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‘e 2.4 Typical appearance of axial compression buckles: (a) failure in service; (b) test
i in laboratory (Knodel and Schulz 1992).
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Thin shell example - Ariane

Adaptateur Speltra
EPS Ftage
stockable
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Photo du réservoir cryogénique
Jérome Didier. Etude du comportement au flambage des coques cylindriques multicouches mé-

tal/matériau mousse sous chargements combinés pression interne/cisaillement /flexion. Mécanique
[physics.med-ph]. INSA de Lyon, 2014. Frangais. NNT: 2014ISAL0069 . tel-01221817

Stability of cylindrical shells

Buckling of thin shells in
aeoronautics

many launchers of space structures
such cryogenic containers made of thin
aluminium shells with extreemly light
thick insulating material (thick foam).
This is a sandwich-type of
(multilayered) thin cylindrical shells.

the ratio R/t can be more than 650

various load combinations: internal
pressure, wind load (bending & shear),
own weight and weight of the liquid
oxygene and hydrogen (axial load) in
the static regime. For dynamic regimes,
we should add acceleration forces

http://theses.insa-lyon [J. Didier], [2014], INSA de Lyon



Types of bifurcational instabilities

* The nature of post-buckling behavior determines
to a large extend safety and the robustness of
the structural design

Basic types bifurcations Haarautuminen

e Stable symmetric
v’ Structures having this type of behavior are
always imperfection insensitive and have
consequently a reserve of resistance

* Unstable symmetric
v’ This gives imperfection sensitive structures

e Asymmetric or unsymmetrical
v This gives much more imperfection sensitive
structures than above

* Snap-through
v" Such dynamic behavior is pathological not
desired behavior and is locally like an
asymmetric branching on equilibrium path

Snap-through
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stiffer supportsCSs
(additional local

bending)

The next important observation is good to keep in mind: In general, and this ob-
servation is based on experimental evidences for decades, buckling of thin shells
is a localised phenomenon due to their high imperfection sensitivity. Such imper-
fections can be localised loading, geometry imperfections of the shell, boundary
conditions, local change in rigidity, in curvature, in supporting and load-transfer
areas, etc. All this is one of the reasons for which experimental analysis and
design of such structures is not avoidable despite availability of computational
technology. All these imperfections should be characterized together with heir
eftects for the specific design of pre-design.

Localised point Boundary-layer effects of bending

forces
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Knock down factor

Knock-down fai
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A key experimental fact about buckling of thin shells

expertly
made shells

A

Reduction factor =
knock down factor

v

Knock down factor

Seide (1964)

Limit load = Perfect * reduction factor

Takano (2012)
NASA SP-8007 (1968) seossvsrane

100 200 300 400 500 150 1000

+ Experimenis [5]

— MASA SP-SI07 [4]

Radius to thickness ratio - R/t

Latin American Journal of Solids and Structures

N
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ORIGINAL ARTICLE

An Overview of Buckling and Imperfection of
Cone-Cylinder Transition under Various Loading
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The next important observation is good to keep in mind: In general, and this ob-
servation is based on experimental evidences for decades, buckling of thin shells
is a localised phenomenon due to their high imperfection sensitivity. Such imper-
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Eurocode 3 - Design of steel structures - Part 1-6: Strength
and Stability of Shell Structures

Eurocode 3 - Calcul des structures en acier - Partie 1-6: Eurocode 3 - Bemessung und Konstruktion von
Résistance et stabilité des structures en coque Stahlbauten - Teil 1-6: Festigkeit und Stabilitdt von
Schalen

This amendment A1 modifies the European Standard EN 1993-1-6:2007; it was approved by CEN on 17 January 2017.

CEN members are bound to comply with the CEN/CENELEC Internal Regulations which stipulate the conditions for inclusion of
this amendment into the relevant national standard without any alteration. Up-to-date lists and bibliographical references
concerning such national standards may be obtained on application to the CEN-CENELEC Management Centre or to any CEN

member.
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Shells are imperfection-
sensitive structures
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Experimental evidence
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Schematic of fundamental characteristics of post-buckling
behaviour for plates, columns and thin shells.



Buckling of axisymmelric
cylindrical shells



Buckling of axisymmetric cylindrical shells

a) b) asymmetric buckling
axisymmetric mode

buckling mode



Buckling of axisymmetric cylindrical shells

under uniform compression

Ring patterns:

w(z) = wp sin

Chessboard patterns:

w(x) = wqsin

mmnx

4 N

2m-half waves

mmx | N
T Sin n9

05

Ring pattern

\\

|

i \\\\}\\}\‘
\

Chessboard pattern

z - cylinder axis Z = [0, L]
% THETA - 0:2%pi
w%
RO = 1: % Radius
L = 3*R0; % length
m=6; % nbre 1/2-waves in z-direction
n=5; % nbre 1/2-waves in theta direction
w0 = RO/10
NP =4 * 30 ;
%
theta = linspace(0,2*pi, NP):
z = linspace(0,L, NP):

% Generating the mesh ---
Z = meshgrid(z):
[R , THETA] = meshgrid(z, theta):

% The radial displacement w(z, theta) at (z, theta) ---
w_z_theta = w0 * sin( m * pi * Z / L) .* sin(n * THETA);

% Ploting the cylinder surface —--
% 1) Chessboard pattern
®

figure
surf{ (R0 + w_z_theta) .* cos(TEETA), (R0 + w_z theta) .* sin(THETR), Z):
axis square

grid on

box on

axis equal

title('Chessboard pattern')

xlabel('x')

ylabel('y')

zlabel('z')

% 2) Ring pattern
figure

m = 8;

[X, ¥, Z] = cylinder (RO + w0 * sin( m * pi * z / L});
surf(X,Y,Z*L)

axis square

grid on

box on

axis equal

title('Ring pattern')

xlabel ('x')

ylabel('v')

zlabel('z')

]




Buckling of axisymmeltric
cylindrical shells

Deriving loss of stability equations



Buckling of axisymmetric cylindrical shells

Coordinate system,
displacements and stress
resultants

Thin-walled cylindrical shells

Coordinates and displacement components Stress-resultant components

1
vl
goos

Thin-walled cylindrical shell, coordinate system, displace-
ments u, v, w of the mid-plane and stress resultants components. In some
writings the coordinate y = s). The rotations in the left part of the figure
are defined by 8, = —w_, and §; = —w.



Equilibrium equation of axisymmetric cylindrical shells

Large deflection Donnell-type theory

Kinematics: membrane
deformations and curvatures:

Eza_“+1(3_“)2 o = v
T 9r  2\9z) "’ ¥ dz2’
E=@+E+l(3_w)2 o Ow
* 9s R 2\0s/’ y 0s?

ou v w &w
125 = Bs + or + Oxds’ e =~ 5zds

Isotropic elastic material:
Constitutive relations

membrane stress-resultants
Ny = Clez +ves), membrane rigidity
NS=C(ES+UE$):- O — FEh
Ngs = C(l - ”)Ems:
bending stress-resultants
Mz = D(kz + vKs), bending rigidity
Mg = D(kg + vKz), - En3

u, v and w being total displacements,

1 — o2

Physical problem: thin-walled tubular shell with both axial
loading and transversal pressure p

Stress-resultant components

There is analogy with the von-Kérmén large-deflection plate theory



Equilibrium equation of axisymmetric cylindrical shells
Large deflection Donnell-type theory

,

Nyr+ Nyo=0 three coupled partial differential equations Large-deflection Donnell-
}' Nyt Noy =0 Nayp = Na(u,v,u), | type equilibrium

: ’ 1 equations for the analysis
of cylindrical shells

D [’w,mmz:r + QTU,a:z’w,ss + w,ssss] — [Na:w,z:x: + QNms'w,zs + N (w,ss — 1%)] =D,

\

Physical problem: thin-walled tubular shell with both Isotropic elastic material:
i i Constitutive relations
axial loading and transversal pressure p N.B. Now, membrane
membrane stress-resultants
* given the external pressure p (external loads) we can stress-resultants depend N, = C(e; +ve;),  membrane rigidity
solve uniquely all the displacement components and on the deflection w and Ny =Cles+ves), oo _EM
. . oo . _ 1—-v
internal force from the non-linear coupled equilibrium | | the displacement Nes = C(1 = v)ezs,
equations for elasticity and given the kinematic components v and v as bending stress-resultants
; =y well H . Mz = D(kz + v&s), bending rigidity
relations + boundary conditions [COUPIIHQ] M= Dlsytom), o ER
M:cs = D(]- - V)n:rs’ B 12(1 - ‘Vz)

e This set of coupled non-linear equations represents
large-deflection equilibrium equations which are also »
valid for the post-buckled configuration, naturally.

* known as Large-deflection Donnell-type equations
(some time the name of von-Karman is associated
(see also von-Karman large deflection plate theory)

T

Donnell, L.H., Beams, Plates and Shells. 1976, New York: McGraw-Hill, Inc. There is analogy with the von-Kérmén large-deflection plate theory



Isotropic elastic material:

The Linear stability equations: Constituive relations

membrane stress-resultants

N N, = C(€z + ves), membrane rigidity
. .y . . R R 1. . - N,=C(63+l/€r), C= Eh
The Linear stability equations: To derive linearised stability loss equations Ny = Ol = i) =2
(Eigen-value problem) we consider an infinitely tiny perturbation?! of the equi- bending stress-resultants
librium state leading to a transition between the pre-buckled state to buckled ’)“’fgg"‘:’”";’ bending Hitdley
Ty = D, + vns), - BB
equilibrium state. We introduce such a perturbation to the non-linear couples My =D(—vres 11— 07)

equilibrium equation system (Equation 1.687) for the purpose of linearise buck-
ling equations in order to determine the lowest critical stress (buckling stress)
as from solving the Eigen-value problem. Let for the moment keep in mind that
NO, NO and N, are statically admissible?®? Then the following perturbation
expansion is be used

w* = w0+ Aw, w=u®+ Au, v* =00+ Av
—~ —~

R ~ .
N, =N°+AN,, N+ AN, N, =N +AN,, ) ,\ N.B. Now, membrane

stress-resultants depend
on the deflection w and
the displacement
components v and v as
well [coupling].

Naturally, the perturbed state fulfil the all the three equilibrium equations 1.687).
Inserting this perturbed state to the equilibrium equations and accounting for
elasticity and kinematics (plus some simplifications; shallow shell, ...) one ob-

equations, refer to our textbook Section 9.4 [Chia Yoo]).

( Npgz+ Nzss =0 three coupled partial differential equations
{  Ngsz+ Nsgs=0 : y Nﬂ':ﬁ = Nﬂ,ﬁ(uiv?w)!
refer to our textbook Section 9.4 [Chia Yoo| h D [‘lﬂ,mzm + 2W 2 W ss + w,ssﬂ] o l Nzw,z‘m +2 wam’_‘» N, (’lU,ss B %)] = p,

F



Energy criteria for stability loss of thin-walled

cylindrical shell

Bryan form of the increment of the total potential energy

1
All= = f e1TEe;dV + f eo La0dV
2 Jv 1%

-

AU: I]lEI]lbI‘E;IIrE + bending

The components linear (L) part of the strain increment €; are

. ou o _6210
ﬁ_amﬂ xr — amzﬂ
. ov N w . 02w
* 8s R’ R, P
2
Lo, = 2., = ou Ov d“w

9s "oz T T hzas

|

quadratic part in AW (a?)

quadratic part (second-order)

pre-buckling pure membrane state’
no initial bending in this primary state
N2, NV and N?, are statically admissible.

w* = wd + w.

u*=uw +u, v*=00+v

w1 (Bﬂ,)z
'E’..,“N a—m 3

(x)*mw

Fuity: s —

change in curvature

[(zg)us — (zg)s00)(zg/—)dxody

1
&Ubﬂﬂd == §D [4 |:w!2i,..$ + W?Ss + QV'EU?:-;I-W?SS + 2(]_ - H)’wis] dA

B4 =3(1—v?%)/(Rh)%




Energy criteria for stability loss of thin-walled
cylindrical shell

All = 1/ €1TE€1dV + /62 i\
2 ) Jv ) 5(AIL) =0, Véu, v, dw

‘l AU: membrane + bending quadratic part in AW (o9)

|

Stability equations

1
AUpeng = ED fA [wzm + wis + 20w g w ss + 2(1 — u)wis] dA

2 2 2 C(u +1_yu +1+V'u +v'w)—0
&Umemb Cf €, + Eq + QUE$ES + 2(1 — U)Efw] dA - L g s T 5 Yas T pWs | =
1—wv 1+v v
C(Uss‘l' Vpr + uzs‘l‘_ws) =0
) ) 1 — I/ 2 ]_ — 2 ’ 2 ! 2 ! R
——C uI-I—tJS-I—?uui.vS—I— e v+
| | o 2 2 DV4w+R(R+U +mﬂ,) (NPw 2 + 2Npgw zw 5 + NJw o) =0

2

w
+ (1 —-v)usvs + 72 + 2v g

% + 2vu g %] dA.

1 1
AW(JU,,EQ):f [N:EQ 2 +N“2w + N2 w } dA.
A




Energy criteria for stability loss of thin-walled
cylindrical shell

1
All = —/ a1 TEadV  +
2Jv

>4

/ eaLo0dV
1%

~ ~~ N e
‘l AU: membrane + bending  quadratic part in AW (c9)

1
AUpena = 5D /A (w2, + w2, + 20w s +2(1 - p)ul,| dA

1
AUrems =—C/ 62 + 62 + 2ve es + 2(1 - I/)EQS:I dA

2

1—v 4

——C/ [u +v + 2vu, 5 u + 5 vt
+(l—u)u,sv,m+ﬁ+203R+2uurR]dA
1
AW (0, €5) [Ngz 2m+N;’2 w? + Now, } JA.

Cf. To buckling equations of rings and
arches in the Emeritus prof. J. Paavola pdf-

material

Similar equation for torsion buckling of

thin-walled tube by Donnell, see ref:

L.H. Donnell. Stability of thin-walled tubes under (uniform) torsion (NACA Tech-
nical Report 479). (1933)

== §(AI) =0,

|

You, dv, ow
L/

of o 1 — y 1 + U L}'
| Lioss of Stability C (et 5 e 2 o Ewﬁ) 0
equations:
| Vs 1 — ]_ _|_ 1/
C (|v,ss+ 5 |V + o |Yas + R =0

-I— I}Hlx — (Ngw’f_cx -l_ QN;ESw,Iw,S + N‘Ew,‘gs

u, vand ware now coupled

DV*w + % (% +HU,

S
I
o

* The unknown displace

* This is a set of three coupled partial differential equations for the u, vand w

e Eliminating u, v from the third equation of equilibrium using the reaming
two equations leads to the well-known Donnell-type large-deflection
equation (ref. Donnell report): ﬂ

Wrggr — in (Nmﬂw,mm + 2N£5w,mw,3 + Ngw,ss) =0

The pressure is usually constant and its gradients vanishes.

= Vip

Eh

D
V'LquR

shallow shell approximation,

v/R << wy)



Some classical solutions



Classical results

Axisymmetric buckling
of
circular cylindrical shells

under
uniform axial compression

Buckles
wrinkles




Axisymmetric buckling of circular cylindrical shells under uniform
axial compression We assume that the length of the

; g g ; ; shell is enough for the boundary
Buckling of axisymmetric cylindrical shells conditions to not perturb such

under uniform compression buckling patterns to form.

* |sotropic thin cylindrical
shell of radius R under
uniform axial compression :

buckling Ring patterns: -
_ . mnzx ’
* In general, the out-of-plan- | ~ w(z) = wosin — L
mid-plane displaceW . a)
w = w(z,0) 0
* To derive the formula for of | —,
JEuler buckling stress we Chessboard patterns:
‘ ' ' mmx
investigate separately ring (%) = wysin sin nd"
patterns and chessboard 14
modes separately
: b)
e The Euler buckling stress _
will be the smallest of the

two

v For the geometrically ideally 2m-half waves

perfect shell




Axisymmetric buckling of circular cylindrical shells under uniform

axial compression

1(3)

Cylindrical shell
under uniform
compression.  Ax-
isymmetric buckling
mode.

Ring patterns:

. mmz
w(z) = wosin ——

4

Cf. the textbook, there they solve the critical
stress from the Donnell-equations. The result
for this case is the same as when solving these
sirpplified Equations

Eh
DV3w + 3 Wazzs VANw . =0

Isotropic thin cylindrical shell of radius R

under uniform axial compression buckling Chess-board mrs s
. . . . w(x,s) = Asin sin ——
in an axisymmetric mode (ring mode) mode: 0 ¢
N
NO = NO =N0 =0
2R’

cylindrical shell under uniform compression

DL 4N _ ol +:
Dt T Vg2 T gz =0} Timoshenko

Sy Ring mode

w
EFli—— N— k =
dx? + dx? +rw =0,

axially compressed column-beam bounded to an elastic foundation

D = Eh3/12(1—12),

Eh This means that both solutions

D — EI, R2 —k are also mathematically similar Chess-[;)oard

mode



Axisymmetric buckling of circular cylindrical shells under uniform

axial compression

Simply supported
end-edges

/' consider an isotropic thin cylindrical (N'>0, compression) A N
shell of ra.dlus R under uniform axial NO——  N° —NO—p.
compression (N > 0) 2T R
e consider buckling in an axisymmetric L
\_ mode (ring mode) ) )
. s\\Q“Ko
dw d?w Eh )
D—.:L + N D) + 2 w = U s 3 9
dz dx R D = Eh®/12(1—v*),
p—
Trial solution in the form w(z) = wp sin mrne | i
(kin. admissible) /
U, (Ring patterns)
substitution of the solution into the ODE gives the critical load

mi

Eh ]
aZ R?D ““m— /

Ny =D[affn+

= 0.6 (steel)
/

/
»

N E h2 R E h
cr — Ter = =
V3(1—v?) R V3(1—v?) R

Buckles
wrinkles

Ring mode

Cylindrical shell
under uniform
compression.  Ax-
isymmetric buckling

mode.

1(3)



Axisymmetric buckling of circular cylindrical shells under uniform Simply supported
» " ena-eages
axial compression :
( « consider an isotropic ideally perfect (N >0, compression) A .
thi-n cyIind.ricaI shell of .radius R under Nxﬂ _ N NU _ N“ 0.
uniform axial compression (N > 0) " 9rR’
e consider buckling in an axisymmetric L
\_ mode (ring mode) -/
“ D = Eh3/12(1-12), !
N E kW E | h
cr — > O ocr == Simply supported
\/3(1 — VZ) R »\/3(1 — ]'j i R . . end-edges
- Obtained using
Ring patterns
* The critical stress does not depend on the length for modeastrial
relatively long cylinders (L > 2R) w(@) = wosin
* Using the chess-board mode as a trial, one obtains the
same result aslabove (exercise) .
mmx Eh for v = 0.3 Ring mode
w(:r]zwg-sinT~sinnﬂ, Ocr = 0.6 - ? i

where 2n being the number of half-waves:

This is a famous classical result 1(3)




Axisymmetric buckling of circular cylindrical shells under uniform

axial compression

-

e consider an isotropic thin cylindrical
shell of radius R under uniform axial NO N
compression (N > 0)

e consider buckling in an axisymmetric

\_ mode (ring mode)

(N >0, compression)

T _QTTR‘.I NES:NEZO'

~

J

Dd‘1w Ndzw Eh 0 Timoshenko
dz? + dz2 t YTV D = Eh3/12(1-12),
Trial solution in the form w(:r) — wp sin mmr
4

(kin. admissible) “

substitution of the solution into the ODE gives the critical load

(Ring patterns)

Buckles

Eh T for v = 0.3. wrinkles
Ng =D 2+—] n=— Eh
- [a a2 R2D u M= g =06 —
R

/
¥ Note the ring
E h? E h
Ner = V30— 12) R — Oor = V30— 19 R Qﬁfﬁi.t:ih.s ]‘
experiment

Simply supported
end-edges

Simply supported
end-edges

shell
uniform
compression.  Ax-
isymmetric buckling
mode.

Cylindrical
under

Ring mode



Simply supported
end-edges

Axisymmetric buckling of circular cylindrical shells under uniform

axial compression
/- consider an isotropic thin cylindrical (N> 0, compression) A N
shell of ra.dius R under uniform axial NO—— N  N° —NO—p.
compression (N > 0) 2R
e consider buckling in an axisymmetric L
\_ mode (ring mode) W,
.. nchenko |
pdw dw Eh Timo®
azt T a2 TRV T ‘ D = Eh3/12(1-12),
chessboard
mmnx :
Trial solution in the form  w(x) = wyp - sin R sinnd, <Pmems Skl st

(kin. admissible) “{

substitution of the solution into the ODE gives the critical load N

_ ER? [(n?+ (mnR/0?)?  E(mrR/l)? ;g”
% = 12(1—12) | R:(mnR/0)? (n2 + (mmR/0)2)%]|’ o
- ~ o e\\ '%
min \(,’&e _g
Through minimisation, the buckling stress (lower stress) occurs for /Q.Q_ §
n20% 1 (mrR)? [ Eh ]U‘l : E h 3

= | pan 3 Ocr = Omin = B

mm RA R2D V31— 12)R

Very shallow surface in m and n: Note the mode accumulation



Mode accumulation - sensitivity

pd
n® + (mrR/0)?* _ [ Eh ]1f4
| mrR/¢ | R2D
/ =T
1200 - R/f = 0.1 ,«
Note that many buckling o ]|
modes are closetoeach | = ™ 53 | II g
other (yellow region) 3 | *iﬂ;;llll 77
7 » i’;ﬂllllll
200 - ISESHLHCICISTS #ﬂgl'h;”’lll
P sessaseaseassssessy: *rii’ll@
0 LSS P2 4#’*&.’:'#" a
hi ] 0 RS 7 g:é;?& 154,14%:#
This explains partly L éﬁg 5
. A 5 ARSI Dt o S
Imperfection-sensitivity 0 ""*t*ﬁ%ﬁ" 0
-, i
Very shallow surfaceinmandn : 15 S 15 Practically the

n m same buckling
stress of many

Note the mode accumulation

Through minimisation, the buckling stress (lower stress) occurs for ! modes
n? + (mmwR/{)? [ Eh ]1”4 B E h
— # JCT — Oni &S —
mnr R/l R2D e BA-)R




elastic-plastic buckling

Good to know: Interestingly, when critical buckling stress is higher than yield
stress, the failure occurs through an elastic-plastic buckling. It is observed, based on
experiments, that the formula for critical stress (Eq. 1.1303) still holds after being
updated and gives good results in accordance with tests. The correction is to replace
the elastic E the elastic modulus by the effective modulus E* = /E;FE;, where E; and
FE; being respectively, the secant- and the tangent modulus (see the reference after the
formula below). The critical buckling stress becomes simply

vELE h

h
E. JCT — <

V31 -12) R

Oer = Omin —

v

The reference: Gerard, G., Compressive and Torsional Buckling of Thin-Wall
Cylinders in Yield Region. NACA TN 3726, Washington: National Advisory
Committee for Aeronautics, 1956, 40p.



Solution using Donnell’s linearised buckling equations for axially

loaded cylinder

Eh
DV*w + Lywases = V' | No waw + 2Npgwatws + Now,es | = V'p
_ P =0 =0
2R
Eh P
= DVw + —w + — Viw,, =0.
o M xrre T
R &k
&z

Eigen-value problem represents an eight-order differential equation
Kinin.1e?aically w(z, s) = Asin (mwm) in (@) _ Asin (m?r:r) sin (@)
admissible trial: £ TR £ £
| 8=ntsany

D (T—;)S (m® + ) + %m”" (%)4 — ozh (%)ﬁ:i'r.tz(m2 + %)% =0.

the critical stress parameter U

— The buckling stress being the smallest k.,

Simply supported
end-edges

™

1‘?%"§"'§°’T‘[
\> (‘ 5
Lol i
) A
s R
( v,
\,} (‘.
L

Simply supported
end-edges

Batdorf parameter £ 5
The relative length is reflected Z = Rh (1 -V )
well in this parameter L_______ " _ hif?
buckling stress parameter k., = ibad)
Dn?’
minimum of &, m? + B2(n)]2 1972
is attained when - = )

For short cylinders (Z < 2.85),

This is a famous classical result

(m* + B*(n))? 12Z%m? 4V/3 1  Eh k=14 0
ky = — Lmin — —Z Oecrmin = OF = 3



Diamond-shaped buckling of cylindrical shells under uniform axial
compression

1 o (MTXT MY 2(?’171’117 my)
w(:z:,y)—ng oS (2£ QR) cos™ | 5, T 5p

Perimeter length remains o R/t~ 1800
« initial shape

constant at buckling

buckled shape

initial shape

E.R. Lancaster et al. / International Journal of
Mechanical Sciences 42 (2000) 843-865



Diamond-shaped buckling of cylindrical shells under uniform axial
compression

1 o [ MTL my) 9 (nﬂ':r my)
= —wp - COS — - COS
wlz,y) = gwo - cos ( 20 2R 20 " 2R

Perimeter length remains
constant at buckling

~ initial shape

initial shape

C. MATHON - Décembre 2004

Ref: Doctoral thesis - FR



Diamond-shaped buckling of cylindrical shells under uniform axial

compression
1 2 (nmT My 9 (m’m;
w(z,y) = 5Wo + COS ( 57 QR) cos +

Perimeter length remains
constant at buckling

initial shape

- oo

buckled shape

*initial shape

buckled shape

4 Q
) Ocr > -
: 7
Rl
0-6 * Eh - ///
R s
perfect ideal sylinder
’{5% diamond-shaped
R ’,& with initial imperfections
o

°l

axial shortening



Finite Element Example

Buckling of thin—walled
cylindrical shells



Parameters
4 »
Name Expression Value Description
Computational example e "
param 1 1 param 0:3 post-buck
N_Reduct 10000 10000 perturb
F_perturb 1 1 N
u0_er 1 1 critical strectch per e
° 0 o 0 *+++* BEGIN SHELL
rtho_s 2700 2700 density
A relatively — ==
Es 70e9 7E10 [Pa)] Young's modulu
- - . R_shell 1 1 m shell-radius
lon ger shell Axially compressed cylindrical shell habel (bl 05 el
L_shell 4*R_shell 4 length of the tube
P_shell_ref 1 1 N
R_inner R_shell - h_shell 095 Inner Radius
h_shell_chek R_shell-R_inner 0.05 m (croos-check)
H A thick 2pi*(R_shell-R_inne*2 | 0.015708 m™2
’l) P 0 ‘L_, b l S|mp|y Supported sigma_shell_ref |1 1 Pa
YA L P_ref sigma_shell_ref*A_thick 0.015708 N
B VK \ —‘ 4 end edges u_ref 3*h_shell 0.15 m

M’TL Lol bt el | A/
r *‘r&,& S LJ..LL.,\..

———
< - -
O, A

Simply supported
end-edges

Buckling modes:

(Nz,er)i/(Nger)1 = 1.0000 1.0001 1.0083 1.0083 1.0861

\ Note how close to each other — imperfection-sensitivity ]
the Eigen-values are !




FE Computational example

Axially compressed cylindrical shell

N T Simply supported

A shorter shell 11 end-edges

Ng
Simply supported
end-edges
Buckling modes: n=1 n==6
(Nz,er)i/(Nger)1 = 1.0000 1.0007 1.0283 1.0331 1.0456 1.0501
Shell theory: 215.14 MPa 268.47 268.67 276.06 277.35 280.7 281.93 MPa
\ Note how close to each other =— imperfection-sensitivity ]

the Eigen-values are !



Effect of imperfection on post-buckling behaviour

¢ngi2sb to 22antzudof

Effect of imperfections

All real structural systems are imperfect

v in form,

v’ in material properties,

v in the sense of residual stresses
v" in the way the loads are applied

121t may be safely said that all real structural systems are imperfect in form, imperfect

in material properties, imperfect in the sense of residual stresses and imperfect in the
way the loads are applied. Roorda (1980)



Axisymmetric buckling of circular cylindrical shells under uniform

Simply supported
end-edges

axial compression
(° consider an isotropic ideally perfect (N'>0, compression) A A
thin cylindrical shell of radius R under NO — N Y” _N°—p
uniform axial compression (N > 0) N 2r R’ ;
e consider buckling in an axisymmetric L
\_ mode (ring mode) \{\\j&’ -
f . W
D(l’iw N Y{l‘zw N Eh 0 Tim~ \\(\
N— —w = 0], ‘
dz? dz? = R? | \S\)Q\,& A2(1—17),
K\' “ v =0.3
i . QQ% oz [ ~ )
Trial solution in the for~ QQ 4GS / A" = Alll + 1.24 ¢~ V1.24¢(2 + 1.2(()]
(kin. admissible) (&\(}‘Q‘ , ee
QQ,\‘ (Ring patterns) L 0'8\ v = 0.3
c .
subst® \\Q& _golution into the ODE gives the critical load Qf‘\a_ﬁ: 0.6 %K
) _nmw .69:0 5 0.4
Ne, l o2 RED] Qm = =y~ ) £s | [ |
“ = 0.6 (steel (£ 3 0.2 —
= v e 2 8 O 01 02 03 04 G5
= _> g = - ¥ r sm! lons
T a-AR T 1T I ——




Effect of imperfection on post-buckling behaviour

%, & LOAD, A
g — ) 4\ A

J

AXIAL
STRESS

/ Buckling modes

o v Bifurcation
YNMETR \ CHEBREOARD Point  Post-Buckling of
gk sucKLe Ac / Perfect Shell

CLASSICAL EULER
BUCHLING STRESS

/ Limit Load of Imperfect
Shell (Asymptotic

]
!
{ Analysis)
[
\_ o) I
DIAMOND-SHAPED

£ sy P F
POSTBUCKLING STRESS » 0

_ . END OEFLECTION, & BUCKLING MODAL D ISPLACEMENT, Wy
Axial displacement Deflection of-mid-plane

Typical post-buckling behaviour of axially compressed ideally
perfect thin cylindrical shells (ref. Robert Jones, buckling of bars, plates and
shells. ).

.




Unstable-symmetric bifurcation model

* Unstable symmetric

v' T his gives imperfection sensitive structures

0.9

0.8

P

max cr

0.51

041

0.3

071

0.6

0{\
| 11
S IR - Y V—
) ] . r] > B 1
o  p%
s

s
b

>

2 -

0.2
0

10 15 20 25
Initial imperfection , [deg]

1.2

0.2}

Effect of initial shape imperfection on the maximum
compressive limit load

ot Cylindrical shell

9() — (0° : Ideally perfect structure
I

10° y
/ ‘[ sin @ = (sin fp)/3

]3/2

LOAD, A

A

Bifurcation
Point  Post-Buckling of

/ Perfect Shell

Limit Load of Imperfect
Shell (Asymptotic
Analysis)

BUCKLING MODAL D ISPLACEMENT, Wy
Deflection of-mid-plane

-

“ P[P = [1 — (sinfp)*/?
o 5 10 15 20 25 30 3

0 [deg.]
Imperfect structure

Maximum axial force reduction with respect to the amplitude

of initial imperfection. P, is the collapse or buckling load of the perfect

structure.

40

45




Shells are
imperfection-
sensitive
structures

2R ~ 65 mm
Aluminium

Buckling of cylindrical thin-walled shell
Experimental results rano-yuo,,isto

InsinGoritieteiden korkeakoulu
Rakennustekniikan laitos

I i H H
=31 AR RTINS S S
= . Steel —
= : Test results: v
o i i
. 1+ 1= > U o i g Specimen identifier Fmax |dL at Fmax
<>:< T Aluminium Thickness ¥ 0.1 mm ; Legends| Nr B kN mm
0 ARSI ettt | 1 |Koff-Jouluolut, 0,331 0,86 04
2 3 4 M| 2 |Koff - Nikolai 0,33 | Aluminium, [ 083 | 03
0 1 M| 3 |Koff - Karhu 0,501 t~0.1mm | 073 | 06
SIRT B 4 |Koff-0,501 _ 093 | 06
Axial dlsplacement (mm) steel, WM 5 |Teraslieris H=150mmxD=66mm, t=0,27mm | 3,03 | 1.0
t~0.27mm| [ 6 |Terislierid, kokeen jatkaminen 3,58 0,6
Test report
Al specimens | Somm  ; BksLato/mmnent  socmiee ; (TSN
E Material : Aluminitolkki alto-yliopisto
é Predoad : 10 N Insindoritieteiden korkeakoulu
> .. Testspeed : 0,5 mm/min akennustekniikan laitos
@ v
‘E i ---TeSt results: Aluminium, t~ 0.1 mm
2 ey - /{pecimen identifier | Fmax |dL at Fmax
. . ¢ ickness ~ 0.1 mm
Tests by A. Niemi and ) TS [ T lsgenk N — KN
= 0.0 0.2 0.4 0.6 08 10 B | 1 | Koff-Jouluolut,0,331] 0,86 | 04
V.A. Hakala & J. Piironen - - : - : U s | 2 | Koff-Nikolai0331 | 083 | 03
- Y s g BN | 3 | Koff - Karhu 0,50 | 073 | 06
(Civil Engineering Axial displacement (mm) S| | 4 Koff-0,501 093 | 06

department, Otaniemi)




sensitive structures

Mode accumulation

makes imperfection- —

and
perturbation sensitive

[ ] [ ] 1 -2 1 1 I T T T 1] Ll 1
Shells are imperfection- O/ Tt diference
l less than 4 % *
1 _....”uoo..ooo.oooooooocoooooo.oooo....oo...o..ooo.oooooooooooooooooooooooooooooooooooooocoooo’oooo 3
Y
toad load
0 1 [10057616] s1 | s0m0sr0 25 [Loo017] 75 10355228 Ovref,
8 Lowest buckling mode 2_[rowsnsie] 52 | 1ozsosm e B
— ; v [ 3 [rossmss]| s3 |1ns0sma
7 0.8 |- with smallesteritical P o [towsen 0| Lovenos -
P stress 5 |1oosi0ne| 35 | 1030842 D RNy
© 6 [100m1004] 56 | 10308412 ol ! B Ll
.R s s 31 |1omsssa) 81 |1l
. 32 1006852 | @ | L3TML
[(v} & |1ommi6| 58 | 10313304 SR TS B8 e
S 0 6 = 9 [1onsws]| » [1091306 8 [ ER T 4
8 2 10 LO126103 | €0 | 10318336 35 | Loaise7 | 15 | Lmsmim 0
1 L1 jronses] 6 |1.03263%9 36 | 1008007 | %5 | LosTnae 100 lowest
= 12 102606 @ 102639 31 [tonsein| © Jrosren é s
5 | 13 {roisens| & |1oasese 5 [Loateai0] 88 L relative critical
14 | LOLSASE | &4 | 10X6464 9 [1oomeo| » [1mme SU‘ESSBS
(] 0 4 - 15 [Lotsa106| &5 |1omsm1s w [roasan | » [Losmes -
> § | 16 |rotsawe| s6 | 20326018 a1 |10m7540 | 91 | LosTwess
= [ 17 [1owenso| &7 |10z 2 |1oormo| 22 | Lovsese
E || 12 [rowsszso| s8 |1onmme CREC RT
m 19 |10186529 ] &0 | 1009157 [ 1027TIO | M | LOSNoesS
m || 20 [Lotsa529| 20 | 10339157 &5 | L025991 | 95 | LOSEI0ED
0.2 I~ 21 [1omse0] | 103m0me 6 | 1oasmen | 9% | 1osnned o
22 [1om3e9| 12 | 1039216 41 |roxoea| 97 | 103907
| 23 |rom33s ] 73 [1o3sees2 & JL0000a 1 N 109N
[ 24 [1ommm1 | 74 [103s48s2 Al ol B L dd
25 | 1LONINT] 75 | 1035522 30 1100877137 | 360 } LOS9NT)
1 1 1

Axially compressed thin cylindrical shell with clamped ends (Computation by R. Kouhia)

0 |

i
0 10 20 40 50 60 70 80 90 100

Mode number n

Ref: prof. Reijo Kouhia: http://www.tut.fi/rakmek/personnel/kouhia/rese/lectio/lectio.html
Finite Element Linear buckling analysis of an axially com-
pressed thin cylindrical shell with clamped end. The. FEA shows that more
than 100 buckling modes have corresponding critical loads which differ only
by less than 4%!. (Reproduced with adaptation with permission of the author).



Shells are imperfection-

sensitive structures

Stable-symmetric

bifurcation

Euler
solution

o

Unstable

I

Out-of-plane deflection

A
ILelative
imperfection

>

Ideally perfect Plate

Plate with initial

- .
imperfections
Eu'-v' ;.&h;a

w

Plates and columns

Stable-symmetric bifurcation
Not imperfection sensitive structures

P /
& D /
A
. Per
—h— “t
0

Unstable A-B

After bifurcation, the
close neighborhood is ﬁ

After bifurcation, a |
unstable. Very far B-F- -

stable close
neighborhood exists
Consequently, not

imperfection sensitive
structures

V-

o g\
D, a stable branch exists P
Consequently, imperfection- m
sensitive structures Y

what is the main and 'vital’ difference, in terms of stability be-
haviour, between plates, columns and thin shells? Plates are imperfection-
insensitive while shells are very sensitive to imperfections because 1) of
unstable post-buckling behaviour and 2) some buckling modes are close to
each other, mode interaction.



Euler buckling stress for
an ideally perfect shell

Shells are
imperfection-
sensitive structures

| Experimental evidence ‘

Mode accumulation

makes sensitive

Collapse stress for real
imperfect shell

Dimensionless critical stress g ./o|

1.0

=
o

g
o

g
'S

S
N

0

Modes with
axial symmetry

! — —Experiment  _

Prediction

N=12
I Z=1000
10 :
9
8 -
7
7
9 \\A__/
8/7\. A .
s
6

2
L = 4/(1 —1:1};—lr

1
|
|
I
1
I

N=

I ' | g ] ! I
Modes with
axial asymmetry

— — Experiment |
— Prediction

7
16
5 *

3 Z=1000 |

12

—-——— ==

] 1 A | i i L | L |
04 08 12 |6 20

i | L | . l A 1 i |
0 04 08 12 16 20

Dimensionless axial shortening o r/(Lt)

Effect of mode accumulation for thin-walled cylindrical shells.
In this figure ¢t = h, 0. being the Euler critical stress and o, being the
collapse stress. figure reproduced from: N. Yamaki. Elastic Stability of Circular
Cylindrical Shells. North-Holland (1984).



2 |
Li.
= Euler column
F load

inifial  position E=

1 = rodius of

“buckled position gyrahon

P
/ﬁ;
3
2
L
pﬂ”"’,“d:j’J
I —
THE STABILITY OF THIN SHELLS
o
i 2z 3 4 5 [4 by
£ .
f(l)z P.J, MOSS, B,E.(N.Z,)y D.1,C,
L

RELATION BETWEEN LOAD P AND END -
SHORTENING £ FOR COLUMNS WITH NONLINEAR

LATERAL SUPPCRT AND VARYING AMOUNTS OF
INITIAL DEFLECTION .

A Thesis submitted for the Degree of

Doctor of Philesophy in the Faculty

of Engineering of the University o2
London

FIG. 3.12 COLUMN SUPPORTED LATERALLY
BY MNONLINEAR SPRING [ REF. 1337

Civil Engineering Department,
Imperial College of Science and Technology,

London,

(133) Tsien, H,S,. "The buckling of cclumns with non-
linear supports"
J. Aero. Seci., Vol, 9, p. 119, 1942,

December 1964



Shells are
imperfection-

Euler buckling stress for
an ideally perfect shell

sensitive structures

Collapse stress for real
imperfect shell

D

1.0 [
> . ldeally perfect
cylindrical shell:
Ay/h =0
omnx
bh oct
by WL T

=

Small values
Ocr of Ay/h
imperfect shell
|
0 0.5 1.0
€/€, o  UfUL

Effect of Inltial Geometric Imperfections on Behavior of
Axially Compressed Imperect Circular Cylindrical Shells

(After Donnell and Wan [4-12])



0.9

0.8

0.7

~ 06

0.5

0.4

0.3

0.2

0.1

0

Relative amplitude of the

geometrical imperfection h v\

Koite

Koiter formula: effects of initial shape imperfections cylindrical thin shells (= 0.3)
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2
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0 ey ey h

Omax/Ocr
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Linearised buckling theory
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v = 0.3

o__ofe r 'l
EfoCtS of lnlhal A® = Alll + 1.24 ¢~ V1.24¢(2 + 1.24¢) =S
ici J /\\(S\»I\‘/ |2
geomelric imperfections - At
R o T DISTINGUISHET
° < > - CON n':ilfml‘lol\ts
on buCklln load S ED?C: 7 v ~ o.a :')QI.II):'vlf-fl'\)lll."\l\HCS _'.
9 % é "'E" ':qj 008 v- im’ﬁ"‘_v Sy W
5588 A" =05
§§ % TEI = R—— 006
I LY
£35 D & 04
cc®' c S —>
ozzg 25
TE8<S 8%
HE SR 2
228828 0
2z E2B2 2R O 01 02 O3 04 G5
Cg2E8x 24 €
‘ The great sensitivity of the buckling load for small deviations from the perfect
oylindrical shell is clear from this last formula
;.:o' '

(M., e . . . .
e ‘-%’-: i : Effect of initial geometrical imperfections on post-buckling be-
st g ; . . o : .

'/* ey 3:: Bt d ' it { haviour of compressed thin-walled cylindrical shells as given by the original
oo TR s Koiter’s formula. In this figure, € = wy/h and A\*/\ = 00 /0e Published

O Gy G CACRY I PR e Lo oo a1
0 10 2000 Ryt also in: Koiter, W.T., 1963. The effect of axisymmetric imperfections on the
8 8 buckling of cylindrical shells under axial compression. Proc. K. Ned. Akad.

Wet., Amsterdam, ser. B, vol. 6; also, Lockheed Missiles and Space Co., Rep.
6-90-63-86, Palo Alto, California..



Effects of initial geometric imperfections on stability of thin shells

Knockdown factor for monocoque cylindric shells

14— -
Ideal strength classical |
elastic critical stress
0.8
0.6 . : .
mpirical lowex b%}l nebyp 800
' -
1 /R
04+ v=1-0.901 ll—exp( 16[)] .
o2+« -+
0 1 | | |
0 200 400 600 800

Experimentally measured values ofﬁga(down factor and empirically defined
lower bound curve, as a function of the radius to thickness ratio (Jones, 2006).
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2.3 Experimental strengths of isotropic axially compressed cylinders (after Harris
et al. 1957).

Collapse stress for real
imperfect shell

Example: cylindrical thin shell under uniform
compression: lower bound:
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https://www.sciencedirect.com/science/article/pii/S0020768315000025#b0110

Shells are imperfection-
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Post-buckling behavior
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Schematic of fundamental characteristics of post-buckling

behaviour for plates, columns and thin shells.



FE—based (non—linear) F.E.M.

analysis of imperfection sensitivity

—

* analysis the post-buckling behavior

e estimate the lime-load

e ...and to obtain knockdown factors
(reduction factor for imperfect
structures)

* non-linear: this course only

geomefrical

* non-linear: for more realistic FE—analysis
include material (plasticity, ...) and all other
relevant non— linearities as friction, ...

M To fO||OW, for every choice of the initial
imperfection pattern, the unstable post-
buckling path after the limit-point an
incremental static analysis FE-
simulation a solid way: ABAQUS non-
linear code is well-proven to do

reliable job (RIKS algorithm). [of course
other specialized software can do also a good job ....
But | am not familiar with them]

Use the real geometry when available: the real geometry
can be our days obtained very accurately through direct
laser scanning of real geometry when available or digital
image correlation techniques.

 —

Wagner, H.; Hiihne, C.
Robust knockdown factors for t
potentials, practical application

shells under axial compression

International Journal for Mechat
Robust

knockdown
factors

‘olume 133, 2018, Pages 410-430

Example of initial shape imperfection patterns [Ref 1]

* as separate buckling modes or a combination of them
On this figure, geometric imperfections are amplified to render the visible to the reader FE-simulation: example of

axial loading collapse

After experimental validation of the FE-model, it

can be used to make predictions @
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New course on material modelling - constitutive modellings
CIV-E4080 - Material Modelling in Civil Engineering L, ,

. DONT

15.04.2019-27.05.2019

Constitutive Equations e e
Materiaalimallit — konstitutiiviset yhtalé | S
Joeling’ l
A __NRT
In physics & engineering: 0 s g =
N \ .
A constitutive equation or constitutive relationis = *° P «Lﬁil uf
a material spea.flc equation 5 SRS,
relating ONg
kinetic quantities and kinematic quantities ;_,MISS T l
/4 2
For ex., the classical ideal gas law which is an equation SCOU/? e @6
of state and also a constitutive equationtoo. ‘ ‘ S, strain
stretch ratio
Ohm's law
External action: | A specific ~TE——
fields orfprces - material Is. e oLy 1 = %‘- o

A Constitutive Equation J Steady state creep

approximates or models this ’mmexp(— Q./RT)
response - - !2’ e ez o

Generic functional constitutive equation: t Plasticity |

Advanced computational simulations

Mild-steel tube crash Mild-steel tube crash
simulation (Abaqus/Explicit)  simulation (Abaqus/Explicit)
[D. Baroudi, 2019] [D. Baroudi, 2019]

g =[A+B@E)N][1+Cln é.i][l — "]
€0

In this particular one, a the continuous crash of a mild-steel tube is
simulated (velocity control). The material behaviour is more complex than
elastic: rate-dependent (visco-) plasticity with frictional contact.

Thin mild-steel tube crash simulation (Abaqus) (0. Baroudi, 2019)

kinetic kinematic
- : 3 'do = D¥dg, de=de® +de”
F (p.6l&,6,T.T)=0 =

Elastic-plastic material stiffness {| 0. INTRODUTION
1. ELASTICITY

https://mycourses.aalto.fi/ course/view.php?id=20530 | 2. VISCOELASTICITY (. basics of creen)

S,

Lecturer: Dr. Djebar BAROUDI 3. PLASTICITY

Computational simulation of a crash of mild-steel tube
;/Explicit). The colours code for von-Mises stresses.
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Fig. 7.3 Ring buckling.



Boundary-layer effects of bending
;

Discontinuity:

change in curvature

B4 =3(1 —v?)/(Rh)?

(z)*m

[(zgf)uss — (wg)s00) (2~ )dxo dy

sigia- 1274
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2R ~ 65 mm
Aluminium

Buckling of cylindrical thin-walled shell
Experimental results tano-ympisw

InsinGoritieteiden korkeakoulu
akennustekniikan laitos

h~130 mm

< | Steel s
N ! D
S ; Test results: v
- i
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% Ploting the cylinder surface ———
% 1) Chesskoard pattern

2m-half waves

.* sin (THETA),

Rngpemern

Z)y:

% _________________________________________________________________________
% 2 — cylinder axis Z = [0, L] 28 figure
— = L el
® THETA - 0:27pd 29 surf( (RO + w_z theta) .* cos(THETA), (RO + w_z_theta)
¥ -——————— 30 axis sguare
- RO = 1; % Radius 31 grid on
- L 3*RO; % length 32 box on
- m 6; % nbre 1/2-waves in z-direction 33 axis equal
- n 5; % nbre 1/2-waves in theta direction 34 title ('Chessboard pattern')
- w0 = RO/10 35 xlabel ('x')
- NP =4 * 30 ; 36 vliabel ('y")
¥ oo 37 zlabel('z')
- theta = linspace (0,2%pi, HFP): . N
= z = linspace (0,L, HNP): .| i
40 % 2) Bing pattern
) 41 — figure
% Generating the mesh ——-— - 8
— m= &:
- Z = meshgrid(z):
g (2) A 43 — [¥, ¥, Z] = cylinder(R0 + w0 * gin{ m * pi * =z f L)):
- [RE , THETA] = meshgrid(z, theta): . surf (X, ¥, Z+L)
r r
* Th dial displa N theta) £ theta) _ axis square Buckling of axisymmetric cylindrical shells
e radl 13p comen WIlZ, L a Zy sLa _—— v .
| grid on under uniform compression
w z theta = w0 * sin( m * pi * Z / L) .* sin(n * THETA): b
- - OX On
ag — axis equal Ring patterns:
49 — title{'Ring pattern') w(z):wosinmz,””
a0 — Xlabel('®x"')
\%9 51 — ylabel ("v')
'3,\ 52 — zlabel('=z")
R\
‘7\ Chesshoard patterns:
¢t
b _ . mnx 9-
*\(\ w(x)—wosstmn -
~"c)) |
¥




Enjoy for coming
spring

I hope this course
helped fo you to learn
what is about in
stability and made you
curious toward
scientific based civil
engineering

Belween shell walls and "$%
the Return of Spring
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Ekﬁmen—ts— Buckling of axisymmetric cylindrical shells
4 under uniform compression
Ring patterns:
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Chessboard patterns:

mnz
7 sin nf

w(z) = wpsin

n=1

Buckling modes: n=1  n=2  n=3 - —
(Nz,er)i/(Nzer)1 = 1.0000 1.0007 1.0283 1o
Shell theory: 215.14 MPa 2 0 |‘ 1 ! ! | !
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D. Baroudi, 2019



Enjoy for coming spring

Photo: Djebar Baroudi, 2021
Lyon, 6/4/2021

The course Ends here ...



