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1. What element shape functions are for?
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1. What element shape functions are for?

  nodeselementof
ntsdisplaceme

containingVector

elementfinitethe
withinpointsomeat

valuesfunctionsshape
containingMatrix

elementfinite
thewithin
pointsomeat

ntdisplaceme
containingVector

EdNu =
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2. How to compute strains within finite element, knowing

nodal displacements?
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2. How to compute strains within finite element, knowing

nodal displacements?

3,2,1,,5.0 =
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3. What is element stiffness matrix for?
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3. What is element stiffness matrix for?

    them)of increments (and
nodeselement atforces

containingVector

nodeselementof
increments ntsdisplaceme

containingVector

marix
stiffnesElement

EEE RdK =
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4. What is global stiffness matrix?
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4. What is global stiffness matrix?

  nodeselementallat 
incrementstheirand

forcescontainingVector

nodeselementallof
incrementsnt displaceme

containingVector    

marix
stiffnesGlobal

GGG RdK =
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5. How we apply boundary conditions?



Refresh

Department of Civil Engineering

13

Finite Element Method in Geoengineering. W. Sołowski

5. How we apply boundary conditions?
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6. Having calculated all nodal displacements, how do we

get strains and stresses?
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1. Higher order elements – how they are created?

2. Understand the idea behind isoparametric elements

3. Understand the advantages (and disadvantages) of use

of higher order elements

4. Understand the concept of numerical integration of a

function and its extension to two and three dimensional

problems

5. Understand the concepts behind error control and

automatic mesh refinement, as well as suggest cases when

such automatic error control may not working as intended.
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To get a full polynomial we 

need:

3 nodes for linear one

6 nodes for quadratic

10 nodes for third order

15 nodes for fourth order

21 nodes for fifth order

…

© Zienkiewicz Taylor
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(c) Britto & Gunn

   nodeselementofntsdisplacemeof
incrementscontainingVector

elementfinitethe
withinpointsomeat

valuesfunctionsshape
containingMatrix

elementfinite
thewithinpoint someat

incrementsnt displaceme
containingVector

EdNu =

ycxccdx 210 ++=

ycxccdy 543 ++=

6 unknowns - (c0-c6)
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2

54

2

3210 ycxycxcycxccdx +++++=



Higher order elements
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For high order elements 

numerical integration is 

necessary



Higher order Lagrangian quadrilaterals
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To get a ‘most efficient’ element we need:

4 nodes for a ‘linear’

9 nodes for a ‘quadratic’

16 nodes for a ‘third order’

25 nodes for ‘fourth order’  …

© Zienkiewicz Taylor



Higher order Serendipity quadrilaterals
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Functions were originally derived by inspection…

Name of this family “serendipity” after the famous princes of 

Serendip.

https://en.wikipedia.org/wiki/The_Three_Princes_of_Serendip

© Zienkiewicz Taylor



Higher order Serendipity quadrilaterals
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Now we can derive higher order quadrilaterals, but generally 

they fell out of fashion, as almost everyone is using high order 

triangles…

© Zienkiewicz Taylor



Higher order elements
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4, 9, 16 node Lagrangian quadrilaterals

© Zienkiewicz Taylor
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© Zienkiewicz Taylor



Isoparametric elements



Isoparametric elements / negative 
Jacobian errors
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Global coordinate system vs element 
coordinate system
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Once the element is too distorted, the Jacobian J may not be 

invertible anymore (and beforehand, large errors occur)
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Isoparametric elements / negative 
Jacobian errors
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Once the element is too distorted, the Jacobian J may not be 

invertible anymore (and beforehand, large errors occur)



Gauss integration



Gauss integration
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Gauss integration
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Gauss integration
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Gauss integration
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Engineers:
Engineers hate risk. They try to eliminate it whenever they can. This is

understandable, given that when a scientist makes a mistake, the media will

treat it like it's a big deal or something. Examples of Bad Press for Engineers:

Hindenburg,  Challenger, Apollo 13, Titanic, Ford Pinto

The risk/reward calculation for scientists looks something like this:

RISK: Public humiliation and the death of thousands of innocent people.

REWARD: A certificate of appreciation in a handsome plastic frame.

Being practical people, engineers evaluate this balance of risks and

rewards and decide that risk is not a good thing. The best way to avoid

risk is by advising that any activity is technically impossible for reasons

that are far too complicated to explain.

If that approach is not sufficient to halt a project, then the engineer

will fall back to a second line of defence: "It's technically possible but

it will cost too much."



Error control and mesh refinement
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Where is the approximation of Finite 

Element Algorithm?

How to make a method which would be 

accurate?



Error control and mesh refinement

Department of Civil Engineering

36

Finite Element Method in Geoengineering. W. Sołowski

Where is the approximation of Finite Element Algorithm?

...5.05.0 ===  dVdddVdddE
V

T

V

T
εDεσε

( ) dVdddVdd
V

E

TT

E

V

E

T

E  == dDBBddDBdB 5.05.0

Approximation: substituting strain field

by the nodal displacements and some functions when 

creating the element stiffness matrices!

Another minor approximation: numerical integration in cases where D matrix is 

highly nonlinear



Error control and mesh refinement
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Typically we define error in strain energy, that is:

( ) ( )dVE
V

T

 −−= εεDεε ˆˆ

And the strain energy as:

dVE
V

T

Tot = Dεε

The relative error will be:

TotE

E
e ==



Error control and mesh refinement
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© Zienkiewicz Taylor



Error control and mesh refinement
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Zienkiewicz Taylor

© Zienkiewicz Taylor



Errors of stresses around circular hole
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© Zienkiewicz Taylor
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Zienkiewicz Taylor

Errors of stresses around circular hole

© Zienkiewicz Taylor



Zero energy modes
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Zienkiewicz Taylor



Thank you


