
Scenario-based portfolio selection of 
investment projects with incomplete 
probability and utility information

Tuuli Aaltonen 
Presentation 7 
9.10.2020

MS-E2191 Graduate Seminar on Operations Research 
Fall 2020 

The document can be stored and made available to the public on the open internet pages of Aalto University. All other rights are reserved.



MS-E2191 Graduate Seminar on Operations Research: “Decision-Making under Uncertainty”

Presentation outline

2

 Project portfolio selection

 Modeling incomplete information

 Portfolio dominance structures  

Application

Method for selecting non-dominated project portfolios



MS-E2191 Graduate Seminar on Operations Research: “Decision-Making under Uncertainty”

Project portfolio selection

• DM’s make one-time investment decisions on multiple projects that 
bring value 

• Goal is to find the best selection of projects to create an optimal project 
portfolio 
• Project outcomes depend on future scenarios 
• Resource constraints 

• Contingent Portfolio Programming (CPP) method introduced last week 
• Similarly to CPP, future scenarios affect each project in the portfolio 
• Contrary to CPP, investments are one-time decisions

Insert presentation date
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Problem formulation
• DM has the possibility to do one-time investments to different projects, leading to a 

project portfolio 

 possible investment projects  

• Each project has some outcome in different scenarios 

 disjoint scenarios  

value of project  in scenario :  

• Investment portfolio  is a subset of investment projects  

Total portfolio value in scenario :  

m X0 = {x1, . . . , xm}

n Ω = {s1, . . . , sn}
xj si xj(si)
X X0

si X(si) = ∑
x j∈X

xj(si)
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Problem formulation

• Probability of scenario  is  

Expected value of portfolio :   

• Choice of portfolio is limited by resource constraints 

 
 

• DM has some utility function 

si pi

X 𝔼[X] =
n

∑
i=1

piX(si)

Az(X) ≤ B
z(X) ∈ {0,1}m, zj = 1 ⇔ xj ∈ X

u(t)
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Incomplete information

• Obtaining accurate information on probabilities of different future 
scenarios is often difficult or impossible 
• Expert estimates may vary a lot 
• Experts might only give ordinal estimates on scenario probabilities 

• Likewise giving exact estimates of DMs utility functions can be 
difficult 
• DMs may have conflicting risk attitudes or opinions 
➡ How to give recommendations on project portfolios under 

incomplete utility and scenario probability information?

Insert presentation date
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Agenda

• Model incomplete information 
• Define dominance relations to identify non-dominated project 

portfolios 
• Introduce a framework for ruling out portfolios that are clearly worse 

than others under incomplete knowledge on utilities and 
probabilities 

• No “one portfolio to rule them all”
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Modeling incomplete information

• Scenario probabilities cannot be accurately estimated 

Set of all possible probabilities  

Set of feasible probabilities  

• Inequality constraints set based on statements on scenario probabilities  
“scenario 2 is at least as likely than scenario 1” 
“scenario 1 occurs with at most probability 50%” 

P0 = {p ∈ ℝ |pi ≥ 0,
n

∑
i=1

pi = 1}

P = {p ∈ P0 |App ≤ Bp}
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Modeling incomplete information

• Set of feasible utility functions  
 

• Obtain  with constraints set based on knowledge on DM’s 
risk preference 

• For example, assume risk-neutral (linear utility function) or risk-
averse (set up requirements for concavity) DM 

• Information set 

U0 = {u : ℝ → [0,1] |u(t) ≥ u(t′ �)∀t ≥ t′ �}

U ⊆ U0

S = P × U
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Portfolio dominance structure
A way to measure, which portfolios outperform others 

Definition: Portfolio  dominates portfolio  with regard to information set 
, denoted , if 

    for all   and 
   for some  

Portfolio dominates another if its expected utility is at least as high for all feasible 
scenario probabilities and utility functions and there’s at least one case where the utility 
is strictly higher 

X X′�
S = P × U X ≻S X′�
𝔼[u(X )] ≥ 𝔼[u(X′�)] (p, u) ∈ S
𝔼[u(X )] > 𝔼[u(X′�)] (p, u) ∈ S
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Example with complete information

Does portfolio  dominate , knowing that the 
DM is risk-neutral? 

 and  dominates  

X X′�

𝔼[X] = 4 𝔼[X′�] = 3.5 ⇒ X X′�

11

s1 s2
X 5 3
X’ 2 5
p 0.5 0.5
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Dominance relations under incomplete 
information
For portfolios  and  and information ,  the following apply: 
   i)   

  ii)   

 dominates  if under information set  if  dominates  at the extreme 
points of the probability constraints 

If there’s no probability information,  dominates  if portfolio  has at higher or 
equal utility than  in each scenario and strictly higher in at least 1 scenario

X X′� U ⊆ U0 P ⊆ P0

X ≻P×U X′� ⇔ X ≻ext(P)×U X′�
X ≻P0×U X′� ⇔ X(si) ≥ X′ �(si) ∀i ∈ {1,...,n}

X X′� P × U X X′�

X X′� X
X′�
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Finding the set of non-dominated 
portfolios
Goal: Find the set of non-dominated portfolios 

Step 1: 
Rule out all dominated portfolios under  

 

 Rule out all portfolios that have equal or worse outcome than 
some other feasible portfolio in all scenario

X ≻P0×U X′ � ⇔ X(si) ≥ X′ �(si) ∀i ∈ {1,...,n}

⇒
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Finding the set of non-dominated 
portfolios
Step 2: 
In general case : determine minimum expected utility difference 
between each portfolio pair  and  at each extreme point 

 

 

 if the minimum is non-negative for all  and positive for some 

P × U ⊆ P0 × U0

X X′�
{p1, . . . , pt} = ext(P)

min
u

𝔼[u(X )] − 𝔼[u(X′ �)] =
n

∑
i=1

piu(X(si)) −
n

∑
i=1

piu(X′ �(si))

X ≻S X′� pj p j
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Example with incomplete probability 
and utility information

Does portfolio X dominate X’? 

The probability of scenario 1 is estimated at 
 

 Extreme values of P:  and  

No assumptions on DM’s risk preference yet 

0.4 ≤ p1 ≤ 0.5

⇒ (0.5,0.5) (0.4,0.6)

15

s1 s2
X 5 3
X’ 2 5
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Example with incomplete probability 
and utility information

Extreme value : 

Sort unique outcome values and notate ,  

 

 

Difference in utility is minimized with utility function  
 

 does not dominate 

p = (0.4,0.6)

̂v = (2,3,5) ̂u = u( ̂v)

min
u

𝔼[u(X )] − 𝔼[u(X′�)]

= 0.4u(5) + 0.6u(3) − 0.4u(2) − 0.6u(5) = − 0.4u(2) + 0.6u(3) − 0.2u(5)

̂u = (0,0,1)
min

u
𝔼[u(X )] − 𝔼[u(X′�)] = − 0.2

⇒ X X′�
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Example with incomplete probability 
and utility information
Assume risk-averse DM and add constraint for utility function 

 

 and  

Difference in utility is minimized with  

 

If p = (0.5, 0.5):   

 dominates 

̂uj − ̂uj−1

̂vj − ̂vj−1
≥

̂uj+1 − ̂uj

̂vj+1 − ̂vj
⇔

u(3) − u(2)
3 − 2

≥
u(5) − u(3)

5 − 3
⇔ − 2u(2) + 3u(3) − u(5) ≥ 0

u(2) = 0 u(5) = 1 ⇒ u(3) ≥ 1/3

̂u = (0,
1
3

,1)

min
u

𝔼[u(X )] − 𝔼[u(X′�)] = − 0.4u(2) + 0.6u(3) − 0.2u(5) = 0.6/3 − 0.2 = 0

min
u

𝔼[u(X )] − 𝔼[u(X′�)] = 0.5u(5) + 0.5u(3) − 0.5u(2) − 0.5u(5) = 0.5u(3) − 0.5u(2) = 1/6

⇒ X X′ �
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Application

• Application of the framework to the global forest industry 
• Expert evaluations of  

• 8 scenarios  
• 24 possible actions (projects) 
• value of each action in each scenario 
• cost of each action 

• Portfolio cost limited to around one third of the sum of all action 
costs
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§

Liesiö and Salo, 2012, Scenario-based portfolio selection of investment projects with incomplete probability and 
utility information  
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Application

• Compare sets of non-dominated portfolios between 4 different information sets 
• Probability sets 

• Rank ordering 
 

• Incomplete rank ordering 
 

    
• Utility functions 

• Linear  

• Strictly increasing concave 

PR = {p ∈ P0 |p3 ≥ p2 ≥ p4 ≥ p8 ≥ p5 ≥ p7 ≥ p6 ≥ p1}

PIR = {p ∈ P0 |pia ≥ pib ≥ pic ≥ pid ∀ia ∈ {2,3},
ib ∈ {4,8}, ic ∈ {5,7}, i3 ∈ {6,1}}

{uL}
UA
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Liesiö and Salo, 2012, Scenario-based portfolio selection of investment projects with 
incomplete probability and utility information  

 
 

 

S1 = PR × {uL}
S2 = PIR × {uL}
S3 = PR × UA

S4 = PIR × UA
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Conclusions

• Framework can be used to get a good broad overview of different 
investment possibilities 

• Allows interactivity: compare results between different 
restrictions on utility function and probability information 

• Recommendations on choosing projects can be given based on 
e.g. how many non-dominated portfolios they are included in, 
min/max portfolio utilities… 

• Solving one optimal portfolio may be very sensitive to point 
estimates of scenario probabilities
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Homework

You are a wine producer deciding on investing future development 
projects. You have three possible projects to invest in that give the 
following potential profits in three disjoint wine market scenarios: 

25

S1: Alcohol 
legislation 
tightens abroad

S2: Alcohol 
legislation 
tigtens in home 
country

S3: Alchol 
legislation 
tightens 
worldwide

x1: Strengthen 
business in 
home country 

2 3 1
x2: Venture into 
non-alcoholic 
wines 

6 3 5
x3: Strengthen 
business in 
neighboring 
countries

0 9 0
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Homework
You have enough resources to invest in up to two development projects. 

a) List all feasible project portfolios. Which portfolios are not dominated, assuming you prefer 
more money to less and there is no information on scenario probabilities? 

b) You get an evaluation from an expert saying that scenarios 1 and 3 are equally likely and that 
scenario 2 will happen with probability . List all non-dominated portfolios, 
assuming you are risk-neutral. 

c) List all non-dominated assumption when addition to b), we know the DM has a risk-averse 
utility function  and that ? 

DL 16.10. 09:00

0.1 ≤ p2 ≤ 0.4

UA u(6) = 0.8

26



MS-E2191 Graduate Seminar on Operations Research: “Decision-Making under Uncertainty”

Finding the set of non-dominated 
portfolios
Step 1: 
Rule out all dominated portfolios under  

 

 Compute all Pareto-optimal solutions to the following multiple objective 
binary linear programming problem: 
                           

where  contains all scenario-specific project outcomes 

X ≻P0×U X′� ⇔ X(si) ≥ X′ �(si) ∀i ∈ {1,...,n}

⇒

max
z

{Cz |Az ≤ B, z ∈ {0,1}m}

C [C]ij = xj(si)
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