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Lecture 4. More general derivation of FEM: strong 
forms, weak forms and functionals



To learn today…
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The lecture should give you overview of how FEM is derived

and link the basic differential equations to integral forms and

Finite Element discretisation. You should:

1. Understand the idea behind the strong form, variational form,

weak form of the differential equation we are solving

2. Can give an example of transformation between strong form

and weak form (probably the Poisson equation easiest)

3. Can give an example of transformation between weak form

and variational form

4. Understand why variational form is so useful…

Note: 1-4 will be also touched upon during next lecture.



In lecture 2 we were deriving FE stiffness 
matrix…
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Change of elastic energy inside the element and on the

nodes the same:
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In lecture 2 we were deriving FE stiffness 
matrix…
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Where dout are the displacements on the outside of the body 

we compute the energy due to stress/strain change and T are 

corresponding external tractions. After discretisation that 

reduces to forces on the nodes of the discretised domain.

We can write in general:



Variational form

Department of Civil Engineering

6

Finite Element Method in Geoengineering. W. Sołowski

 −==−
S

out

V

T dSdVdddLdE Tdσε5.00

In fully variational form, including the body forces the functional is 

Functional stationary condition ‘generate’ strong and weak forms 

of the differential equations.

We can write in general – the variation of the functional is

zero:



Variational form
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In fully variational form, including body forces the functional is 

Functional stationary condition ‘generate’ strong and weak forms 

of the differential equations.

We can generate weak form by finding the variation (similar 

to a derivative) of the functional

On the other hand, having the variation, it can be very 

difficult to find out the functional (similar to integration)



Variational form
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Forms of equation for discretisation
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SF  Strong Form. Presented as a system of ordinary or partial 

differential equations in space and/or time, complemented by 

appropriate boundary conditions. Occasionally this form may be 

presented in integral or differential form, or reduce to algebraic 

equations

WF  Weak Form. Presented as a weighted integral equation that 

“relaxes” the strong form into a domain-averaging statement.

VF Variational Form. Presented as a functional whose 

stationary conditions generate the weak and strong forms.



Equation form: what is possible
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Variational Calculus deals with transformations!!!



Elasticity



Strong form
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Weak form
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A solution which satisfies strong form (that is the differential 

equations), will also satisfy weak form. In principle there may be a 

solution which satisfies weak form, but not the strong form

Obtaining strong form can be made in many ways:

- test functions

- weighted residual

- Lagrange multipliers

Mathematically we can always move from strong form to weak 

and vice versa. Which route is chosen does not matter, though 

some may have better physical meaning.



Weak form to variational form
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Weak form to variational form
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Weak form to variational form
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Weak form to variational form
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Weak form to variational form
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Here, we will use Lagrange multipliers to get the variational form… 

and we will guess them… to avoid mathematical troubles. We will 

also assume that we are discretising displacement field. So we use 

equations without displacements!



Weak form
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Weak form
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… and we will guess them… what are those Lagrange multipliers ??? 



Weak form
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… yep, they look like displacements…



Variational form
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Poisson equation



Poisson equation…
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It describes:

• heat transfer (u=T)

• steady potential flow (e.g. water flow)

• electrostatics

• magnetostatics

Constant r:

No source term:

Generalised Poisson eq.

Poisson equation

Laplace equation

Solutions of Laplace equation are harmonic functions…

u – not displacements !   can be almost any variable… 



Poisson equation…
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Constant r:



Steady state linear heat conduction

Department of Civil Engineering

26

Finite Element Method in Geoengineering. W. Sołowski

Isotropic body of volume V, Temperature: primal variable

(like displacements in elasticity)

Thermal equilibrium T=T(xi)=const.

We have thermal gradient: 

Fourier law of heat conduction 

r becomes thermal conductivity coefficient k

s – source – becomes heat production h = h (xi)



Steady state linear heat conduction

Department of Civil Engineering

27

Finite Element Method in Geoengineering. W. Sołowski

Balance equation: 

s – source – becomes heat production h = h (xi)

Thermal equilibrium T=T(xi)=const.

We have thermal gradient: 

Fourier law of heat conduction 

r becomes thermal conductivity coefficient k



Steady state linear heat conduction
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Boundary conditions: prescribed temperature      and 

prescribed flux qn



Steady state linear heat conduction
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Summary of equations over volume:

And boundary conditions:



Generally: steady state Poisson equation
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Steady state Poisson equation
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Does not get us far…

trying to find a black cat in a dark cellar at midnight

Weighted residual: we take u as primary variable. Multiply 

the other equations by weighted residual and integrate 

over domain. Note it is zero after integration:

Derivation of functional form



Steady state Poisson equation
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Well, we just introduce into equations what we know:

Here we have weak form: same gradient of u unknown in 

both equations… useful – we can do something if we 

choose weights…
But we can do better!

Derivation of functional form



Steady state Poisson equation
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Replace weights by variations of the primary variable –

any functions which are allowed…

Also, let’s change residuals – which are zero, to variations of the 

functional we are trying to find…

Derivation of functional form



Steady state Poisson equation
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Divergence theorem:

Leading to:

Adding:



Steady state Poisson equation
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Functional:



Steady state Poisson equation
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Why variation of functional being zero is so great?

We always can do the same what we did before: discretise 

the field with shape functions, get element matrices 

linking external and internal integrals and get the solution. 

It is that simple…



Thank you


