

Ignore the values

\scﬁon AB
— .

1]

a ) The exact solution of the problem for an infinitely long strip with simply
supported edges gives
x2D

Exact for infinitely long slab:  7ee = 5.3 b

y Shear buckling of thin plates of infinite strip

S — half-wave length

| e e e e e ——  —— -

—
—_ - > > > > — — — —

T

Shear buckling of thin
plates of finite length a

Approximate _
for finite slab: k = 5.35 1+ 4(b/a)?

Principle stresses under edge
sharing: tension weaken the
buckling strength in the
orthogonal compressive direction

C)



Shear buckling of rectangular plates under Bulking of rectangular plate

in_plane shear edge_loading under edge shear stresses
ir-:--- - 4—“-—- -— -:l T
2 2 2
D ™k h
N — k —_— = (T - k - [—] +
2, | Y
Standard — EN — 1993 — 1 - 5: 2006 '27
C
A.3 Shear buckling coefficients "\i} = For infinitely long strip:
(1)  For plates with rigid transverse stiffeners and without long ks = 5.34, simply supported
. longitudinal stiffeners, the shear buckling coefficient , can be obtz
k. =534+400(h, /a) +k,,  whenalh, >1 ks = 8.98, clamped support.
|k, =4,00+534(h,/a) +k,, | whenalh, <1 Southwell & Skan (1924)
2 3
where k,, =9(h—"} 4 [;—'}‘;J but not less than % 4%
a W | THEORY
l For finite strips: | aspect ratio a = a/b.

However, from where cones
ks =5.34+4.00/a?, for a > 1; four edges clamped.

| {ks = 4.00 4 5.34/ o?, for o < 1 four edges simply supported,

FGalambos, T. V. (Ed.]. 1998, Guide to stability design eriteria for mefal stractures.
New York: John & Sons.

this PRACTICAL design | & <
formula? §

e — — —— ——




3D-FE model No = ANer
E =70 GPa, v =0.33
a=1m, b =a/2, t=10 mm
Ny = Ng, =0

A Ocr
1 .1..70 MPa

1.1..l.. 77 MPa

thickness = 10 mm

Simply supported rectangular plate

15 ... 105 MPa

~ Buckling coefficient
10

_
m number of halflwaves

Ny
8 m-;l 11' :{ '? \5 «
!l I‘\. \\ \\ @ a
i-. ﬁ bz 6 \ \‘ \\. \\ \\ {E‘-f:‘/l/ t
: x \ s \\
l‘ . k=T \ \‘\/"k -..\""- "‘“‘:-.. - -
21147 MPa | R PRt
Uﬂ?",]_ — JE — 70 MP& 2 i (al verhiokéivr'} i i
. 0 i ] 1L :
Buckling stresses and modes o 1 & 2%k 3 4 m s
PLATE ASPECT RATIO, b

Ger2p = 472D /b2 = 103.4 MPa.



Post-Buckling Analysis

A= 0.95 S oA=1 o o A=15 1
Remains in initial flat state Ist bifurcation — 9,4 hifurcation ——— 9rd bifurcation .
was not
observed in
Nﬁ? — ANC‘?" Ncr = 70 MPa simulation

(unstable mode)

E =70 GPa, v =0.33
a=1m, b =a/2, t=10 mm

N, =N,, =0

Simply supported

rectangular plate Displacements are multiplied by a scale factor which varies

to make the deflections visible, especially, the first buckling




2nd bifurcation (unstable)

POSt- B uckli nNg Ana |y5iS was not observed in simulation Voima-ohjattuna

Post-buckling analysis (rectangular thin plate) [Baroudi, 2018] _Post-buckling analysis (rectangular thin plate) [Baroudi, 2018]

1.6 . 1.6
/ 3rd bifurcation
— 5 Q@ d\
140 | A=15s o° 1 14 9, |
Sx | @ cj\.’b Q
‘96/ =)
1 o 12nd bifurcation™\" A= 1! | ol _
" | (unstable) ~ ' | — 1
A= 1.1 i/ _ . / A =
O o - Ist bifurcation - T - HHHb==L
P/P
cr E
H 0.8 1 O 08f ]
o
~< Q
L o) i N N |
N 5 / * %
1 %
041 1 oa4r - |
Remains in initial Remains in initial
0.2} flat state ] o2l flat state |
O | 1 I | 0 | | | |
6 -4 2 0 2 4 6 -5 -4 -3 -2 -1 0 1

w (out-of-plane deflection) [m] %1073 w (stretching) [m] %1074
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) Computational Post-Buckling E;miy
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Analysis

How to do? § R I
|+ Howtogive easily initial b e/ g == f’;]
N g’ T 7 Bl H
tiny displacement shape as a - 3/ , é’/_ / fﬂ . S

perturbation? Usually, a combination .. >~ "\ AR
. , Y R L L 1
of Eigen-modes is used. A random ; .ﬂﬁQ

combination can be also used.

«  Oneidea is to use equialent tiny S
combination of loads resulting ir » 23

equivalent deformationg

J

Rucieli ]
Ve AR

Generating a tiny perturbation
of the primary equilibrium
configuration

N
4

? o]
thow

l

[B [1: SHORT SIDE with -Nx] Prescribed Displacement on side with -MNx (displ in direction of Nx free) —
[B [2 SHORT SIDE opposite to Nx] u=v=0, w free

B [1: LONG SIDE] u=w=0, v free

B [2: LONG SIDE] u=w=0, v - free

s [1: SHORT SIDE param*Nx_cr] [POST BUCKLING ANALYSIS] Edge load

o [POST-BUCKLING, PERTURBATION] q [W/m2] Load VERTICANE=> 1st mode deflection
[POST-BUCKLING, PERTURBATION] q [N/m2] Load VERTICAL ==> 2nd mode deflection part 1(2)

mw [POST-BUCKLING, PERTURBATION] q [N/m2] Load VERTICAL ==> 2nd mode deflection part 2(2)
A\ Mesh 1
4~y Study 1: LINEAR BUCKLING AMALYSIS
[~ Step 1: Stationary (solves stresses of pre-buckled state)

4 n'n. Solver Configurations
4 ~db Study 2: POST-BUCKLING ANALYSIS
[E Step 1: Stationary: [POST-BUCKLING]

s

Voima-ohjattuna



Appendix
&
Miscellaneous

In a bit disorder now ... will be updated



Lateral-torsional buckling E[ e wiing
. ; F 8 i I~
by Rayleigh-Ritz = o B L "#
1% el 4 S R /]
lo‘:?t; s ';“J Simply supported beam
EI,
$Ix 1 '-BSin[n f] EL, et /;/
- L GI,

wlx ] := ASin[rr %] _________

. O s 1
'Energy:;-[ (er (w"[x])2+g1t (¢'[x])2+e1w (¢"[x])2)dx + 2J2:(D[Mz[x] d[x], x]) w' [x]dx+;PaB"2.

1 1 elyn®+B? (gItL2 52 +elwrt)

2
2aB P+16ABP[4+. FTE

Collect [D[Energy, A] // FullSimplify, {A, B}] Exact analytical solution:

Collect[D[Energy, B] // FullSimplify, {A, B}]

/ . 2)
1 [(£1?" WeIwnt
e AP (-4+7 )
elIyn? i : :
'_3 Criticality means that the determinant
2L == 3 vanishes. The roots of the quadratic
2 . . . . .
149 P ( 4+7r2) 2P gItLs; polynomial in P g}ves the crl’Flcal loads.
2L3 The smallest one 1s the buckling load.




Lateral-torsional buckling by Rayleigh-Ritz =t

1agee
loub sy J r
jpdvs L& Simply supported beam

. X
SIx 1 :=BS:|.n[Jr L] i gt

X
wx 1 ::ASin[Jr —]
L 1t "2 1 [t 12 1t 2 ¢ 0 5\, ! 2
AIl = 5 f ELw d:r:+§ f GIL¢""dz+ / EL,¢"dz+ f (M;¢) w'dz+1/2Pag(¥)

0 0 Jo 0

AZeIys* +B? (gItL?n? + e Twr?)
413

iaBEP+%ABP[4+n2) +

Collect[D[Energy, A] // FullSimplify, {A, B}]
Collect[D[Energy, B] // Full5implify, {A, B}]

AeIymt 1 -
T + E BP {—4+J’T )
1 5 gItl?? +eIwmt
EAP(—4+JT)+B[3P+ T
4
elynm
5"3 = P (_4 -|-11:2) Criticality means that the determinant
2L 16 . vanishes. The roots of the quadratic
1 v g It 12 wlse Iunx? g polynomial in P gives the critical loads.
E P {_4 2l ) (E P+ SE ) The smallest one is the buckling load.




Lateral-torsional buckling ‘%i on /A ; ix

» . g
by Rayleigh-Ritz e # 5
“ ~ ‘ fo. | || 8
A\ v it e 2 L e |
si t; i ¢“j Simply supported beam
EI,
¢[x 1 -—BSin[n i] EI,, aregiven /XK
o p cI,

wix ] := ASin[yr %]

%aBzP+RABP (4+7%) +

AZelyr* +B? (gItL2n? +eIwrnt)
413

Collect[D[Energy, A] // FullSimplify, {A, B}]
Collect[D[Energy, B] // FullSimplify, {A, B}]

Aelyr 1
%— 75 BP (-4+7)

2 2
lAl)(-4+n2)+3[athtL E "eI‘”‘“)

16 212
elyx 1
y_3 — P -41-71'2) Criticality means that the determinant
2L . vanishes. The roots of the quadratic

1p(-a 2 p gIt L2 n2se Twn? . polynomial in P gives the critical loads.
16 ( oo ) Rt 213 The smallest one is the buckling load.




a4

- Y - I
= L p (-4+n?) A 0
2L 16 5 o . < > = < > a)
lp(_4+n2) (ap+5ItL“—;EIW“) B, |0
\ 16 2L /
5 f EI}!’HZ l _|_ p a 5
- L2 16 72 (_ v ) _
— )
2L 1 2L 2 2L e Iw e >
L ip -4+ (aPR—2+gIt ~ )
(—4+H2)
“ 2 Pey PL — |
t= — ‘ C
2L (~a+x2) T )
PL 3 2 (ap 22 ' Ppey Mmji:\/PE,y[GIt+ﬂ2Efwf€2]

Pg,, = m2EI, /(2

—



9.2 LATERAL STABILITY OF THE NODES OF PLANE TRUSSES

Itis well known that the nodes of the compressed chords of trusses have to be supported
against lateral displacement. However, it is less well known that in some cases also
the nodes of the chords in tension need such a support. In the following we will
present the criterion of KIRSTE [1950], which allow us to decide whether such a
support is necessary or not.

We assume that the nodes of the truss have spherical hinges. Let us give a virtual
displacement v to one of the nodes, denoted by C (Fig. 9-10). Supposing that all
neighbouring nodes are rigidly supported against lateral displacement, the restoring
force V acting on the node C is given by the expression

N:
V=325 (9-43)
!

where N, is the bar force (positive if tension) acting in the ith bar joining the node C,
and /; is the length of the ith bar.

Elevation
N N3
{ {
g N .
b4 C ly
Ground pkan
C%
vt
Fig. 9-10 A node of a truss

The original position of the node is stable if 2 b[’,* has a positive sign, since in this case
V becomes a restoring force. If this sum is eciual to zero, then the position of the node
is indifferent, and if the sum has a negative sign, then the node is unstable since V
pushes it further in the direction of the displacement.

In [KIRSTE, 1950] we also find the method to deal with the case if the neighbouring
nodes are not rigidly supported laterally.

a)

b)
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U
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d)
U

Fig. 9-11 Structures with unstable nodes
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Fig. 9-12 Structures with indifferent nodes



The nodes of the actual trusses have no spherical hinges, nevertheless the criterion of
Kirste is a good basis to decide whether the nodes need a lateral support or not. To
illustrate the practical importance of this instability phenomenon, we show some

examples. In Fig. 9-11 structural arrangements with unstable nodes (U), in Fig. 9-12
with indifferent ones (I), and in Fig. 9-/3 with stable ones (S) are depicted. Where we
marked two nodes with U, there the two nodes displace simultaneously in lateral direction.
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Fig. 9-13 Structures with stable nodes

To show the application of the method let us consider the structure of Fig. 9-12c,
whose variants with longer and shorter prestressing cables are depicted in Figs 9-1lc
and 9-13c respectively. After prestressing the cables, the vertical equilibrium of the
upper node yields N,=—2N, coso, where N, and N, are the forces arising in the inclined
cables and in the vertical post, respectively. The sum appearing in Eq. (9—43) becomes:
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This sum is positive if {,<//cosa, i.e. in the case of Fig. 9-13¢, negative if /,>l/cosa,
i.e. in the case of Fig. 9-1Ic; and equal to zero in the case of Fig. 9-12c.

In practice it is not always enough to know that the node is stable, but we may also
ask: how stable is it? That is, if the stable state of equilibrium is close to the indifferent
(neutral) state, then the node may be considered almost as ‘unstable’ as if it were
indeed in an unstable state.

TOMKA [1997] presented a very simple method to establish the ‘measure of
stability” of a node of a truss or cable structure. He applies two equal but opposite
auxiliary forces S on the compressed bar(s) joining the node (Fig. 9-14), and
determines their value necessary to bring the node into an indifferent state of
equilibrium. If the necessary forces § cause compression, the structure is stable, and
the ratio of S to the actual compressive force acting in the bar yields the measure of
stability.



Buckling of a simply supported rectangular plate - in-plane bend-
ing and compression
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