Basic concepts in estimation

Random and nonrandom parameters
Definitions of estimates

e ML Maximum Likelithood

e MAP Maximum A4 Posteriori

« LS Least Squares

«  MMSE Minimum Mean square Error
Measures of quality of estimates

 Unbiased, variance, consistency,the Cramer-Rao
lower bound, Fisher information, Efficiency



The problem of parameter estimation

Parameter 1s usually assumed to be time-invariant quantity,
vs. ’time varying parameter’

Given measurements z(j) j=1,..k to estimate parameter x, in
presence of disturbances w(j)

2(j)=hljxn)], =1k

find a function of k observation zF={z(j)}"

#(k)or 2(7)=#{k, 2" ]

This function is called estimator, and the value 1s called
estimate

The estimation error ~



The problem of parameter estimation

Models for estimation of a parameter

1. Nonrandom, "unknown constant”, unknown true value x,, ,
non-Bayesian or Fisher approach

2. Random, the parameter 1s a random variable with a prior (a
priori) pdf p(x), the Bayesian approach

The Bayesian approach
from the prior pdf, one can obtain posterior (a posteriori) pdf
using Bayes’ formula

plez)= A1

¢ normalization constant
the posterior pdf can be used 1n several ways to estimate x




The problem of parameter estimation

The Non-Bayesian approach

* no the prior pdf associated with parameter, one cannot
define posterior pdf for it

* One has the pdf of the measurements conditioned on the
parameter, Likelihood Function LF of the parameter

A, (x) ip(Z‘x) or A (x) ip(Zk‘x)

as a measure of how "likely” the parameter value is for
the observations, LF serves as a measure of evidence
from the data.



ML and MAP estimators

Maximization of the LF relative to x produces Maximum
Likelihood Estimator (MLE)

~ML

X (Z) =argmax A\, (x) = arg max p(Z‘x)

MLE, being a function of random observations Z, is a random
variable

MLE is the solution of likelihood equation

dA,(x) _d plZx)
dx dx




ML and MAP estimators

Maximum A Posteriori Estimator (MAP), for a random
parameter, follows from the maximization of the posterior

pdf

~MAP

X (Z ) = arg max p(x‘Z ) = arg max [p(Z ‘x)p(x)]

MAP estimate 1s a random variable

Normalization constant ¢ (from Bayes formula) 1s irrelevant
for the maximization



MLE versus MAP with Gaussian prior

Consider the single measurement
z=x+w where p(w)= N(O,G 2)

Assume that x 1s unknown constant, no a prior information

_(z=x)’
A(x) = p(Z‘x)= N(Z;x,a 2): \/%G e 20°

then M (Z)=argmax A(x) =z

since the peak or mode occurs at x =z



MLE versus MAP with Gaussian prior
Assume now that a prior information about x 1s Gaussian,
— 2
p(x) = N(x; X,0, )

which 1s independent of w, then

the posterior pdf of x, on the observation z, 1s

) ) 1 S
p(z) ¢

where = 2700 ,p(2)

c 1s the normalization constant independent of x, however it
contain a Gaussian pdf p(z)



MLE versus MAP with Gaussian prior

rearrangement of the exponent, the 3™ term from p(z)
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MLE versus MAP with Gaussian prior

the posterior pdf of x, on the observation z, becomes

p(x‘z)z p(z‘x)p(x) _ N(x’f (2) 62): 1 e—[xz—i(zz)]z
p(Z) , - \/EGI
where ( ) 2) ) ;
i z0, txo') © _ o,
¢ (2) o, +0’ 002+02x+002+022
o i 02602

2 | 2
o, +0

~MAP

M (z)=arg max p(x‘z) =£(z2)



MLE versus MAP with Gaussian prior

note that MAP estimator 1s a weighted combination of
1. z the ML estimator, peak of the likelihood function
2. x the peak of the a prior pdf of the parameter

~MAP

M (z)=arg max p(x‘z) =&£(2)=

2 —
o’ _ o, o LYY x oz
X+ z=\o, +oO +

2 2 2 2 2 2
o, +0 o, +0 o, O

the weighting 1s inversely proportional to their variance
directly proportional to information,

Inverse variance



The sufficient statistics and the likelihood
equation

If the LF can be decomposed

A) = plzx)= £]2(2)4)1(2)

then the MLE depends only on function g(Z), called
sufficient statistics,
summarizes the information contained in the data set about x

Example: scalar measurements, mutually independent

z(j)=x+w(j), j=1L..k
w(j)= N(O,(Tz):> z(j)= N(x,crz)



The sufficient statistics and the likelihood equation

LF of x in terms of zk — { z( j)}’;zl is then

j=1
_2;222(1)2+2j_2 iZ(J)X—#kxz _2;222(j)2 _ﬁkx[x—%iz(j)}
ce ’ ! =ce / e g
A - 122":2(])2 —%kx x—27%)
=fleg(2)x]1(2),  fi(2Z)=ce 77, flg(Z)x]=e
A
g(7)= 1 f z(j)=z sufficient statistics



The sufficient statistics and the likelihood equation

Likelihood equation ~ dA,(x) _, _, dfilg(Z).]
dx dx

since logarithm is monotonic transformation, equivalent log-
likelihood function can be used

=0

dIn A (x) 0 dn f,|g(Z),x] —0 e _Lzz(x_g):()
dx dx 20
which yields
Xy =Z

ML estimate 1s the sample mean!



Least Squares and Minimum Mean Square
Error estimation

Another common estimation procedure for for nonrandom
parameters 1s Least Squares method (LS)

(7)) =h(j.x)+wj). j=L.

the LSE of x 1s

5u(6) - rgrinl 1) —ho,x)f}

Nonlinear LS-problem, linear LS-problem treated in detail

no assumptions about the measurement errors”



Least Squares and Minimum Mean Square Error estimation
if the ”measurement errors” are independent Gaussian

random variables ,
p(w(/))= 0,0 %)

then LSE coincides with the MLE, which is shown:

p(z()= N(r(j,x)o 2} j=1,..k

Likelihood Function of x 1s

A, (x) = p(Z*|x)= plz().. (k)] =

— LS e ()-h(jx)P

ﬁN(Z(j);h(j,x),az): co 20

J



Least Squares and Minimum Mean Square Error estimation

%) =argmax In A, (x)=
argmax- S[2( >—h<j,x>]2}=
arg mxin{zk:[ ]2} —

Jj=l1

%,5(k)

under Gaussian assumption LS method 1s a disguised ML
approach



Least Squares and Minimum Mean Square Error estimation

For random parameter the counterpart of LS 1s the
Minimum Mean Square Error (MMSE) Estimator

"ME(Z) = argmin EK}% - x)z‘ZJ

dE|(3 Y|z
dx

- E2(2-x)z]=2(z - E[qz]) = 0=
(7)) = E[x‘Z]ifoo xp(x‘Z)dx

the solution is the conditional mean of x



Least Squares and Minimum Mean Square Error estimation

Some LS-estimators

Single measurement of the unknown parameter x
Z=X+W, X —argmm[z x) J:z =x"
if the noise 1s Gaussian

Several measurement of the unknown parameter X,
Gaussian independent noise terms

sample mean
z(j)=x+w(j), j=L..k sample average

k

ﬁmzargngn{Z[z x]z} Zz

J=1

=argmgx{— zi[ ]}—argmaXInA (x)= 2"

J=1



Least Squares and Minimum Mean Square Error estimation

MMSE versus MAP Estimator

Single measurement of the unknown random parameter x

with a Gaussian priori pdf, noise is also Gaussian
x=&lz :
i _( : 6(12))

z=Xx+W, p(x‘z)zmae
1

the mean of this Gaussian pdf 1s (z), which 1s also the
mode of this pdf. Thus

RMMRE — E[x‘z] = f(z) = xMAP

MMSE estimator coincides with MAP estimator due to the
the fact that mean and mode of Gaussian coincide

p(x‘z) =N (x; FMMSE 012 ): N (x; AP 0'12 )



Unbiased estimators

For a nonrandom parameter, an estimator 1s
unbiased 1f

E[fc(k,Zk)] = X,, pdfp(Zk‘xzxo)

where x,1s the true value of the parameter.

Bayesian case, x 1s random with a prior pdf p(x)
Elilk, 2" )] = E[x]

General definition with estimation error

X=x—2%; E[X]=0



Unbiasedness of ML. and MAP estimator

Single measurement, ML estimator
~ML

z=x+w, X =z
E[#"" | = E[z]= E[x, + w| = E[x, ]+ E[w]=x,
unbiased

Single measurement, MAP estimator, prior pdf p(x)

2 2
A o) _ O-O
z=x+w, xXMAP =¢(z)= X + Z
$(2) 0% + 0% 0% + 02
o 0o°
E[xMAPT = F[&(2)] = X+ Elz
R447) = El§) = o3t + e Bl
2 2
0O O-O
= X + x+Ew)l=x=FE(x
go% + 02 002+02[ (w))] (x)

unbiased



Bias in the ML estimation
of two parameters

Estimating (ML) of unknown mean x and variance ¢ of a
set of k measurements

mean Le
—— > (z(j)x)

A (x,0) = plz(1).. ,Z(k)(x,a]— lk , 2o J

1 & (2%)50‘
# =z =—3%z(j)

k j=

sample variance

(9111/\/((-7590) :_E_Fig,i(z(j)_)(f)z :OZ>—£—|—L3§:(Z(]')_)’€ML)Z 0
oo o o A o o5



Bias in the ML estimation
of two parameters

mean

E[#ML] = 7 = kz 2()] = %,
j=1

sample mean estimator unbiased
sample variance

- efs @)= E{ -1 5:00] |-

k j=1 k i-i
sample variance estimator biased, (asymptotically
unbiased)

In order to be unbiased

o 0F = 5 20)-15:0)

k]l



The variance of an estimator

Non-Bayesian case, ML or LS

var[#(2)]= Ex(2)- E[#(2)]f

if estimator unbiased
var[#(Z )] = E{H(Z ) - x, |

if estimator 1s biased then Mean Square Error (MSE)
MSE[X(Z)|= E{x(Z)-x, |

Bayesian case, MAP
Unconditional (MSE)  MSE[x(2)]= E{x(Z)-x}

MSE[#(2)]= E|[E{#(2)- x|z {|= E[MSE[3(2)Z]

inside brackets is conditional MSE



The variance of an estimator

For the MMSE estimator, the conditional MSE 1s
\lAMMSE x]Z‘ZJ ux E x‘Z ‘Z] var x‘Z)

that 1s, the conditional variance of x given Z.

Averaging over Z yields
Elvar(dz)]= E[[x- E(42)] |

MMSE
which is the unconditional variance of the estimate X

’average squared error over all possible observations”



The variance of an estimator

General definition
. [ [ A
with the estimation error Y—x—2%

the expected value of the square of the estimation error is the
estimator’s variance or MSE

E[N , ] B Var(fc) if X unbiased and x is nonrandom
1T IMSE(R) if % biased

The square root of the variance (or MSE)

o, =+ var(%)
1s 1ts standard error, also called standard deviation of
the estimation error



The variance of an estimator
Comparison of variances of an ML and MAP estimator

Single observation

Var:fcML]zE{fcML —xo}z =E{z—x,{

[ ~ MAP 2
var xMAP]zE{x —x} =

— 2
2 2
o- _ o,

Es X+
2 2
c, +o° o, +o

Vo

~(x+w)—x

__ A
o’ o, 2 o, o’

— 2 ~ML

El — 2(x—x)+ s W| == <0 =Var[x ]

o, +o o, +o o, +o

\ J

This 1s due to the availability of of the a priori information



Consistency and efficiency of estimators

Consistency 1s here an asymptotic property

An estimator of a nonrandom parameter 1s consistent
estimator, if the estimate converges to the true value in

SOIMC SCNSC

Using convergence in the mean square criterion then,

k
tim E[[2(k, z*)-x, [ |= 0 overs

k—>o0

is the condition for consistency in the mean square sense

for a random parameter
lim E\lfc(k, A )_ x]z J: 0 Over ZFand x

k—>o0

lim E [56 (k, A )] —0 For unbiased estimators

k—>o0



Consistency and efficiency of estimators

The Cramer-Rao Lower Bound (CRLB) and
the Fisher Information Matrix (FIM)

CRLB: The mean square error corresponding to the estimator of a
parameter cannot be smaller than a certain quantity

Scalar case

Scalar nonrandom parameter x with an unbiased estimator

E\[fc(k, A )— X, :2 JZ J™  where

Ji_ E{M_ _E [5/\(35)

ox”

- ‘X:XO

Ox

J 1s the Fisher Information

A(x) 1s the likelihood fun

ction

x, the true value of the parameter.

T

‘x:xo



Consistency and efficiency of estimators
The Cramer-Rao Lower Bound (CRLB) and
the Fisher Information Matrix (FIM)

Scalar case

For scalar random parameter x with an unbiased estimator

E\lfc(k, A )— x]z ‘2 J' where

2 2
j=—E ,;(zz,x) - [8}7(5,)6)}
X X

J 1s the Fisher Information

If the estimator variance is equal to CRLB, then such an estimator is
called efficient.



Consistency and efficiency of estimators
The Cramer-Rao Lower Bound (CRLB) and
the Fisher Information Matrix (FIM)

Vector case

For nonrandom vector parameter, the CRLB states that the covariance
matrix of an unbiased estimator 1s bounded from below:

E ufc(Z )—x,|2(2)-x, [ ] >J~  where

12 £ v AW, = £V, m AWV A

J 1s the Fisher Information Matrix (FIM)
A(x) 1s the likelihood function

x, the true value of the parameter

x=x0

A
A>2B< C=A—-B>0 pos.def.



