
DIAGONALLSATION

Eigenvalue problem : A
-- man

(1) Find plt) = ditch - AI) = 0

(2) Find the roots of flat ) .

(3) Solve Axi = Ixi for all hi .

If I is an eigenvalue , then det(A -II) =O .

But also the rank of A - AI h n
,
i.e-
,

the columns of A -II are linearly dependent .

Theorem Let s = ( ×, Xz . . - Xn )
,
where xi are

-
""

the linearly independent
eigenvectors of In . then

5-
"
AS = I = drag ( 7 , Ta - - - In)

Naturally , AS = 51 ← and

A = S1S
- I
=

→ Notice : Ah
,
= 1,4

Alx
, xD = 4, xD {)

→ Ax = SIS
-±×

lit 5
"

changes the basis

(ii) It is " pure
"

scaling
liiil s changes the basis back to the original



Notice :

AK = A. A -

. . .

. A = SIS
-"
s Is
-"
s
. . .
SIS

- I

-
- - -

=I = I =I
k times

= sites-1

theorem If ( hi , vi ) are the eigehpairs of A-
and Ai thi

,

i ⇐ j
,
then { vi} are

linearly independent .

If A has in such eigenvalues , it is
hxh

dragon-lis-ble -

Pro (i ) C
,
V
,
t Czvz = 0

A - C
,
AV

,
1- CZAV, = 0

7
,

- { c
, Xzv, t Cz 71 = 0

⇐s c
,
A ,v, t Cz have = 0{ c
,
×, + city -- 0

⇒ c
,
14

,

- 7,14 = 0 ⇒ C
,
= 0

÷
Similarly cz=o ⇒ {%

,
I} are bin .

j independent .
Iii [ civi =o
i-1

for instance : 411 ,
-4117

,
- 1st . . . (1

,

-Aj) 0

- . . I



EPI * =/ If I;) ,

I
,
1. = 0.5

him Ak = ?
K→a

⇐ set =L :: HE :) %)
4 T T T 4 I

Remember the order of eigenvalues and eigenvectors !

Ah = sites-I

⇒ em # = s ( I :) 51=(19%9)
k→a

side note : Ak EF0
,

if Ihit a I
for all I = I, . . - , h .

th * = ( I ¥) ; 71.2=4 , 4 =

dim N1A - I - I ) = I ( geometric order )

X =L is a double eigenvalue (algebraic
order )

⇒ Orders do not match
,
A is defective



Example
-

*

: :) .

"

i :)
Same eigenvalues , i. e. , the same spectra .

However
,

dim NLA - 2.I ) = I ⇒ A detective

dim N ( B - 2-I ) = 2 ⇒

B is diagonalsable

TDIGRESSION :

•

of = [ I
⇐ok!

I = SEE
.

'¥)s-I

L



SYMMETRIC MATRICES

theorem spectral Theorem

Every asymmetric matrix is diagonal
-sable :

A = QIQT
,
Ai ER

,
Q orthogonal.

Theorems .

÷

(A) The eigenvalues of a real symmetric
matrix are real .

(B) If Ai I 4J , itj , then corresponding
eigenvectors are

orthogonal .

Not (c) the algebraic and geometric orders
are equal for all tis .

Proof LA1 7EE
.

Ax = Xx •

Then AI = II or trainpose ITA =ITI •

Inner ITA x = IT7X •

products { ITA x = IT5X •

⇒ III =III ⇒ Im A = 0 D
-

2
11×11



(B) Let Ax = Aix and Ay = hey ,

A=At
,
I
,
# 72 .

( I, × )ty = LAXITY = Titty
-

= Ay = Flaky )
-

⇒ Ey = 0

↳lxty ) = safety )
It

7
,
I 1
,
¥0 ⇒ Ey =o


