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Basis and Dimension
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Question :

Are there genuinely independent
(e, ez - - - er)

P

rows or columns in a given matrix ? ei E IR

Definition linear independence

Let a± , az , . . - , 9p E
Rn
,

and §± , } , , . . - , }p
unknown scalars . The vectors af are linearly
independent

,

if the only solution of

Ii ai = 0 is tg , = §, = . - -

= § . = 0 .

Otherwise
,

the vectors are linearly dependent .

Example at = , aa
= (2)

, as
= f¥ )

¥
,

tiai = } , at + {at §,as
⇒ for instance } , = - 2 , {a = I, §, = 0
this
, { 9. , 932 , as } are linearly dependent .



theorem In IR
"
there can always be n linearly

independent vectors
,

but
any
collection with

more than n vectors is always linearly
dependent .

Dimension is the largest possible number of
linearly independent vectors ;

dim Rn = n
.

Definition Any linearly independent collection of
n vectors in IR

"
is a basis .

theorem Let { b. , be , - . - , bn } be a basis of IR
"

and ye Rn . Then y is a unique
linear combination of the basis vectors :

n

y
= tg, b, t tgabzt . . . + }nbn = -2 }kbk

k-1

Proof Establish : { by , bz, . . - , bn , y }-

is linearly dependent .

Let us choose the scalars { Gi, tess , . . . , tgn.TL}
such that

n

[ Grebe + zy = 0 .

k=k

If
q
= 0

,

then tg , = . . .
= tgn = 0

since { ba , bz , . . . , bn } is a basis ?

→ contradiction



So
, 2 ¥0 ( y # 0 by construction ) .

The linear combination becomes

y
- E. I - ¥ )b. .

Is it unique
?

y
= II. babe =

←

fibre

⇒ II. the - Ii )b, =o
Since { be , bz , . . . , bn } is a basis , it
follows the-t

type = by} ,
k- 1,2, - . -, h -

y

Notice : A x. = b A is invertible
-

nxn
'

× = A-Ib unique : NLA ) = 0

The rank of A is n
.

be RCA)



Definition The coefficients of the linear combination
are the coordinates of the vector
in a given basis .

N=I=Ib=s : + =

±
been ,

The components of x are its coordinates
in the natural basis.

Example of multiple bases
-

{d. ii.I
'

!
the

⇐I
'

h±µ; P=l×iy|= Cx ' , y' )
-

{ 0, I ' II

change_ofb : Two systems :

{ 0 , hi , b- a , b→ } ,
{ o'

,
hi

,
bed

, b→
' }

3

Origin 0 : I
.

= [ Pk ki
k=L



Ej = ÷
,

b-I
, j = 112,3

I transpose (an educated guess )

Let P E IR3 :

± = I. bien ,
I '=I±3ibi .

Connect the systems : I
'

= I t Io

I.iii. = e. + I. bit,
=I⇒%ki II. % ei

ei Siti

e. + I.% 's , the
'

⇒ GI =p, + g. tgj ,

k=I 12,3

or ×
'
= Xo t Tx ⇒ x= -Ttx

.

+T
-Ix'

Choose 5=1--1 : × = - Sxo + Sx
'



EnpI { b-± , b→ , b→} is a basis
.

b- ,
'

= 2 b- i t 222 + 713{ II E a ⇒ + sEIsb→
Is { Ii , hi , b→

' } a basis ?

⇐ si

⇒ Hi:)
-

invertible or not ? A : Yes
,
it

is invertible !

Find in and p such that I = a I
,

'

+ Pba'tb→
'

has constant coordinates :

I = [ k , + fb→ + JE3

⇐ si.sc?.)Y::BpI
24

⇒ a =
=g , p

= - 2


