
Ax = b and Ax = 0

Let A = I 2 3 4

⇒ ( : : I
" '
"

Now : ± :* = (g) ,

*
. )

Hence
,
Al } , × , + tgexz ) = (g)

Definition
-

Nullspace

NLAI = { x e IR" / Ax = 0 }
( = Kar ( A1 )

In other words
,

XE span ( { X. , Xz } )

⇒ A× = 0



Why ?

A-xp =
b and A# = 0

⇒ A( xp + ×# I = b

We have already seen that AB =0 ⇒ A = 0
B = 0

Reinterpretation : A ( b, bz . - - bn ) = 0
,
bi ENLA)

But also :

BTAT = 0 ⇒ every column of
ATE NLBT)

Example
×
,
+ 2×2 + 3×3 + 4×4 = 1

2x
,
1- 4×2 + 8×3 + TO xq = 6{ 3 x

,
+ 6×2 -111×3 +14×4 = 7

⇒ Ax = b

First Ax=o

I 2 3 9

I 4 8 to 1-2/-3
3 6 it 19

I 2 3 4 I 2 3 4
- - Is
0 0 2 2 0 0 2 2 : 2
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-k

o o o_0



I 2 0 I Ax=o ⇒ Rx = 0

I o E I
O O O 0 Reduced echelon form

4 4
Variables : Two sets :

(a) pivot variables { x. , Xz }

(b) free variables { Xz , Xy }

Let xz = 0
,
xy = I

,

5
,
TE1R

- -

⇐ ÷:*:*:)
⇒ I : - a ←

←

= X
,

⇒ × "

¥1



I 2 0 I shortcut :

0 0 I I 1) set ←= I , xq = O

O O O O ⇒ Xz = 0 , X, = - 2

2) set xz=0 , xy =I
⇒ Xz = - I , × , =

-I

→ NLA ) is non- trivial

I 2 3 4 b
,

2 4 8 10 be 1-2/-3 f- I3 6 11 14 bz
-

I 2 3 4 b
,

0 0 I 2 be - 2b±
0 0 0 0 by - bz - bye ← consistence

A solution exists only if bz - be- by = 0 ;

Here b

y ) ,
i. e.
,
7- 6 - I = 0

Now we know that the number of
solutions is infinite

.



I 2 3 4 I
- I -3
0 0 I 2 4 : 2

O O O O O

I 2 0 I -5 Rx =D

0 0 I K 2 Set xz = 0 , xq
= O

O O O O O ⇒ ×
,
= -5

,
Xz =3

i.TE1R

*¥ :*:X:)
'

Block matrix representation :

- - - - - - - - - -

÷::÷:i::÷:i::÷:
or

I F

¥:



I : the number of pivots = 2
2×2 This is the r¥ of A .

If A with rank = n
,
then we know

nxn that It is invertible
.

theorem Any A x = b can be

P×n transformed to

-

'

+ F : b±
rxr rxln-r)

, rxt

O O ' b
I 2

( p-r)xr Lp -r)xln-r) Cp- r) xI
# of solutions

If rap and to
,
I 0 0

(r =p or be -_ 0 ) and r=n I

(r =p or be =o ) and ran •



?I

:)
= I

=

= E) (E) + I :) ' "

= I:) = a)


