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Further Results in the Fast Estimation of a Single Frequency

Michael P. Fitz, Member

Abstract—This correspondence proposes a new
frequency estimator for a single complex sinusoid in
complex white Gaussian noise. The estimator is
applicable to problems in communications requiring
high speed, recursive frequency estimation: The
estimator ' is computationally efficient yet obtains
near optimum performance at moderate signal-to-
noise ratios.

I. INTRODUCTION

‘Rapid estimation of the frequency of a single complex
sinusoid in AWGN is an important problem in a wide variety
of applications [1]. Array signal processing, Spectral
estimation [2], carrier and clock synchronization for digital
communications, FSK demodulation, Doppler rate estimation
[31, and signal interception and detection are good examples of
applications requiring rapid frequency estimation. Several fast,
accurate fréquency estimators have been previously proposed .
Referénce [4] examines the asymptotic performance of several
estimation structures and presents a comparison by Monte
Carlo simulation. The signal model for this letter is

X, :Jaexp[j(ﬂn+9)]+vn n=12,...N @
where v, is a discrete time, delta-correlated complex Gaussian
noise process with a variance of Ny, 0 is the carrier phase, and
E, is the energy per sample (note E,/Ny = SNR). It is
assumed that the carrier phase is an unknown random variable
that is uniformly distributed in [-7,7].

In [4], Kay demonstrated that an asymptotically (high
SNR) optimum estimate of frequency is obtained by an
estimator of the form (equations (16) and (18) of [4])

A~ N * ~ N *®
Q= 2wn arg{x,x,,} or Q= arg{z wnxnxn_l} @)
n=2 n=2

where w, is an estimator window function. Often in

recursive, high speed applications this windowing is difficult
to implement since the window changes with each new
sample. Uniform time weighting in frequency estimation
results in estimators having the form (equations (17) and (19)
of [4])

A

N ) N N
=L Sargle,zi,) or Q:arg{zxnx:_l}. ®
a2 n=2

While estimators of the form in (3) are significantly simpler to
implement, their performance is significantly lower than the
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frequency estimators in (2). The work presented in this
correspondence provides improved performance over estimators
of the form in (3) in an architecture compatible with recursive,
high speed, real-time applications.

The estimators in (3) are closely related to a digitally
implemented balanced quadricorrelator frequency-tracking loop
[5]. The equation governing this loop is

fZN+1 = QN + yIm[xNxNhle"—ﬁ"] ' )

where o is the loop gain (a first-order loop). From (4) it is
seen that the quadricorrelator uses the last term in the
summation in (3) as the innovation to the loop. This
relationship is riot really unexpected since both the estimation
structure in (2) and the structure in (4) can be viewed as
approximations to the maximum likelihood (ML) estimator of
frequency [6]. This work investigates planar filtered! or open ‘
loop methods of frequency estimation instead of the traditional
loop based architectures. ‘

II. DERIVATION OF THE PLANAR FILTERED ESTIMATOR

The proposed frequency estimation algorithm is an
approximation of the ML estimator. The ML estimator of the
frequency of a sinusoid in the model in (1) is the maximum of \

the periodogram [6], given as
2

N
—jon
S x|

n=1

'~

Q,, =argmax

©

The frequency estimator presented in this letter results from
examining the likelihood equation. The likelihood equation is
derived by taking the derivative of the periodogram w.r.t, £2
and setting it equal to zero. The likelihood equation is, after
grouping terms appropriately, ‘

Lo(x) = Im{i MRy (m)e‘fn"‘} =0 ©
m=]
where
A N *
Ry(m)= Z XXy, 0

is the unnormalized sample autocorrelation function. Since for
the unmodulated sinusoid the sample autocorrelation function
has the form

R, (m) = Ae™™™ + noise, (®)
the ML estimate is chosen to make the weighted sum of the
quadrature componerts of the derotated sample autocorrelation
functions zero.

1A planar filteréd structure is one that uses both the I and Q components of
the input signal and not just the input signal phase or phase difference like a
phase or frequency tracking loop.
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Examination of (6) provides some insight into the design
of a suboptimal frequency estimator. Note that higher lags for
the sample autocorrelation function in (6) are given a greater
weight. Intuitively this results since the higher lag sample
autocorrelation functions are less affected by noise and give a
better estimate of 2. The reason for the improved
performance can be seen by examining (7) when each
autocorrelation lag has the same number of terms in the
summation. In this case the noise in (8) has the same
statistical description regardless of the lag, while the argument
of the signal component is linearly proportional to m.
Consequently, the estimates of the frequency derived from
higher lags are more accurate (for N-m >> 1 in (7))2. The
likelihood equation for the ML estimator given in (6)
appropriately weights the higher lag sample autocorrelation
functions to a greater degree. It should be noted that the work

in [4] presents algorithms that use only 1%,,, .
A practical estimator is produced by approximating the
likelihood equation given in (6). Since
arg{ (R (m))} = Qom, ©
and for large N (i.e., small noise in (7))
Im(fiN (m)e"””') = A sin(arg{f? N (m)} - Qm)

) (10)
= A(arg{RN (m)} - Qm),
then (6) is heuristically approximated for large N as
N
mjargiR(m); — mQ| = 0. (11)
>, mlarg{om)} - m@]
Algebra reduces (11) to
R N 6m R
Q, =Y ————— — arg{ R(m). 12
ue mzl NN+ DN+ D) arg{ R (12)

If the summation in (12) is truncated at indices less than N a
practical estimator has the form

J A
 Peefpm)
Q=2 . % C(J,m)arg{RN (m)}. a3)
Sot
m=}1
This frequency estimator weights the argument of the sample
autocorrelation function by the lag, m, as suggested in (6).
Fig. 1 is a block diagram of this estimator. With the use of
read only memory (ROM), a high speed implementation of
this estimator is possible with only J+2 pipeline delays. A
reviewer pointed out that (13) can be alternately viewed as a
least squares fit of the phase of the estimated autocorrelation
function phase versus lag to the true autocorrelation phase.
This algorithm is practical and performs well. The
performance of this estimator is also quite near the CRLB
given as [1]
6 N,

Q-O)>— "0
Q-2 TR T,

14

2 1t should be noted that the optimum lag for estimating the frequency is
mopt=2N/3 [3], but since this work only uses relatively small values of m

compared to N, the performance actually improves monotonically with m.

Ry ()

arg {+} -?\
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:: z arg [} _?/
@ ‘ cJ,

Fig. 1. Frequency estimator block diagram. The rectangles in the
block diagram contain operations that potentially could be implemented
inROM. '
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Fig. 2. Frequency estimator leamning curves. Eg/No=2dB, Q=0.5
radians/symbol, 10000 trials.
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Fig. 3. Frequency estimator learning curves. Eg/Ng=10dB, Q=0.5
radians/symbol, 10000 trials.

for relatively small indices, J, and is independent of €.

Figs. 2-4 show plots of the estimator learning curves for
differcnt summation indices J at SNR=2dB, 10dB, and 30dB

obtained by Monte Carlo simulation. The estimator acquires
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Fig. 4. Frequency estimator learning curves. Eg/Ng=30dB, 02=0.5
radians/symbol, 10000 trials.

very rapidly so if the accumulators in Fig. 1 are given a fading
factor the architecture is also capable of tracking a slowly
varying frequency source. The planar filtered structure

produces good performance at low SNR. It should be noted
that (12) with J=1 is equivalent to the estimator of equation

(19} in [4] and the frequency estimator presented in {7]. In
implementing this algorithm one needs to ensure that
|7Q| << 7 so that phase unwrapping of the arguments in the

summation of (9) is not necessary. This condition is met if
the unknown frequency is a small fraction of the sampling rate
(note that /27 = 0.08/7T in Figures 2-4), as is typical in

many communications applications. This algorithm can be
mtegrated with the planar filtered phase estimator proposed in
[7] for a simple and rapidly acquiring carrier synchronization
architecture.
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