
Linear Transformations

Definition Let F : V → W
.

F is a linear transform
,

if

(1) Fcxty I = Flxlx Fly ) V-x.ge ✓
(2) FL4X ) = AFK) FXEV

,
XEIR

Here : F : IR
"

→ R
'D

→ F could well be matrix- vector multiplication

Example p, Lx I
= +4×+1

,

Pzlx I = 2×2- I
Let F be differentiation D :

D ( p
,
41 +pelt ) ) =D (p , LN ) + D (pzlx 1)

D ftp.lxs/=7DLp,lxI I

→ Conclusion : D is a linear transform !

Every linear transform has a matrix representation .

Theorem Let F : IR
"
→ RP be a linear transform

,

which maps
the natural basis vectors

e.
± , ez , - - - , en

E R
" onto the vectors

91 , 92, . . - , 9h
E IRP :

Flee ) = 9k ,
k=I

, . . ,n .

Let A = La, aa . . . an )
,
then Fix ) = Ax fxeR

"

pan



Proof n

-

Let xeiRn : × = [ Greek
4=1

F is a linear transform :

n

FK1 = FC -2 Greek )
4=1

=

⇐
Fitter) =E the Flea)

n

= [ freak = Ax It
b.=L

SIDE STEP : ZI,Z, E E : ZI = XI + If¢
7-
a
= Xztiyz

ZZZ , = ( tat iya) ( × , + iy, )

= ↳ × , + ilxzy , I + i ( yax , ) - yay±

= Xzx ,
- yay , + i ( xay , + yet, ) E ¢

⇐ ⇒k¥1 - K: :
"

Zzx
" "

Z
,

"

→

"

Z
-
times

" "
Z

,

"



Geometric Transforms Euclidean transforms

The Euclidean transforms preserve the shape of
the geometric object .

Four : Translation
,
reflection

,

rotation
, scaling

(1) Translation : Tg (I) = I
'
= It a-

This is not a linear transform !

(2) Reflection
→ origin is a fixed point , i. e- ,
The symmetry axis (plane ) goes
through the origin
⇒
I2

~ I = I
±
+ I
,

if
7

I
,
= ( I - I ) I

II
I % I,

= I - Iz
0

= I - (1. E) I

The image : I
'
= I±- Iz = I -211 . E) I

H
,
LI ) = I

'

= I - 211 - I 11



HI CII = I - 2 (I - E) I = I
'

IR
"

: ×

'

= x - 2 ( ntx In

= x - 2h (ntx )

= x - 2 Cnnt) x

= ( I - 2nnT) x

= HNX

Hn Hn = ( I - Znnt ) (I -2nF)

= I - 2nF - 2nnT + 4n¢Tn)nT
LN

= I
=L

(3) Rotation Images of the ales :
A

f. T ( Ico) → ( cosw
,
sin w )

-
- Tw ( 0,1 ) → f- sinw , cosw )jr 7
'

a

-

'
-

.

-

. -

v. = ÷:)

(4) scaling SALE ) = I
'

= AI



(5) General fixed point : Po E Io

F. LI ) = FLI - fo ) + Io
- -

that is

×
'
= A (x - to 1 + Xo

= Ax + ( Xo - Ato )

= Ax + b → affine transform

( see change of basis ! )


