
2ND ORDER LINEAR ODE WITH CONSTANT

COEFFICIENTS

Consider :

y
"

t ay
't by = 0 , a ,b constants

rx
Educated guess : y = e

So : y
= er×

, y
'
= rent

, y
"
= ✓
'em

substitute :

✓
2 em + a rent + b er× = 0

⇐s r
'
t ar t b = 0
-

AUXILIARY EQUATION

- 2-

with roots r = - £ If I - b
-

discriminant

three different cases :

A ) a2 - 4b > 0 : Two distinct real roots

7 , rz

B) a

"
- Ub = 0 : Double root r

, ,z
= - fu

C) a
'
- 4b a 0 : r±

,
a
= × ± ip

( conjugate pair )



the solution has the form :

A) ylxl = y , 41 + yzlx )

= c±e
""

+ cze
" ×

-%x
B) ylxl = ( C, t Czx ) e

c) ylxl = e
"

( c, sinpxt Czcosfsx )

General form :

y
"
t ay
't by = Rlx)

1) Rct) = polynomial of degree n

y
"
x ay't by = It x + I

Candidate : go LN = polynomial of
degree 2

Use the method of undetermined
coefficients !



y
"
t

ay
't by = It x x I

Try : y.CN = azx't a. x't a. x°

yo
'
CN = 2azXt a ,

y
"

.
Lx) = Zag

Zaz t a ( 2 azx t 9, I + baz x't ba , x't ba.

= It x x I

+2 : baz = I

x
'

: a 12A
,
I + ba

,
= I

i : aaaaa , + ba. = ±
} ! aa

2) Rcx) = Aek

Try : you = KE1X
A DX

Get : yo CN = - e

It at + b

It 1 is a root of the auxiliary
equation ,

we need to change our
educated guess

:



Try : yo 41
= Kxme"

,

where m is the
order of the root .

hanpI y
"
t 2y' + y = e-

×

Homey . y* = ( C, t Czx ) e-
×

- -

In terms of 1 : auxiliary equation is

( At 112 → A is a

double root

Try : yo = 4×2 e-
x

( a = - 1)

y
'

.

= KT2X - E) e-×

y
"

.

= KL2-4XX E) e-×

⇒ K = You

The general solution :

y
= y# + yo

= ( C, + Czx -1 # E) e-
×



3) Rlx) = A sinwxn + Bcoswx
,
w to

Try : yocxl = Ksinwx + L coswx

Special case : a=0
,

b = W2
,
i.e.

y
"
t wZy = Asinwx + Bcoswx

Resonance :

Try : yocx) = kxsinwx + Lxcoswx
- -

hpI y
"

they = sin 2T

yo = Kt sin 2T
+ Lt cos 2£

y
'

.

= ( K - 2kt ) sin 2T + CK1-2LT)cos2t

y; = - 41L -1kt)sin2tt4(K- Lt)cos2t

We get :

- 4 ( Ltkt) sin 2T # 4 (K - Lt)cos2t
. - - -

- - - .
- - - . - - -

-

1- 4kt sinzt-HLteos.tt =

sin 2T



⇐s - 4h sin 2T + 4k cos 2T = sin 2T

⇒ K = 0
,
L = - Ey

General solution : y = Y µ + Yo

= C± sin 2T + Cz cos 2T - It cos 2T

A ^

"

Ehf÷:÷:\



PRACTICAL RESONANCE

→ system with damping

y # 4)
= e- £× ( c

,
sin wx + c- cos wx)

→ Rcx) at frequency w

÷
.


