
INTEGRATION BY PARTS

Product rule :

£ flewvlx)] = n' lxlvlxt + NK1V
'

4)

Integrate both sides and rearrange terms

:|WINVH1 dx = UH1V4) - ↳KIVYN DX

hthe file" dx = I

1 a. = - I
✓ h

'
✓I ll

-

2xex - f2e×dx
= x2e× - 2×e× + 2e× 1- I

= e× ( E - 2x + 2) + C' = I

Derivative : e×x2 + 2x ex - 2xe× - 2e× 1- 2e×
--

= if



EEmpI flnxdx = I

| lnxdx = § I - lnx dx
- -

n
'

✓

= xlnx - f I × dx
×

--

v
' he

= Xena - × + d

Let us check again by taking the derivative :

x. ¥ + lnx - I = lnx
-

=I



theorem Every rational function can be
integrated in closed form .

PK1
HK1 =
# ,

PK1
,
QCH polynomials .

⇐PI I µ
= I

Substitution : I = £
,

6xIx = at

1¥
. "
. =¥f↳

×
'
(x't 1)

2

at
= ¥ / FEET

Partial traction decomposition :

e
a
= ¥ ' II,

=
Alt -111't BE + Ctlt -it)

t



Set the numerators to be equal :

£2 -

. At C = 0

t
'
: 2A t B t C = 0

to : A = I

⇒ A = I
,
C = - k

,

B = - I

Now we can integrate :

I = ¥ (ln It I 1- ±
- in It + It ) to

= ten + a



Example
-

dx

I =/ f-* + III.⇒

= EEx x x /2- tax
( x -It ( x't 1)

= It +
'

Solve :

Al x't It t (Bx t C) (x - II = 2

⇒

{
A + B = 0

- B + C = 0

A - C = 2

⇐> A = I

{ B = -I Integrate :

⇐ ⇒ I ±

- I *



I ⇐ = I + I
Everything together :

I = Ex't x if It, - f× dx
#I

= Ex't x x ln K - KI - ¥lnlx'xk)
- arctanx + d

For rational functions the integral
function always is a sum of
polynomials , logarithms, or avatars .

Example In = IN e×dx ( new )

Recursion :

|Ne×dx = x" ex - f n x
"-←e×d×

In = x

" ex - n In
-±

It terminates
,
since Io = /e×dx =

eked



Example
- -

I = / sinkDX = - sin × cos× 1- / costxdx

= - sin x cosx + / (I - sink) dx

= - sin xcosx 1- fdx - I

We get : I =
× - sinxcosx

-
+ c
'

2

Example I = /ek× sinnx tax (kto )
I = ¥ ek×sinnx - f I ek×cosnxdx

µ ektcosnxdx = EEektcosnx-ffeks.cn
= Ee eksinnx-fzekxcos.mx -¥I

Again, solve for I ?



ORDINARY DIFFERENTIAL EQUATIONS ( ODE )

General 1st Order ODE : the"'
= flx

, ylx) )
dx

The solution curve : ylx)

At every point (x. y)
the slope of the solution

curve YK1 is flx , ylx ) ) .

Equation : y
'

= f- ix. y )

→ we have information only up to a constant

Terminology :

- the general solution includes all possible
*ohntions

- the initial conditions lead to particular
Solutions

- the order of the ODE : the value of the

highest derivative in the equation
Newton's Law : F = ma

⇒ F=m DI
tata

is a 2nd order ODE
.



PHASE PORTRAIT

you
^

• . e of

T T • → \ X

x Y Y Y.T.IT I
The ODE connects

every × to some y
4)

.

At every point ix.g) we can indicate the

slope of ylx) since we know how to
compute the derivative .

Initial conditions fix particular
solutions

.



SEPARABLE EQUATIONS : ¥n = fcx I g (g)
Formal equation : lay

-

= fix) DX

glyl

By integrating / d¥y, = ffcxidx + d

Example dI = I
- -

ax g

Here flxl = ×
, g ly )

= If
thus

, fydy = fxdx + I

⇒ EY2 = Ex
'
+ E

Setting 25 = -0 we get y2- +2=0 .

Hyperbole ,

with asymptotes : y=x , y =
-×

Corresponding to d = 0 .



A SOLUTION CONCENTRATION PROBLEM

"9th

-717 TANK Q : How much
toLlmin -

salt

/ III. I. ↳ / In ?

-1¥ .im
AMI is needed !
=

+ It ) is the amount of salt j Xlo
) = 50 kg

Salt entering the system :

10g 1L . Toulmin = KI
min

Exiting :

¥0 kI . Iohlmin = In-in
The rate of change : tI = rate in - rate out

at

= - ¥
.

=
t
too



dx dt
- =
-

Io - x hoo

⇒ - ent x - to 1 = I + C
'

Tv too

× 7 TO

⇒ Ln (x - lo) = - I - d

100=7
xlo) = 50 i.e. -C

'
= ln 40

-thoo
We get : x = xlt ) = to + 40 e

After 40 minutes :

-

0.4×140) = TO 4 40 @ I 36.8 keg



LINEAR 1st ORDER ODE :

dy
j
t plxty = qlx)

If qcxi = 0 , homogeneous ,
g-LN I 0 , non homogeneous .

If + pcxly = 0 is separable :

- flcx)

y
= ke

, yuki
= fplxldx ;

dµ
I =p

G)

Formally : L = I' tpcxc. )
tax

so that

L.ly/=qlxIJfLlyh)--0
,

then surely

Lly) + Llyn) = qlx)

or h ly + yh) = qlx )



A : Integrating factor

⇐ ( e'
""

yh ) = e'
"" '

⇐ + e'
""

E. yes

= e'
""'

( ¥× xpcxiycx ) ) = e'
""

qfxi

Integrate : e
""

you = fete
"'

qcxidx

⇒ you = e-
'"" fer"qc×, d×

B : Variation of the parameter : k= Klx)

£ (KW5"
"

) + pcxskcxi e- M
"

'=fK)
- MK)

⇒ K'lx ) e - kcx)µ'cx , e-Mk
)

+ kcxspcx) e-
M"'

=fCx)

⇒ K
'
k ) = EM

"'

qcx)


