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*  General Energy criteria of loss of stability
» Trefftz stability loss criteria
*  Flexural buckling
*  Buckling of beam-column
«  Timoshenko column
*  Buckling of beam-column on elastic foundation
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(recall) The Fundamental Question Effect of imperfections

Here the content of this course in four points through questions that will
be addressed:

1. can we predict the buckling (critical) load?

2. what happens at the bifurcation (or limit) point?
(i.e., after the buckling)

3. can we determine the post-critical branches?
What would be their shape? Nature of stability?

4. what imperfection-sensitive is the structure under study?

All real structural systems are imperfect
r

v" in form, |
v’ in material properties,

v" in the sense of residual stresses
v' in the way the loads are applied



Structural design and stability

Standards: design of steel structures

*  Local buckling ..o EN 1993-1-5

*  Flexural buckling .........cceveveeeee. EN1993-1-1 ot rolled columns
+  Lateral torsional buckling .......... EN 1993-1-1 beams

*= Lateral

+  Flexural torsional buckling ........
* Local-global ... E: ii:‘i: a) loadingis symmetric b) loadingis antisymmetric
*  Distortional ... R =

- hear buckline Example of initial shape imperfections in an

arch (Standards: design of wood structures - EN 1995-1-1)

*  Shell buckling ..o EM 1993-1-56
Linear elastic Biturcation Analysis (LEA) |
Geometrically Non-linear Analysis (GNA) _ . Some typical loss of stability in structures
+  Geometrically Mon-linear Analysis with Imperfections -
" ; . PIA e ’ . - Y A/ur"al-lus
* oW perfect strecture an 2} Kiene b de
structure with impertection: ) e :
Standards: design of wood structures Y Vidukonurjald. dus

'ﬂ Lememal, dur
»  Stability issues & imperfections ... EM 1995-1-1 1}‘
Lateral torsiona

buckling

Standards: design of concrete structures

+ Sact, 5.8 Second order effects with axial load..... EN 1992-1-1

Some standards related to stability issues in structural design. P

+ Eurocode 7, geotechnical design

¢ SIOpe Stablhty Example of initial shape imperfections in wooden arches to be
* Pile stability (foundations) accounted in the structural analysis.
[ ]



Foot bridge (ramp) collapse in Jiujiang City Railway bridge collapse, Russia ~1890
(China's Jiangxi)
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* Russia, about 1890

Ty f:.:“_ £ ‘_,:-:_':# _.’. ’-“ 1-_...-.- ?'—_:_‘::'-.i"_l‘ 3 w_,e:-.‘_ :',"__""::-".‘g’ T T Egl
fig. 8.3, - Flambement d'ensemble de la membrire supérienre des ponfres en freiilis
bUCkIlng d'nn pont de chemin de fer (Russie, vers 1890)

Flambement d'ensemble de la membrire Supértenre des pouires en fredilis
¢ ‘un pont de chemin de fer (Russie, vers 1890)

|
%: The mechanical cause of the
i collapse is the same: flexural

2 El E buckling of compressed upper
P = Hm 2 ' chord of the truss (yldpaarteen

i nurjahdus)



Structural design and stability Flexural buckling

Non-linear analysis Joints Stability loss of
primary structure

Joints /

e
Post-buckling can resultin
excessive displacements and/or
rotations from stability loss can
lead to failure of jointsor
components and of subsequent

S Buckling of rails
structures resulting in overall Due to a heatwave in country Victorla

collapse

Joints

|
T

DESPITE OUR INTEREST FOR POST-BUCKLING BEHAVIOR, IN STRUCTURAL
DES/IGN, STABILITY LOSS IS AN UNWANTED EVENT.

Joints \\‘

However, bifurcational buckling exists only for a non-existing perfect structure and thus GNA should be
performed to find the limit-load, if any.




Energy criteria for determination of in-

_ : /? Geometry locally y(gj) — axz o
stability of elastic structures seli=resc ing qu % R mated [y
Let's illustrate mathematically the basic stability types y = Dulor corver.| Iy
» stable x P "QI.?;> 0 ikl
* Indifferent. | AIl = (). < this will be one condition for loss of stability ) y(x) = ax? s dl
* unstable TN A YL % '
* keeping a simplified example of the rigid ball (null strain energy) o< 9-for concavel (.
| Xy= 0 X Anm < 0jlnstable
TGN
The total potential energy of the system 1_[(:1:) = Iy + mgamz &
T ) a = 0 for the neutral 'TI#‘TT!"
Initial total potential potential energy All=0 Indifferent
energy Of gravitation 'I;_hr\ec .\;‘till‘i(')ll.‘s' tv.\-tpes
perturbed equilibrium Sicdipng,
position
I
dII(z) 1.d*TI(x) 1 d°TI(x)
(2o + 0z) = H(xg) + ——2 |02 + ———2 | (02)2 + ———2 |, (02) + . ..
(T ) ( ) {Lr ‘$D ] 2. \ChEZ ‘Iﬂ( j 3! (iﬂﬁa ‘In( )
e T [l LS
Initial equilibrium 0 TRTRY
position L, 1 3 B o 1t stable? No
= H(ED) + 51—{‘1'[; + 55 HIIn + g(g H‘:En + ... " = ngﬂ ... or equivalently
Since zg is an equilibrium then éTI|,, = 0. —— : 11" > 0, stable,
' i IM" =0, neutral
The sign of AII I, 1 4 /‘ ’ ’
_ _ B S 1" stable.
e s il o ATl H(HJQ -+ 511‘) H(.’I?g) 26 H‘xn i-l_ 3!(5 Hlfﬂn + ... < 0, unstable

about the stability behavior

The idea is the make the study of stability in
terms of variational calculus



AIl

Why saying that f/(zg) = 0 is equivalent to say that A f|,, = 0.
g
A aila, :

:L.".“I 5 = —}'(&)-ACC +O(b¢f) .

{ig BY =0 =5 f(x) = O ,uhen oD

14 &'(:;) =0 = A-y-]= O when Amo‘z
) (M-\;« 510 e Fles) =10
When ace 0" . s




Energy criteria for determination of in- SISARESACETORRolol  Geometrylocaly  y(z) = ax? _'?5\0

.y . approximate / 4
stability of elastic structures Pproximated | &

‘ Yy
[
N®
a > 0 for convex,| | X

lan > o| Stable

|20 (02)* = mga(dx)* + O(dx)°. .' dl

First, keep only up-to the second order?' term:

1 d*TI(z)
All = =
2 dz?

Consequently, the initial equilibrium x is stable when a > 0 (locally convex @ < 0 for concavel [N
surface), unstable for a < 0 (locally concave surface) and indifferent when AN < o Instable
a‘ — 0- ua /\\

Bellow follows a résumé: At the critical points (equilibrium points), @ =0 for the neutral "Tm'"'m

All=0 Ingifferent
studying the sign of the increment of total potential energy AII, makes it This VBB DE

of equilibrium con-

possible to make statements on the nature of the actual equilibrium: Agurations.

1. stable: (stabiili) AIl > 0

2. indifferent : (indiferentti) AIl = 0. Often, the total potential energy 77 P
increment Al is expanded to second order only (squares of small
displacements). In this case, 6°I1 = 0 and therefore, higher order

Equilibrium? Yes.

terms should be included in the Taylor expansion to decide of the But Il stables s
sign of AlI to disclose the character of indifferent equilibrium.

3. unstable: (labiili, epistabiili) AIl < (0 SIS e o e e ol e el



Stability theorem of Lagrange-Dirichlet & Trefftz stability loss criteria

Trefftz stability loss

|-

|
I
I
: criterionJ
|
I
I
—

|

(This theorem is more general than Trefftz stability loss criteria) U | —— |

| stability loss criteria <+ {II” =0, neutral,
_ 0 0Oy 2 3771 T T 2 0. unstable,
AIT = TI(u° + 6u) — T(u°) = 61|, + 2.5 |, + 3!5 M|, + —_
_ A
_______ stability loss criteria______ T >
=0+ AM =0 = 8 (L& 4 8 +..) =0 § wso
' : O stable
OTI° = 61|, = 0 (u® -equilibrium initial state) 5 II" = 0y
o neutra
Q.
i keeping only the quadratic termsi one obtains the energy criterion g " <0 I"(u; P) =
SR unstable
— 5(&1_[) = () => (5(521_[) =0, !
/ More general Trefftz stability loss
Crlterlon than Trefftz | Cntenon

o —_-——g— o



The criteria of loss of stability

Tr(”tLJP)

unstable.

Sktable |

&0
S
o nm” >0
) stable b et 50 S S 2 N I
o
)
1
*5 neutral
Q.
©
2 II"<0
= unstable

A''Taylor 'expansion’of" a ' function

f'(a) fr (ﬂ-} 2 f"(a)
T (x —a)+ m-—-a] 2 (x —

f)= fla) +

This is a

I(q° + 4q)
e’

Taylor expansion of a function

—H(qﬂ) + Z |q 0qi + 21 Z

1,7=1

_____________________

I;,aqT[H(q Noa +0(5qll%).

B ety R — ol

~I1(q°) + [VH(q”)] 5q +
~——

=0, equilibrium

N = _ =52I1
=1
at equilibrium (0IT = 0).
""" 1
ATI = §°T1i+ O([|5q]|*) ~ si0a’ [H(a")]dq
? H

a)’ +--,

5(&11) = U = §(6%II) = 0,

Trefftz condition

More suitable form for finite number
of dofs and continuous case

Leading term for sign change in the
/ increment of total potential energy

[1"(u; P) = 0 or more generally, 4(All) = 0,

It is tis form of criticality condition that will be used systematically thorough this course to derive the stability loss equations for all our structures
Physically speaking, this condition means simply that the perturbed state is also an equilibrium state; thus an neighboring equilibrium exists



Linear buckling analysis
About the criteria of loss

- pttedpe([1 T [ - )
o stability — Example with | ATEe2) = GRC(E+E)=Pe([1=\1-@] +[1-V1- (e -a)’| + |1-V1-4

two dofs

the relative shortenings are defined as e; = v, /f and €3 = vy/¥.

1) Linear buckling analysis: We want to determine the Euler buckling
load. In such analysis we have, by definition, both relative shortening of
the column ¢; < 1 and €3 < 1, so as the reader may recall, one expands

the total potential energy increment into Taylor expansion up-to quadratic
Figure 1.42: A simple system having two degrees of terms in U1 / ¢ and U2 / 4 (DI‘ €1 and E?)* SD}

1 L /v\?2 1 /vy—v1\2 1 /v5)\?2
-t -3 (2) (2 (2
) = gk +v2) {2 ¢) Tl ) T2l
the loss of stability condition in its variational

form 8(AIl) =0




Linear buckling analysis R
%
About the criteria of loss of stability — All(vy, v5) = ~k(v? +v2) — P¢ F (“”_1)2 . 1 (vg — vl) 4 1 (E)ﬂl {
Example with two dofs £ 2 ; 2\¢
Riged bar Pin
P P : 2 -
—p \ % = é40_. All(vy, 1) = % [1;1 -a,lz] E E] — ‘:E_J {_‘31 21] :::;] (1.68)
T ¢ i‘! 14 k¢ 1 K S( P
I 2 T e T e h H[Tﬂ,ﬂ}
p f i i 0, one obtains the guadratic form
1
[ All(q) = 5q"Hg, (1.69)

Self-reading

A—2P P
H:[ s A—QP]' (1.70)

We can also write directly the loss of stability condition in its variational
form 6(AIl) = 0 and obtain

1. 1 .
S AIT) =§r}qTHq + iqTHf.n:l = §q"Hq = 0,Véq = (1.71)

= Hq = 0, which is linear Eigen-value problem. (1.72)

Note that the coefficient matrix of the associated Eigen-value problem
(Equation 1.66) is the same® than our Hessian matrix So loss of stability
occurs when

" =0~ det{H} = 0 (1.73)



Post-buckling analysis:

Post-buckling analysis: What is the nature of the bifurcated branch
just in the near neighbourhood of the bifurcation point P, g = k€/3? For
that, we do an asymptotic analysis and take up-to the fourth-order in the
Taylor expansion of AIL. In addition, since we are in the neighbourhood of
the buckling load, the ratio v; = —w; as given by the corresponding buckling
mode, remains unchanged if we limit ourselves to very small additional
deflections v; and vy from the neutral configuration. (so ratios v,/f < 1
and vy /¢ < 1). Consequently,

1 2 1 4
AH(UhU?) = ik(vf + 'U;_%) - PE[ (Ul) + g Ul) +

Inserting the relation v = v; = —wv,, one finally obtains

st =ae 3) sre(3)'-Sre(3)

S[AII(v)] = 0 = [AI

ﬁkf(%) [1 PlE( g(%) )]

P/P.s

1.02

1.01

0.99

0.98

0.97

0.95F

0.94

] : q) |
v/l=0'9 )
i . ''m P/P1,E=1/[1+3 v } |
Critical load : *g ) : (7)
R B =i / Pe=k3s

unstable .---

- -
-
-
-
”

i i P]E = k!,’fS
. 7] = —ug
v/l =0
-0.1 -0.05 0 0.05 0.1
v/l

Equilibrium path (asymptotic post-buckling analysis)



NEW Material starts from here ..

1

{ £ . e :
e AH['U] — % / E[U”2dl‘ o P/ —'Ulzdﬂf : EqUIIIbrlum path
JO JO 3ng
and stability loss

Stability (loss) energy criterion 2

§(ATI[v]) = 0, Y6u |

FEuler-Lagrange equations stability of a column

(EIW")"+ Pv"=0 & 4 BCs.

Bifurcat’=—<
' on point

Skriiva liitutaululla ..



Energy criteria for determination of in-
stability of elastic structures

Change of
total
potential
enerqgy

between which
two states?

Post-buckling analysis Lateral Torsional Im$nn‘ Iwe control [Baroudi, 2019]
T T T T —

__:’I ‘;_;‘i;o =4
—
& LA
al _ﬁ_ 5
1] e e
~< T ek
‘ P
0
05 04 03 02 01 0 01 02 03 04 05
w(f)/h h =10 em.

Figure 3.122: Equilibrium paths. FE-post-buckling analysis of an
minium I-heam cantilever. The transversal tip-load is at the centroid.

alu-

“—— SISEIIIUI peo]

No buckling

Buckling just
started

H*

—

. Primary pre-

N.B. The perturbed configuration [.]* can be thought
achieved keeping the load constant and for instance,
| giving a tiny kinematical (virtual) perturbation to a an

adjacent equilibrium config/u}a}[ion V¥

l; motion

buckling state
Lateral torsional
buckling
Lo
AIl =1I* - 11

1
All = H(uo + u) — H(uo) = 011, +§52H|u0 +...
N gt

General

I

- 1 I _________________ 1
Lateral-torsional i O(AIl) =0 =4 (552H|u0 da ) =0 4"— stability loss

buckling occurs

B o o o e - -

\ criterion
Keeping up to
quadratic terms Trefftz
— §(6°II) = 0. <= stability loss
Post- criterion
buckling U
behavior

This criticality condition for
bifurcation provides the
Buckling Equations

Torsional
buckling

l




Example of use of stability criteria in the form 6(AIl) =0 YT p—n corupression P > 0
stability loss

__________________________ 1 ff £]
e Al == [ Elv"dz — P [ ~dz |
Stability (loss) energy criterion 2 Jo Jo 2

S(ATIJ]) = 0,Y6u | = 6 (4§ EIv"™dz — P [} $v"dz) = 0,¥5u
U = [ EIV"§v"dx — P [fv'6v'dz = 0

FEuler-Lagrange equations stability of a column

(EIV")' + Pv" =0 & 4 BCs.

The above homogeneous differential equation describes the stability problem [

and its solution provides us the critical buckling load together with the § JI‘F* 5 =
associated buckling-modes once the relevant four boundary conditions are | ESEENEREE
specified. o

Stability of an equilibrium.



Energy criterion of loss of stability (Bryan form)

The homogeneous equatlom of the elastic-stability can be derived based 4
on the following three basic methods™: a2 ®

1. applying, systematically, the energy criteria™ for bifurcation sta-
bility loss; 6(AIl) = 0 at the critical (equilibrium) point. Note that 2.
the increment of the total potential energy AII should be, at least, 6,)
expanded to the accuracy up-to second™ order (the squares™

2. directly writing the equilibrium equations in the deformed con-
figuration which stability we are investigating and adjacent to the
initial equilibrium state.

3. of course, one can derive first the full (geometrically) non-linear
equations in the vicinity of the critical point and then linearise
them near the initial equilibrium point.

As seen previously, the linear strain-displacement relation is not sufficient
for stability analysis. It come out that non-linear effect up to second order
should be accounted for.

1
All = = / &, TEe,dV + / e,T50dV.
2 Jv vV

infinitesimal
critical perturbation
equilibrium toward adjacent

equilibrium

u=du=a=

0,v,w)=u
| SR —

infinitesimal displacement
increment between critical
point and disturbed state

+ should also include increment of work of

external work not already accounted in by the
work of initial stresses

Primary Perturbed
equilibrium adjacent
state state

Additional work
AWer = P - A
(Lateral  torsional

buckling)

Perturbed Primary
state equilibrium

’P

£ AE
léIAquL

Additional work
AWew = P - A
(Flexural buckling)



All =

1
— f ¢1 " Ee dV -+ f o L adV
linear part of strain increments in AU  quadratic part of strain increments in AW (¢?) - Additional work of

strains being €* = Ae = ¢ — € and in stresses 6* = Ac =0 — 0

AU = AU® + AU* = 0%* + So*¢*

external force not
included in the pre-
stress

Example: Buckling of a column
end-thrust —P = N%x) < 0

The total potential energy increment in Bryan form was
All = lff EI(v")%dz + ljt N(z)(v)*dx
2 Jo 2 Jo T T ’

o = —yv”(x) O'SA — NO(_L-) €9 = %(v/)2

Linear part of Initial Quadratic
stress part of
the strain

the strain

The strain energy change between reference equilibrium state
u’ and a perturbed neighbouring (equilibrium) state u. The change in

0




Finite deformation (strains) ¢ — %

ty

(uij + uji + g iug,;)

What deformations are significant in buckling?

After order of magnitude analysis for the strain increment, and keeping only
up-to second order terms ( the non-linear {quadratic) part can expressed in
terms of rotations) one finally obtains

e In stability analysis while deriving the linear stability loss

equations (the linear Eigen-value problem) the amplitude of
the linear part e; of the strains, during the infinitesimal pertur-

:"i """"""" I bation of the initial equilibrium to the (bifurcated) adjacent
1 g - .
€ = €, _|.i. — (&Jg + w;): The rotation component one, remains small® as compared to changes in the rotation
2 i components of w;.
i1 i 1 0w Ov
H 2 2 . . . .
€y = €y —F:‘ 2 (UJI + wz)i Wy = 5 a—y T 9] Consequently, the quadratic terms in terms in strains e? and
! 1 i w;e; are of second order increments as compared to changes in
€. =—e, _l_i - (wz + wi)i v — 1 8_15 _ 8_’10 the rotation components, and for that reason will be dropped
L_Q_____i‘l‘_'r _____ e Yo 9l9r oz’ (ignored). In the above strain increments expressions, only
Yoy = Qery W Wy 1 1 /v ou terms shown in the above strains are retained for stability
—9 w,==-|=——=—1, analysis.
fsz - Eyz wywza 2\ 0z (9y - o .
—9 In addition to that, (Cf. Alfutov), terms containing the deriva-
VYex = L€z — Waldy . pe e : . ] , .
tives of initial primary displacements can be neglected (this,
~——— quadratic part —— their contribution to the increment of total potential energy
. All can be neglected) too.
the linear part glected)
ou o ov ®As a consequence of the choice of the initial primary equilibrium and the
€, = — €, = —. €, = — ) . : close neighbouring adjacent (bifurcated) equilibrium. These two states are in-
t = 5y ¥ 7 gy’ = 5y Ex. Plate: quadratic part of strains|| . = .~ ly close.
. A 1
€y = @ + 5_'1:: €rz E: 5[’“,22 + U,Qz "‘w,ga:} ~ Ew?z-!
ow Ov | 1 1 / T T 0
_ 7" I 1 All = — | € EedV + /e o'dV
= 9y T oz € T 5y + vy twi] ~ Swy, 2Jv " i )
y = 1 2 - 1 _7-’ 1 2 1 ~ -
I i linear part of strain increments in AU  quadratic part of strain increments in AW (g?)
du 9 L~
u w !
Caz = 5 + oz Yoy £ 260y = Uiy + Valy HWeWy & wewy.
1 B e i
—— =0




Flexural buckling §(AIl) =0 — Equations (of

of stability

[ —

This difference

FLAMBEMENT D’ UNE POUTRE DROITE

N.B. The perturbed ATl =II* — I1%| ~ does to zero at
| configuration [J* can be (also) \ ] buckling
A thought == | thought achieved keeping Y
experiment : the load constant and for Linéaire MNon-linéaire
instance, giving a tiny = e
| kinematical (virtual) § Stable
| perturbation to a an adjacent ] w ! |
: equilibrium configuration v* (fleche)

Point de

] Stable A< Ae bifurcation '
\ \
/ e

a Instable A > Ae
A

(charge)

A% oo =\t ]

47; ‘

—_— Keeping P
L

@ constant w I
aayace g R 20RO s
f’j&i:" ‘v’i“l_,,‘>1f Stable

f" ﬁl;'b H— Hzé_e '\Lr '%d 1 O risTech — MS 205 Stabilité des structures
3 ¢ A : ngs
) = % BT € et o __http://perso.ensta-paristech.fr/~touze/PDF/MS205/amphil_ms205.pdf
- = NOE o == 1A
}.r\L’Qq (d Y xed dieh. ©u- E

loss)

Estimate the critical load!



1) One way to think E uations of loss 2) the other more
how form the AH = ]_-_[* — ]_-_[0 == J(AH) = 0 q i ( ) classical way how
increment of total of Stablllty form the
potential energy is increment of
through a real N.B. The perturbed total potential
. e oo == | configuration [.]* can be (also) Zoom energy is by a
T, i thought achieved keeping < [lincar | thought
increases quasi- = ]#;:c:];li;,g experiment where
statically and the load constant and for v | B ralysis) we give an
monotonically from instance, gIVIng the primary % : infinitesimal
zero to the buckling g . n | virtual
Sicads DA el e equilibrium configuration v, a p : perturbation to
where it buckles tlny kinematical (Virtual) I : the primary
e perturbation to a an adjacent = equilibrium
infinitesimally small equilibrium confiquration v* 4 1 configuration to
> 0. The primary non- quiibriu iguration v i - an adjacent
buckled configuration | o neighbor
- o A— __— (o] i1 -
(primary equilibrium) o : = equilibrium
corresponds to P~ = | © configuration
Py — €. Now one can AthOl:| ht | E while keeping all
form the increment of : experlment : 5 the loads
the total potential 1 E unchanged. Then
energy between these IP . . ar% 81.7’ = V* 1 we write the
two real states and E : increment od
takes the limit when PE’ == ‘____“\l\ e ND 1. I} Keeping P : PCI' total potential
€20 to say that we | o 1:>_'Keet"*ng L :> Cb e energy between
pr 7 A constant & =
are at the fsz congC e Aac@ N i | - these to states
bifurcation or limit- . ‘E%;L Tt r : © of equilibrium.
point where now the I = —— : —
critical load being . /7 '/ \> == =" : 8
Pg. f)ﬁz"rq :];Sq'kl"“& I\Lj‘h dq_(_ : =
[ TN e i i o sl g i =
2, (o e % evtve L |
L____i_ui"f;_ il 0\_"7*:-41 _7 :
LI B — e — .

A Finite element post-buckling analysis of a A ! —
simply supported column under axial thrust, D> Py ol
This shows how ‘sallow’is the critical point 4 3 2 1

infinitesimal neighborhood

v(L/2) / h (deflection)[ . ]



Buckling of a beam-column

Solutions for some classical cases

EI Effects of boundary conditions — experimental evidence for Euler’s buckling formulas

P.. = un? 7 = Pg

Q3INNId-Q3X1d

=
z
2
m
¥
=
2
=
m
o

2
T'min 2
A ﬂ'ﬂ- AEE f‘jﬂ- E( f ) — ,U.‘?T E/}ngn,

Critical strain

PINNED = nxa) h” m — EE &
PINNED-PINNED FIXED-FIXED | FIXED-PINNED FIXED-FREE x2E] 4mEI  272El =EI
. ' — im i e el
2 1 4 2 1/4
o T
min ) . ) . .
ED =€p = — = ;_l/ﬂ' 2 — Pgﬂ'z / ,\2 . Rudimentary experimental evidence for Euler’s basic buckling
cr min : . .
E E’ formulas and the effect of boundary conditions on the buckling load.



Buckling of a beam-column Equilibrium paths

’P
2 ‘\P A Z
Q0 0
S 2
o )
. -t | <
Buckling just  stable S ¥ stable ZD
started q 1 x
T ) i stable
__\\yx\
ATl =T11* —11°| | ‘
No buckling é\
1 e 1 7 Flexural_r,ir‘-. ! Axial iy s
ATl = _/ EI(’U”)E(_{:E — _P/ (;Uf)ﬂdm_ O |deflection o| displacement ~
2.Jo 2 Jo 4 P N
WL | g e
S(AII) = 0 T “
Jl L |[ze Zon *"'P<ﬁ=r
"y :;!
? - ,p>P:p
This criticality condition for | 2. I ﬁ ) |

bifurcation provides the

Buckling Equations
[lustration for equilibrium paths and bifurcation points for
perfect structure (no imperfections).

(EIV")" + Pv" =0
& four boundary conditions.



Combined compression and bending

Linearised theory of buckling

The transition from the straight stretched beam-column equilibrium ini-
tial configuration to the neighbour adjacent buckled (flexural) equilibrium
state occurs with no additional stretching for very small bifurcational de-
flection v. Therefore, it is assumed that the changes in length are of higher
order. Consequently, the axial force does not changes N ~ Ny from the
axial force obtained in the straight state of equilibrium.

In the linearisation, we keep, in the Taylor’s series, the first terms and
higher terms are ignored. All the external loads are assumed constant in

amplitude and direction.

All the external loads are assumed constant in amplitude and direction.

Linearisation:

6 =", sin(f) ~ 6,sin(f + df) =~ 6 + df, cos(f) =~ 1, cos(8 + df) = 1

26



Application examples of stability study
using energy principles

Buckling of a beam-column Perturbed Primary
: : . state equilibrium
The total potential energy increment in Bryan form was P

2504

CO AN rOm st .

/ EIR" Ed_r—|— " NO(z)(v))2d,

0 5 A maremaTiiA. 1B

| | , " 4 " ¢ AKAATMHARA

I ?l :
B[

Ve ryss

D4 _ a0y _ Ly 2
€1 = —yu”(:r) o, A= N (1) €9 = §(1' ) :
Linear part Initial Quadratic 0.0"'
of the stress part of the T
strain strain lﬂ.- (e S

All = - fEI ) d:r——Pf \dz.

Stability loss end-thrust —P = N%x) < 0f
criteria
T P P Additional work
| Taking the variation §(AIl) =0 — f EIV"§v" — Pf v'év'dx = 0, Vv AWer = P A
0 0 (Flexural buckling)
which gives after twice integration by parts _ The linearised buckling equation

— / EIv® + Py dvdz + [EIV" ov 16— [(Z (EIv" +Pv') )ou]s = 0, Vv (EN")" + Pv" =0
=0 —-M 2 & four boundary conditions.
Field equation ~——— BCs BCs




Buckling of a beam-column

General solution

Stability equations

(EI’U”)” + PU” — U

& four boundary conditions.

general solution v(z) for the buckling of such column-beam :

v(x) = Asin(kz) + Blcos(kz) + Cx + D + vo(x), P > 0 compression
v(x) = Asinh(kz) + Bcosh(kx) + Cz + D + vo(z), P <0 tension

where k%2 = P/EI

The few following slides are a recall form
Beams and Frames course (2018)

Related to how the stability equations are
derived by considering equilibrium of a
deformed differential beam element



Combined compression and bendini

Linearised theory of buckling

Writing the equilibrium equations (both vertical and horizontal resultant |

vanish - FBD and equilibrium as during our 1% lecture for a differ-
ential material element ds one obtains the basic equation of stability theory
for a straight beam-column as

(EI")" — (NV) = ¢ (38)

Accounting for the linearisation around the initial equilibrium, we have
N =~ N, and in our case only external compressive load P > 0 at the tip

(EIV")" — (Nov') =g (39)

Assuming N ~ N, and for external compressive load P > 0, Ny = —F,

at one end of the column-beam is acting, and accounting for M’ = Q
together with the constitutive relation M = —FEIv” we obtain |

(EIV"Y' + (Pv) =q & 4 Bes

(compression P > 0) wv(zx) = Asin(kx) + Bcos(kx) + Cz + D + 9(z)

L a - Lr AT

. |
N ‘
%

tension P <0 y(x) = Asinh(kz) + B cosh(kz) + Cz + D + 9(x)

f
= il
E = QQ/
~ % ¢ |
B 8.0 |
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i idea is to write the equilibrium equation in

i the deformed configuration
'/geometrical nonlinearity/ (account for

. the nonlinear part of the strain tensor)

|
| Assumptions:

| - Large displacements
i - Moderate rotations
|
|

‘Moderate’ rotations —=============== y _ : %,
! 1 Combined flection M + N 5,
i tand =V, ‘6" <<l=tan@ = @, | The superposition principle does Zs .
| _ i | not hold anymore %
i sinfd =6, cosf =1 ;
___________________________________ |
AQcos(Af) =~ AQ Psind~ P& =PV Equilibrium

(Q+AQ)cos(Af) ~Q+AQ
@-q AR +4Q) + P! ~ P (v dd) + g =0

:



Combined compression and bending
| To account for the second order effects, the |

Linearised theory of buckling
X N ~ N x+Ax XU

idea is to write the equilibrium equation in the
deformed configuration

/geometrical nonlinearity/ (accounts for the

nonlinear part of the strain tensor) and

membrane forces N =~ N, from the :
. du |1 /dw
T 5(3) '

undeformed S
| ﬁ —Q +Q4Q 4 Po/ - P (v dv) S qa=0

| = A ‘P‘w LR :lM”—’Pv-’A_? o(l
W

= Saa &qaw

/ ‘y'v

=Elk= —-EI(I"’

Mu{m ., Lol A nen L‘saa—k,

7

Iy il L T (Elq,- )"+ P =2
‘ =+ “ - Ttew astaaw . 3 =
f (ETo®) s Por = o [ (1) e hey, ﬂ inEm > .
‘ ; ‘Rmnn.s —— ]
+ RQMQ Gl\c’o’b “‘; P >0 -y = lﬁE' B 15 lop | ! B
o | [ _ . evai.‘ Am l{.;tq(,u.um avellisia dl% 7‘11.‘?[&1/{31 3
Ta.'(s auksesse BT = vakio (4) = dd ) ¥ o <P>C’>
. A \;—(4.) Asn\\@x)+3m(lz}+cgc L’I?+ ’U;(;j _“\4)’?’.?“
(f | mmumdﬂ-\! T ww
“+ Aqu nunad«ﬁ; J&bn 2}\ e
T (X

-6 =1',sin(f) =~ 6,sin(# + df) ~ 4 + d6.

oxtemal loads are assumcd wstat - P — N A NO

, P>0
e +AY

Q"'AQ %d/VQ:
O+AO =V +AV A

Linearisation:

005(9) ~ 1 cos(é‘ +_d9) ~ 1

ilarcidem nuw ahduslauorma J:U;Hu L
3) L.m— % (;lg e_r‘|+7t7mu.$f. & f‘;&mac\r\.é-ﬂuq

;

The General solution
(for compression case)

= Asin(kz) + Bcos(kz) + Cx + D + o(x)




Combined compression/tension and bending
v(z) = Asin(kx) + Bcos(kz) + Cx + D + v(z) | |v(x) = Asinh(kz) + B cosh(kz) + Cx + D + 9(x)

(compression P > 0) g e S E——

x X +Ax xX,uU

| ] t >

C
Ompress,-On

Q+AQ
O+A0 =V +AV O+AO=V'+AV
ﬂ( Elo#) +Po" =1 | [12_ P ﬂ( Elo#) 2 Po" =g
14 Rasnn ehdot A _ BT 4 Rewnachdet |

The General solution The General solution
(for compression case) (for tension case)
NB. The compression have a softening (of the P > () NB. The tension have a stiffening effect on
effective bending rigidity) effect on bending bending

v(x) = Asin(kx) + B cos(kx) + Cx+ D +v,(x) v(x) = Asinh(kx) + B cosh(kx) + Cx + D + v, (x)
N.B. for P =0 — V(X)= A+Bx+Cx*+Dx’+V,(X)



Euler's basic buckling cases

Eulerin perusnurjahdustapaukset

2
= 7 El
o — H—>
1
i i [
il 1P|
i P
- b
i .
1R B
/A
pil o |l P
Topous| 1 2 3 | 4 | s
v | o025 1 2066 | 4 L1
1 1
2
7 El
P =4

Euler's basic buckling cases

Eulerin perusnurjahdustapaukset

e p
L3
: 2
i PR EI
cr K E.z
B
(o 1 F 3 & -]
| ¥ _| 035 1 2045 L
Buckling length - Pilareiden nurjahduspituudet
Wk @ g &R W
! f
I ]
x El A=—t=
P =" ‘ Ju i
EI 1En L
1]
b= L= A c=slenderness
HIEI;II'ESIJ'HEE] 1 himkkisluiki
Nurjahdus|annitys: ' E L o .
J J -I'I-| - - gh= a3 3 lr- E'Irn.m'll"‘:l
B xE_ o 3 A wn
.n'h — — = =.” = N
A i '




Five Fundamental Cases of Column Buckling

Elementary buckling cases

Eigenfunction Effective

Boundary Buckling Eigenvalue  Length
Case Conditions Determinant Buckling Load Factor
1 0 0 1 sinkL =0
I v(0) =V'(0) =0 0 0 0 —i kL = m 1.0
V(L) =v(L)=0 1 L sinkL coskL | p__ p
0 0 —KsinkL —K*coskL|
10 0 1 -
g O=v(0)=0 00 0 & b 4493 0.7
v(L) =V(L)=0 1 L sinklL  coskL p _—;’2045P ’
0 1 kcoskL —ksinkL or — &NOTE
10 0 1 kL
m M) =v(0)=0 01 &k 0 sin —>-=10 0.5
v(L) =V(L)=0 1 L sinkL  coskL kL = 2m '
0 1 kcoskL —ksinkL P =4Pg
0 0 0 —k2 coskLﬂ= 0
v V(O + BV =v'0)=0 [0 ¥ 0 0 =5 20
v(L) =V (L) =0 1 L sinkL coskL Pr '
0 1 keoskL —ksinkL | Pa=—
0 1 k 0 ——
y O+ =V0) =0 [0 & 0 0 Sk =0 10
v(L) =V (L) =0 1 L sinkL  coskL p — p '
0 1 kcoskL —ksinkL o T E

i '

/ Il Il v v

Adapted from the reference:

STRUCTURAL STABILITY OF STEEL: CONCEPTS AND APPLICATIONS FOR STRUCTURAL ENGINEERS. THEODORE V.

GALAMBOS ANDREA E. SUROVEK

JOHN WILEY & SONS, INC.

Geometric interpretation of the
effective length




Example —rigidly fixed ends column A,

N 8 Ry
v(z) = Asinkx + Bcoskx + Cx + D | 3 -
v'(xz) = Akcoskx — Bksinkx + C. v(0) = v'(0) = v(L) =2'(L) =0
l B+D = o0 0 1 o 1][Aa] [o]
k 0 1 0 B 0
— ) =
kATC =0, sinkl coskl L 111 cC 0
AsinkL + BeoskL +CL+D = 0, kcoskL —ksinkL 1 0 || D 0
kAcoskL — kBsinkL +C = 0. ) —3 ——
H |
Non-trivial solution:
the determinant Ak sin E(Siﬂ E _ @ COS @) — 0.
vanishes: det{H} =0 2 2 2 2
——>  Criticality: smE =0 or tan L ﬁ,
2 2 \ 2
: . kL 4 kL
The zeros of the determinant: - =nm, n= 1,2,... , 5 ~ 4.493.
\ |
" . . or | 4r2El
The critical load is the smallest: k= —, (n=1), ww— P =P, = WLE

2
The critical load from  p _» 7 El
Adapted from ref: prof. Tuomala M. the Euler’s ‘Table’ : o £2

¢f.
=> Hq =0,
det{H} =0



Examples — rigidly fixed ends column i

— S

Four BCs:  v(0) = v'(0) = v(L) = +'(L) = 0.

v'(x) = Akcoskx — Bksinkx + C.

0
1
sin kL coskl, L
| kcoskL —ksinkL 1

kL, . kL kL kL

Non-trivial solution: the determinant vanishes: = 4k sin 7(Ee.m - 5 cos 7) = 0.
" L L | kL kL
(Stability loss criterion ) Criticality: si_n% = or tan—-=—-,
vl 4 A\

The zeros of the determinant: - =nT, n 1,2,... , 5 ~ 4.493.

2
The critical load is the smallest: &, = %‘T, (n=1), mw P, = P, = ir E1

Lz -
. . . B+D = 0,
The corresponding Eigen- (buckling) mode: R,
(insert the solution back and solve the integration AsinkiL + BeoskiL + CL+D = 0,
constants...up to a constant) k1Acos kL — k1 BsinkjL+C = 0,
P1 P1 X
— — - — A=C=0, D=-B,
2z
k} o v(x) = B(cos — — 1).
——1).

Y



AN 82 N
—_ i i ? . . — _— -
Examples —what is the buckling length? corresponding buckling mode: S - N
critical 7°El AT?ET oM L S
load: P, =4T P=PF, = —77 > v(z) = B(cos A I)J h
19 .
0.5 ]
S e M (0.25L) =0 M (0.75L) =0
;'i 0 p—a—a—5 " / » n
& 27 derivative | i
05 _I\/I ) : | —w ]
(V) ; g
-1 i I ® M=0|
| | I | | | | | i | [
0 0.1 0.2 o.i:zs 0.3 0.4 0.5 0.6 0.7 0.575 0.8 0.9 1
i ~ XL i
=_ .= —=
g Ebuckllng L/2 :
buckling length a2 2 2 2 ' !
P,=4r"El/L° =x"El /Ebuck"ng = fbuck“ng =L/2
P -p?\ /4@ p!
i .‘\‘LH"'% g ) —_
"1 Given by tables ii | aaseanl ! Ebuckllng — L
ln =L h "zlﬁ 0.3 0.4 0.5 0.6 0.7 0?5 ﬂ
- / P buckling — ~——
g - L/2 .

_____ buckling —
“w#0btained from theory



Compression case
Second-order effects P>0 ) P>0

The stress-problem:
Solve the deflection v(x) as function of o

the axial load P (the loading parameter) bl
P_,LHHHHM()DM P
2 T — i |

_ qL? [sink(L — z) + sinkz i. Y& 1 2
Vi) = P [ (kL)?sin kL (kL)2 2L 2( )

J

Homework: Show™ that max. bending moment reduces to:

M(L/2) 8

= 1/cos Ew/P/P —1
- qL®/8 nZPE[ (2 Ej j

q=0—>P. =7°El/L’

and that maximum deflection is:

2 1 =1 ]
= v(L/2) = L/ cos(kL12)-1] - Q(LZ/PZ> Y’;f/ | |

M@L/2)"
QLEJ"I{S P/PE

Second-order effects = non-linear effects

P=0.75xP.



Frames — recall from ‘beams and frames course
for the slope-deflection method with Berry’s stability functions

Slope-deflection method — Stiffness-equation

The stiffness equations of the slope-deflection method
with axial load

|
M ij = 'Aﬁj (P)(Dij + Bij (P)% _Cij (P)‘//ij + MKij (P) ij =112 21

NN

Stiffness-coefficients and loading terms P
depend on the member axial force | — A=kL=L,/—

L\

M,, = Aioz (kL)g,, — C102 (kL)y,, +M K102 (kL)

Compression : P > 0

Stiffness-coefficients are \ Qu 0 Wy, = [v2 _Vl]/ L
symmetric with respect toiand j .

Member axial force can be compressive

or tensile. The stiffness-coefficients are
different in compression and in tension.

N =-N, =P>0 Laseof compression: P >0



for the slope-deflection method with Berry’s stability functions

Frames — recall from ‘beams and frames course

The stiffness coefficients - axial compression and  [ompression : P >0 vy, =[v, -V, |//

bendin =V - .
’V(4)?X) Ky V(X) =0 NB. Notation: ; _, Pvl_w v,
v(x) = Asin(kx) + B cos(kx) +Cx+ D My, |a a3 P
~ _Boundaryconditions: _____________________ Q" s Constant vl Q,y
V)=V, =0 V() =V, =yl =V, -V, =A | ‘ :

:V(O) @, and V'(0) = 0,y Yo Qp =My +M,+Pyl)/Y

_______________________________________ |
:> 0 1 0 1 "A‘ ’0‘1 A:l)ylZf:VZ_Vl:VZ_O
sin cosf £ 1 ) B | _ A | However, it is more practical to express
k 0 1 o]|C Pry the stiffness coefficients in terms of
| Lkcosg —ksing 1 ‘S' D, Py | Berry’s functions as we did till now.
M, = M(O)——EIV”(O) EIBk? B=ki=1 S
EIk*

" |k(2cos B+ Bsin B —2). (s 6~ sin S/ o 6~ £)

+ (k — k cos 8).A]
' EI8
/(2 cos B+ Bsin B —2)]

A, (k0) =M (0,k0)

A(AcosA—sin 1)
2C0SA+ASINA—-2

A=

+ (8 — 8 cos B]?] jexp_BC1)

I
I
jexp Bc2) A sin(Lk)+Bcos(Lk)+ci+p |
lexp BC3) A k+C e ———— . !
Eexp_EC&] —B k Sln(L k)"‘ﬂ k CDS(L k)"‘ﬂ' :

We have earlier established these eqs previously when using Maxima



Frames — recall from ‘beams and frames course

Formula ry Berry’s functions (stability function)

Berryn funktiot:
22ET Olkoon A =KL, T
Eulerin peruskaavat nurjahdukselle: P, = -~ 7 Puristetiu sauva: Compression
6 1 1 if1 1 . 24 A A
| _,1 — — _;t = ——— i [ —— -
# : ‘ o ﬂ,(sinl A]’ — A[A tan.l} A f[mz 2}’
: . —1'_ Vedetty sauva:
: | _6_ 1 1 31,1 ; 2t A
L[ M’?‘}_A[ smhAJr;L]’ W(A)_A[ A+tanhﬂ,)’ 2= f( tanh ¥ 2}
P P
- - Extension S
v | 2 | 3 _ _
3 B T TN T Mij = Aij(ﬂij + Bijgpij Cijl//ij T Mij
The stiffness coefficients (are symmetric) El constant
Puristettu ja taivutettu sauva: 299 (kL) 6E1

Kulmanmuutosmenetelma A = 42 (kL) — 2(kL) L = An,

= A 0.+B.@. —CW: + MK . kL 6EI
M; = 4;05+B;@; — Ciyy + MK By = 4¢2(k§§—3ﬁ2(k};) T = By,

M; = A‘?QDU—C;?W” + Wg (sauvan paissa j on nivel)

Tasajéykkd sauva :
A”=A< = . -?'l»‘/(kl")1 6EI- B.o=B.= _ ‘f'(kL)’ 6EI ja C, =4, +B8 Cis = A1+ Bys, Cou = Aoy + Bo.

Toaytk)-¢"(RL) L7 T Atk -¢°(RD) L v v
MK; =-A,a; - B,a,. MK, =-A,@; - B,@,.

L 3 g A,,a Loadingterms M, =-M | Kiinnitysmomentit

4G -
, £ N s \N
Leikkausvoima: N:o Kuormitus —Gg—ﬂﬂ%_&} '
N

0, = 93 -(M; +M;)/ L-Ny,; (N posituvinen, kun sauva puristettu)

1 MK - —MK»
q
| N [ N __a  ykl)
"N . | (an /
( ) A 2 )




The stiffness coefficients - axial compression and

bending

Example from exam 2018

A straight beam is simply supported at one end, and supported
by a rotational spring, with spring constant ¢ = o EI / a, at the

other. Its length is g, and bending stiffness EI. Determine the

critical compressive load of the beam, when & =1. Show

further that the result is covering the cases where the right 1 2
hand end of the beam is simply supported and clamped by P c
varying the coefficient «.
1. Easiest way is to apply the slope-deflection method. Thus the > a .
equilibrium equation is M,,+ M, =0 = (45, +¢c)p, =0.
A +e=— 1 3£+a£:0:> ‘P(ka):i.Jos LI"(ka):i L
Y(ka) a a a ka\ ka tanka
k ka *EI
—tanka=——— If g =1 =>tanka=——— = ka=3.405 = P, =1.175°=
a + (ka) 1+ (ka) a
2 2
fa=0 = tanka=0=ka=n7 = P, =2 2L if g =0 = tanka=ka = P, = 2.046
a a

From differential equation, the solution is v(x) = C, sinkx + C, cos kx + C;x + C, where k> = P/ EI
and the boundary conditions v(0) =v"(0) = v(a) =0, cv'(a) = —EN"(a) yielding C, =C, =0,
C; =—C,sinka/a and the condition c(k cos ka —sin ka / a) = Psin ka, yielding the same result.



Frames — recall from ‘beams and frames course

Buckling of Continuous Beam-Columns and Frames

ET: Constant
(1) Sidesway prevented

P=W/3

c
0
© Kg{ 77 -
X
= wi2 g
(b) o
1 Equilateral triangle E = 7
@ : | (7, ] 'Ff
TITRERER, éh () I, -0
1 5
-+
Q (2) Sidesway permitted
=+
8‘ P P
& l l
& 7 r- .
STABILITY OF : I, |
STRUCTURES NN |
— !
Principles and “f if |
Applications | l
— “ “
2
/C":AI H.“Ig? o= Ki}?’f Pl:'r = —:; EE;C
’ ¢ c

SUNG C. LEE
Dongguk University

(a) 1, — oo (b) I, >0



Frames — recall from ‘beams and frames course

only beam 1-2 is axially

compressed
. P Compresswn P>0
Solution: %a = P23 = P2, "0 side sway -

M, +M,,=0= (A21+az3 , =0, Vi \

compression [P >0 / normal force =0

2w(kL)  6EI 4EI
Ay (kL) —g*(kL) L L ®

Buckling of frames - no side sway

2

[¢

EI = Yd.uo

— g
g4 | 5 =L

Critical condition = non-trivial solution exists: | =t~ *: 0-00001: &

¢, #0= A, (kL)+a,,=0=kL="

~~>PHL = (& ./ LaM)y .* { ( 1 ./ sin(LaM))} - (1 ./ LaM) )} ; —_—

-»P5T = (3 ./ LAaM) .* { (1 ./ LaM)} - (1 ./ tan(LaM) } ) :
12y (KL) + 16y % (KL) — 44 (kL) =0 '

U Bl 5 .
kL=5.33= P, =2.887 i

10

Berry’s stability functions: A =kL -15-2
3(1 1 11 20 6.28 > 4, >4.44
W(i)Zz(z——} ¢(/1)=E(.———j ....................
tan A Alsinga A) @ oo T T

4 42 44 46 48 5 52'54 56 58 6

M; =A (P)Cﬁij + B (P)¢ij -G (P)l//ij +MK;; (P), A=kL KL =5.33




Geometrically non-linear

. 0\)“'De L L gL3
analysis of frames @i\°“sc D1 =023 = T VL) My +yy) = Moy + o
- <
by the Slope-deflection method o ¥ a«\%e“
A Gt 6EI 12
. \2
Moderate rotations and loads close to ?‘Wea“‘e’ 1+ 2W(KL) My +——y5; = =
critical load but not over L 8
M M
=0 > -——2_ =0 = =——2
G: DETERMINE THE BENDING MOMENT AT RIGID JOINT #2 D1 L Va L
3M, glI? |
1+ 2% (KL)YM, -2 = : |
q A e e
: 12 PI izl
@ @ = M2 = gg 5 9+ so% g Ei:lg
2 A PL*(1+2¥ (kL)) —6EI et thel
lterations are N, +Qs,=0 hq__n
ET | neededtosolvethe e
bending moment: [ pepy- 1
@ Express QN ﬂrg,
im terms of end- () (=)
moments ‘F—H[uﬂ)m




Geometrically non-linear
analysis of frames
by the Slope-deflection method

Moderate rotations and loads close to
critical load but not over

of /P i3
Per

Experiment
[ ]

Moderaterotations

and loadsiclose to
“ critical load but not
over

0.2
- Roorda’s (1971) experimental verification
of calculated postcritical response in asymmetric
bifurcation of a I'-frame.
Roorda, 1971, An experience in equilibrium and
stability, Techn. Note No. 3, Solid Mech. Div.,
University of Waterloo, Canada.

Imperfection, eccentricity

e
[ Pe
p (3) My +My—-Pe=0= ¢, =
g (4y) +ap3)
Ay
L My, = 4,0, = Pe
(4 +ay3)
a
L 1 My3 = ay3¢, = Pe =
@ (4y1 +ay3)
My;
— M3y = by, = -
S
‘ “gco“‘s 0 _ Mp+My  3My L, 34y
0‘(\?(%::19\ = r T MWMA LA N
c,%\\“ (\Q’“
‘f\»@as P=P+Qy,;=P(l-e¢ 342 )y=P(-e !
N\ 24y +an) Y(kL) L2
Shouldbe N, 42 (kL) - ®*(kL) 3
(the normal stress If now the eccentritcity e is negative, the value of the

resultant in column12)

compressive load P is increasing all the time, and no

convergence will be reached. If positive, the convergence is

reached.

)



: : ' ” =90
Linear and non-linear g | ") q L] 2
buckling analysis %, 2%,

Y | %% ——
Free Exercise -20 extra-points for HW % 4@@ £
1. Performlinear buckling analysis for the perfect % %

geometry and find the critical load and the
respective buckling mode

2. Findthe second buckling load and the buckling
mode

3. Analysisthe shape imperfection effect onthe

R- q - TEL (g @
buckling load (GNA)

ot | RF VR

S i
yAMC 8 —~ AD
For that do: b-oin E- 4GPa = R=10m IR
« Takethe first buckling mode andthenthe ! 7 h=2 %A (Savm L bc? 124 L WREZ (;(—1-0/,1
second one (or their combination) multiplied by ,, ading isanﬁsyn:;“ﬁc L= 4 7 : ” BALEE. Mt
L/[IOU (Ldistance betwegn mode nodes, asin Figs. on right) Ska\\dw arches ,‘)‘ 2 ~02::93

0, /400

as a shape imperfeetiontoaddfor the perfect
geometry.
 Determine the load-displacement curve at
some characteristic points
* What is the limit load? How much the buckling a) loading is symmetric

. n |
load of the perfect archis reduced: Example of initial shape imperfections in an

arch (Standards: design of wood structures - EN 1995-1-1)

Assume that stresses remainsin the elastic range.




Engesser (1891)
Timoshenko (1921)

Timoshenko column

There is cases when the effect of shear deformation should be considered.

N = =04 mean shear stress T = @Q,(z)/A
¢ being the shear correction coefficient
1 2 1 2 1 "2 GA
All = EJJ;EIHJ d:r+§/;k3GA’y dx — in‘;(*u) dz Qy(z) = ksGAv = T,},
_ _Tay _  Qy _
the curvature T=Tw = e TSaA T aldy
— " = !

k=—v"(l-aP) v =abv, V(&) = Yoy = Uy + vy = —6(z) + (),

0(AIl) =0 v = aPv,

|

linearised buckling equation

(1—aP)[EI"]" + Pv" = 0|

M = EIf' = EIx = EI(v —v")
Q=GAy/E=/a

Q — Pv' =0
MH _ P’U” — U



Timoshenko column

There is cases when the effect of shear deformation should be considered.

Change of strain energy
during buckling

\
[ |

NI / EIxldz + = / k,GAy*dx — lp / (v')2dz
2 Jy 2 Je 2 Je

I pr——

the curvature r Increment of work of
k=—-1"(1-aP) Y= aPv, external force during
= —0 + 2 buckling
S(ATI) = 0

l

linearised buckling equation

(1—aP)[EIV"]"+ Pv" =0|

Engesser (1891)
Timoshenko (1921)

linearised buckling equation

oW kR =0

2 P 1

: EIl—aP
£

YT cA

buckling of a cantilever column

|

pT — pE !

T 4 1‘|‘IEMIDE:I

Timoshenko . Euler buckling
buckling load load




Timoshenko column

Analysis of the results

all end-conditions excepts for fixed-pinned.

fixed-pinned ends

pt — pE !

1+ 110

Reduction coefficient of the
Euler buckling load

1+ 1.1aPE

" Reduction coefficient for
the Euler buckling load
buckling of a cantilever column

|

Pt = !
t 1+ aPE’
Timoshenko ‘ Euler buckling

buckling load load

Engesser (1891)

Timoshenko (1921)

Reduction coefficient

e
Boundary /

conditions effects

Material effects
Linear effect

sections, the reduction may be of 50 % even.

Cross-section
geometry
effects
Quadratic effect

Usually the decrease of the buckling load due to transverse shear effects is neg-
ligible for bars with solid cross-section. On the contrary, for some open-cross




Timoshenko column

Built-in columns - ‘ristikkopilari

There is cases when the effect of shear deformation should be considered.
» Examplesdisplayed for curiosity

Ourdays, stability of such structuresis
analyzed computationally, especially because

torsional stability lossis involved whichis quite
complex when not impossible to analyze theoretically

P P
b1 1
A =IE] 1 b
1+ 2 (A.gE sin ¢ cos? ¢ + aAuE’) ¢
1
'r’EI ab a?
1+~ \izer, + MI)

:EI 1 P
="F —#EI b) (o)

L+ (123: + 4T, +bA.G)
Ref Timoshenko



Effects of imperfections

_ (Eurocode 3)
The well-known Ayreton-Perry design formula’
/‘4ﬂ\’
o

oo
Y LB < s
Tk / ——
/ / / S
[ /
J /

/ x/

/

/ o

/

/ /
/

14
Buckling Loads {
L4 oo | g
ey o, IQTSR o .
A / 1.0
L o8-
v
e T B A e ik & FE results for sections extruded from 6063-T5
, , . . s , ¢ FE results for sections extruded from 6061-T6
Buckling 7 El 4" El 3-”45;? &l = El = B course 02l | * Testresults- 6063 TS and 6061 T6
2 y. } 2 2 —
Load 7 I L 4L L Frame = Proposcd buckling curve
Effective - S an 0.0 . v .
Length L 0.5 0.699L 2L " Beém 00 16




o n’E  Relation between buckling stress relation and slenderness
- a2’ Nurjahdusjannityksen riippuvuus hoikkuusluvusta

Nurjahduskayrat o

Buckling curves

- i Inelastic B, _n’Ei; n’Eis,
elding R T L
Myé6taminen T ton 4 L d

a\‘: Elastic E = 0, no initial stresses

e =0, ei esijannityksia

v et
. < > > 2 i s
Eurocode 3 multiple Y win  VH o
Lyhyet pilarit Pitkat (hoikat) pilarit
column curves (CEN, 2005) Short columns | Long and slender columnsg;
i
« . a Yielding @=L ja/tai esijannitys
1 Euler -— Yieldi ,
- 1elding Theoretical cu
.o q
0,75 |-
Residual stresses in Residual stresses in
ta from collapse tests ™ 7 flanges
0,50 - (marked x) b
Elastjc buckling
0,25 |-
0 | > Residual stresses in an
st oD
® %5 r ; \ma:?:can stn.: aj.xm

Non-dimensional slenderness ol i




Effects of imperfections

Ayreton-Perry design formula

6312 Nurjahduskiyriat = Buckling curves

seuraavasta kaavasta kdyttaen l(yseeseentulevaa nurjahduskdyraa:
v

i X = g mutta ¥ < 1,0

missi @ = 0,501+t —02)+1]

- Af y

A= N_ poikkileikkausluokille 1, 2 ja 3;
a Aeff fy .

A= N poikkileikkausluokalle 4;

o on epatarkkuustekijd;

(Eurocode 3)

(1)  Aksiaalisesti puristetuiﬂe sauvoille muunnettua hoikkuutta A vastaava pienennystekija  lask

6.3.1.1

(1)

Nurjahduskestivyys

Puristetut sauvat mitoitet:

=
NEd

<10

— External
Action

axial load

Resistance

______

Ywmi

. Yielding

N, on  kimmoteorian mukainen bruttopoikkileikkauksen mukaan laskettu kriittinen voima
kyseeseen tulevassa nurjahdusmuodossa.
Nurjahduskiyra ag a b C d
Epitarkkuustekijd o 0,13 0,21 0,34 0,49 0,76

Initial

shape
perfection wo(z)
eo sin(ma/l) .

im-

L I
o 0,5 1.0

1 I:
15 2,0_

Non-dimensional slenderness




Effects of imperfections
The well-known Agyreton-Perry design formula

(Eurocode 3)

initial shape imperfection |UJD(3?) = eg sin(mx/£)

| Eccentricity > ' - T)
v 2 -
(EIV")" + Pv" =0 — w(x) = €0 sin(mz /f) A2 = P :} 1
" 9 . :
& four boundary conditions. 1 —(A/m) Bl : i
o) —
Q
Npar M v
mr TrLLE TFLLE _ _
- 1 + W < Oy Ayrton-Perry formula N — IAJF/NE* eo
u P N M,,.. h . (of Eumcc;de 3) -
— y- _ _
A I 2~ — X = 1 WhETEQb:—h@‘F}kﬂ
¢+ o? — N S %
Minaz = M(£/2) = —EI("(£/2) — vl (£/2)), _‘;__ |
(A/m)? = [eoh/2]/i%< :g' Depends on eccentricity =
e TGy oL C N |
*U’ P/P., a=m/FE /g- iy Design formula: Initial shape im-
= Pereg - PPy ® perfection wq(z) =
x = P/P,. ' Ny = P < Ng = xo,A. eq sin(mx /f) .
h/2 P/P., ., A2 )
oyA =P+ P..e d L A2 =gl + XA
v + 0 1 / Al1-PFP / Pc'r' - 1- ;C’\ where X is the column relative slenderness. How this formula is used in
I 5 1/x design of a steel column? Consider a steel section in compression with P. All
Py = P Enh/z P/PCT ) E = a 1/x — A2 +1 v the possible imperfections are now accounted through this buckling resistance
Pcr' Pcr 1‘2 1— P / Pcr 11 1 [1 5 5‘2} 1 112 . reduction factor y such that the inequality
=>’ =~ 0 A + a _l_ — + = = )
2x* 2 X2

Solve ¢ from this:



Ayreton-Perry design formula

A

6.3.1.2 Nurjahduskiyrat

(1)

- Buckling curves

(Eurocode 3)

Aksiaalisesti puristetuille sauvoille muunnettua hoikkuutta A vastaava pienennystekijda ¥ lask

Resistance

6.3.1.1 Nurjahduskestivyys
(1)  Puristetut sauvat mitoitet]
«— Externalfaxial load
Ed <10 Action
Nb,Rd
N | xA f)f
b,Rd

where ¢ = % [1+a)_\+12]

021

024 | 0ao

[ n76 |




Ayreton-Perry design formula

Steel { = 2m.
a = [0.446, 0.297, 0.223],
¢ = 0.1714 m, h=0.2 m,

Buckling curves eo/t = [1/400, 1/300, 1/400]

Eurocode buckling curves

T T 1 \ B | T T T
Yieldin ! — oy
1 - . © . SO PN 8,/ L =1/200 t Yielding
A e,/ L =1/300 L \ | T T ]
X e,/ L =1/400 W , :
\ ——-E(Ller cubic hyperbola 09 N - Eulerigubic
0.8f \ YRETDEE). ANN \ hyperbol
\ a2 s NN NEA _ hyperbola
T \ X = 1/3? 2ot |
N A H NN

0.6 Euler cubic hyperbola 1 % NN
>‘ 05 AN Y \
s o \‘\\\‘k\
S . N

0.4 1 7 .2 o \§ ~

X = = . =~ T
¢+,/¢2_/\2 A 0,1
0_ 2 - Ayr et On'P erry f Ormul a o.00.0 0,2 04 06 08 1.0 1,2 14 1,6 18 20 22 24 26 28 3,0
~~~~~ ‘ Muunnettu hoikkuus A
Non-dimensional slenderness
0 1 1 1 1 | 1 1
0 02 05 075 1 1.5 2 2.6 3 / 2
> = [eoh/2
a) 2\ — — b) @ leoh/2]/i h2 Adapted from
€
1 1 B — a=m E/UyyoT Eurocode 3
where¢=§[1+az\+/\] Ny,=P<Np=yx- 2= x=P/P,.

X=¢+\/ﬂ’




Example of a TN e ’

design problem ' Qs o
\L ! The  colrummm buclelin  accordun
/Y ;’*& S Z“d (\"\DQ.O.-" /

Il ““L)”“’“"‘/f——
=
JA ][.%.W

|




Linear buckling analysis: of simply supported FE- Linear Buckling Analysis  Buckling

load
column . . | .
In this FE—aHaIYSlS, y 713.234 kN :;
FE- Linear Buckling Analysis the column was treated i _A=10 |

as a two-dimensional

Model Builder elastic domain
1 &~ =StEL =~ 2780 kN
A=3.9

4 & 1.0 _column_20_Example_POST_Buckling_F_red_10000 rectangular CrOSS—SECtiDH

4 (© Global Definitions Euler
Pi Parameters analytical
sa: Materials e PE 1D = ?TZEI/EZ.
4 Y Component 1 {compT) 1D 3 5996 kN
b = Definitions ' v | A=84
[ }f‘\ Beam
s2s Materials L. hEI ht h = 50 1111711, . .
b 25 Solid Mechanics (solid) 4= 2D-elasticity . & ' [FE-buckling analysis]
————— POV N width b = ¢/10, First three critical loads and

I
I - ] 4
: Step 1: Stationary _ 2 respective buckling modes
i Step 2: Linear Buckling EI — 72'917 kN'm = s
-~ TR Selver Configarations -~~~ ="
4 ~db Study 2
E Step 1: Study 21 POST-BUCKLING ANALYSIS
I [Pre Solver Configurations

4 [® Results

1
1
I
|
|
|
|
1

E =70 GPa, v = 0.33.

Pgip/Peop = 1.01,

AT AT AT




Asymptotic post-buckling analysis of simply
supported column

Roller "buckling’
displacement.

o " U(%/Z) _

—\/].—’U'Q

du=[1—1-v?de




supported column

. EL i
f - -
\(A et -[:%
What to do: at buckling & for l vix)  u(6)
moderate 1increments
v estimate the =
displacements/rotation
v’ Study stability of post- ﬂﬂzﬁ%@Y+5§
4 ¢ EA

(3e-1)- P2 Po+ 75

buckling branch \ p
u([)z§

* ianalytical approachi is used Roller "buckling’
\ displacement.
load increase P = Pg + AP
_ f Derive the force-

How to do it? few percent  jisplacement relation
e we use the Lagrangian formulation
e assume a (bifurcational) flexural

deflection mode v(x) = vy sin(mz /£).

¢ £
All = = [ EI?dz— P {1 —4/1— (ﬁ)?] de,
2 Jo : Jo }

I \ J

Lagrangian v” ShorteningY due to
K= ——

D) .
curvature V1i-2 flexion gy /ae =1 /1 - (v/)2

FE- Post-Buckling Analysis

(N
l P = Pgp+ AP

T

i
1 =
[ D
= <\_~§
SN
v £ ™ (7o) I
3 S
Eaf = i3
I g IS
£ 3 - -
-
[+4]
\ : f
Pre-buckling Post-buckling

= P/Pg loadingincreases =———>

Post-buckling of simply supported column.



supported column

* we use the Lagrangian formulation
e assume a (bifurcational) flexural

deflection mode

1 £
All = = | EIk?dz— P
2 /o

Lagrangian
curvature

Shortening due to
bending

The curvature in the Lagranglan formulat|on

N\

b= Ay L6 arcsan U
d‘jf,

MER

[

=T -——%W——' E;
s do oVl

The minus sign is because of sign convention for positive

curvature
"

v
K= —

| V1— 22
From the

right-angle triangle (1.74) and using Pythagoras one obtains the shortening

»du=[1-11-—2v?dx




supported column

What to do: at buckling & for
moderate 1increments
v estimate the
displacements/rotation _
v Study stability of post- = Derive the force-
pbuckling branch displacement relation

How to do it?

e we use the Lagrangian formulation
e assume a (bifurcational) flexural v(z) = vo sin(w/z¥)
deflection mode

/EIEEdI—P/{ — (v )]dsr:

Lagrangian curvature

|
/

Shortening due to flexion

Tl 1
K=y L g0 St ]
1 1 2

dufder=1—4/1— (v')2 =1 —[1 — Evﬂ] =5v

3 T L T T T

111 +v"22)"2
28r v o lLa 3. J
K=— ol T Rt
V1-1? 13 8 |
26+
o 24 Exact ! 1
] . 2 ]
& 220 | / expression e 2 e 3Ry
- 1 |
- u ™~ /
L 2 - III 4
= p 1z 3B
1.6F -
1+v22
141 |
1.2+
1_
-1 05 0 0.5 1 1.5

Vi(x)

Taylor expansions

Taylor expansions with only two terms

1

1t 12 L 1200 ¢ ry2
= &HWE Elv [1+§1J]dI——P (v')*dz,

0 2 Jy



Asymptotlc post-bucklmg analysis of simply  Post-buckling behavior

1.4

supported column r e —0"[L+02/2+3/8- 0]
, l asymptotic!
. 1. i
Assume a (bifurcational) flexural deflection mode 'U(:Ii') = Slﬂ(?ﬂt‘/f) \ | /
1= I - -
1 £ 1 1 £ ] 1 I
AIl =~ —/ EJTUHQ[I + —v'g]gd:r — —P/ (v')2dz, & of KTV 1+ 50"
2Jo 2 2 Jo = asymptotic FEM
i p ——— P
2 2 2 2 9 4 | o6
v mEl g 5 (’L"g) 4 (’U{]) —/—\—
&H———Pé’ —— =] -£|32 — — ~
(€)+ 2 128(&’) 2smlg) T g |
b ik, ik
Jl I_} ) _Iz_’]r ) N ) - A_]+§r£62+lﬁh_lﬁl
=— —P#* + Py 1‘?’%5_ [:32 L 8m28% 4+ w18t = ATI(6, \: £), A 1+é,-r25'2+ gnmun_n?frﬁaﬁ—n_n.—m-’*‘:s“
s - i | | I I I I | |
?0.2 -0.15 0.1 <0.05 1] 0.05 0.1 0.15 0.2
§(AIl{vg; P)) = 0 == dAIl{vy; P)/dvg =0 = § = vyt —

— pT Bl I EL L (t0)Ty S BT (o)
Jl " 72 2 2 " \7, 32 2 7 \7, A= 1
1 : 1
2

Buckles T ——

g ooy :3 1 L&} -

= 1.05 /A
The asymptotic force-displacement relation /’ FE-Post-buckling —
= behavior —

P=Pg|14

. 1 3 4 122[ 322}
}.Nl—i—zﬂiﬁ +32 ) —1—}—2?1'.:':7 1+ 32?1'5

Taylor expansions with

§ = vyt A= P/Pg  onlytwo terms

Matlab symbolic toolbox,

(&= saseatdul Suipeo]




supported column

The asymptotic post-buckling analysis

provides also the value of column shortening and
rotations at buckling

([P Pgf
u(f)ﬁi(P— ) (P}PE}-I—EA

logical proposition (P > Pg) = 1 when true, otherwise, zero.

2 Pt
u(@)z_(ﬁ) +%

wll) ~ — [ — P > Pr) 4+ —/—
e 2 (PE ) ( ) FA

Roller "’buckling’
displacement.



iFE—based post-buckling analysis‘inf axially compressed column ° Perturbed withtiny —— ]

"""""""""""""""""""""""" transversal distributed load e
* Can also be given as initial — L
shape imperfection A e
Model Builder <
- = v EtEL = -

4 4% 1D _column_20 Example POST_Buckling_F_red_10000_disg
4 () Global Definitions
Pi Parameters

¥ Study Settings

=a= Materials
4 Ty Component 1 {comp 1) Include geometric nonlinearity
I = Definitions
P .-"‘&\ Beam T
zi2 Materials Uses: Finite
b = Solid Mechanics (solid) strains and large
£ Mesh T displacements
4 ~dr Study 1: [Lin- Buckling Analysis] h
Step 1: Staticnary t eory

Primary
- e TEEEEEE———
equilibrium
Step 2: Linear Buckling
f [rm. Solver Configurations
4 e Study 2
[= Step 1: Study 2: POST-BUCKLING ANALYSIS
4 M Solver Configurations

b [4 Solution d -
4 [® Results ¥ Study Extensions

3uippng-ald

peo| AJ/d = X

— Buckles ) = ] m——

{k

e

A= 1.05 /\

P>PE D

b i DataSets Auxiliary sweep

b &2 Derived Val
a Sweep type: | Specified combinations -

) ] i
Parameter name  Parameter value list Parameter unit

vSaseaJoul Sul

3u1ppoNg-1sod

| param (param | ¥ | range(0,0.02,15) -
~

A 4 ~ "
p—

A= P/Pg




___________________________________________________ * Perturbed with tiny — --~

'FE—based post-buckling analysis | of axially compressed column ert.
--------------------------------------------------- distributed load =
« Can also be given as initial ” EEE
shape imperfection e

Post-buckling behavior

Post-buckling analysis of simply supported column, disp control [Baroudi, 2019]
T T T T T T

Post-buckling analysis of simply supported column, disp control [Baroudi, 2019]
‘ :
1+ . 1F =11 A
t = T h 4| -
| o > | 1;(7;)
0.8 /,‘-—-k—\ § 0.8F . ﬁ\
= i e AR
& g
g 06 L osf i
o =
5 & P =719.66 kN (analytical 1D)
& N X
l'( 0.4 . 0.4+
L 0.2+ . 1 1 1
02 Linear buckling analysis
| 2
0Ok (1] = | | 1 | I - t__,ﬁ
4 5 '2 _'1 0 ; 2 é 4 -0.8 06 0.4 0.2 0 0.2 0.4 06 0.8 71}3'3‘; '5” :
u(0)/ h (compression) [ .]

v(L/2) /' h (deflection) [ .]
Flexural deflection v(L/2) /h Axial shortening u /h % ey
V 5996 kN
A=84

e atleast, up-to the first mode is stable
* very shallow shape... no much increase in load bearing capacity



¥ Study Settings * 1
€ij = 5(“1'-.3' + i + Uk itr ;)

Include geometric nonlinearity

TUses: Finite
strains and large
displacements
theory



Buckling of columns | on elastic foundation Application: 1) Buckling in pile

design
P El P ; 74
mmﬂm A B Aol
k i Winkler model || ! NI
: NN e
b r(z) = ku(z)d | o
P 1 A - stk
. Application: 2) Buckling of rail track ¥ k, [N/m.m] (
= g g g = e 14 ; :i
. sine-shaped Track buckling I\ R, 7 N
s I \—ren— Kl
oty L 2
| o Shematic of founda-
|/ tion pile under axial

Liikenneviraston ohjeita 13/2017

. ; Eurokoodin soveltamisohje
Buckled rail track. Note the sine-shaped buckles Geotekninen suunnittelu — NCCI 7 (21.4.2017)

3.4 |Nurjahdus*est§vyys STR/GEO
Linear Buckling

analysis

vataan jousilla. 'I‘

F==r=======<=

| l

Sensitivity to imperfections
Post-buckling analysis
(Non-linear Buckling analysis)

—_

thrust which is elas-
tically restrained by
the soil (geotech-
nical design; Eu-
rocode 7).

5.
Nurjahdustarkastelu voidaan suorittaa rakennemallilla, jgssa maan paalua tukeva vaikutus ku-

Rakennemallissa (yleensa FEM) tulee paalun alkukaarevuus ja kuorman epakeskisyys mallintaa.
os paalu mallinnetaan suorana ja kuorma keskeisena se ei laskennallisesti nurjahda.

Cf. Eurocode 7



ATI = = f EI"(2)]? + k[v(@)]%dz — P f ~[v/(2)]?dz.

Can be used to find

G . .
approximate solutions

Euler-Bernoulli beam

|energy criterion §(AIl) =

l

£ £
f EIv"5v" + kvdvdz — Pf v'év'dr = 0, Véu
0 0

|

Rayleigh-Ritz

‘ ‘ |

) (1 kv(m)Qdm) = f kv dvdx. i
D a 1

new add to ODE !

which becomes after twice integration by parts

" [Tep——— |

{
f [ETv™ 4 kv ri— Pv”] Svdz + [EIV" §v')§ — [(EIV" +Pv')év]§ = 0, Véu

‘\ —0 j - - :
| Y
Jl Field equation Boundary conditions
The linearised buckling equation T

&

EIv® 4+ Py +ikvi=0]|. |

Can be used to find exact
solutions

Solutions?

El

R n T
k§
Ft‘ 1

B,

Shematic of simply
supported  axially
compressed col-
umn on elastic
foundation.

)



ATI = = f EI"(2)]? + k[v(@)]%dz — P f ~[v/(2)]?dz.

Euler-Bernoulli beam

Ienergy criterion §(AIl) =

0
‘”’ ----- new term -----------

£ £
f EIv"5v" + kvdvdz — Pf v'év'dr = 0, Véu
0 0

1 L

compressed col- @ [}
umn on elastic
foundation.
()
____________________________ , k
1
1
i
f kv dvdx. !
0 ' i : Y
new add to QODE ] @ ]

which becomes after twice integration by parts

L
[ETv™ 4 kv ri— Pv”] Svdz + [EIV" §v')§ — [(EIV" +Pv')év]§ = 0, Véu

0 ~ [ S——
| _D -M

| | |

Y ' ‘ [ :
Jl Field equation Boundary conditions

The linearised buckling equation T
&

EIv¥® 4+ Py +ikvi=0

Shematic of simply a,
supported  axially Y

El

B,

Buckling modes of beams on elastic foundation

NwL P P
WO ——BE
\//\ n=4
~— — n=s
/\\ n=2
. . ] . n=1
0 0.2 0.4 0.6 0.8 1

x/L



The linearised buckling equation The buckling load is the smallest critical load:

The smallest critical load FP.. = P, depends on the half-wave number n. Y

EI

The following trial satisfies the differential ‘ P., = QPE\/B =2V kEI. ‘4—- limit for ‘long’

E_Ii!{‘i} + P’U” -+ ko — 0| Constraint: half- @ ¥
dpn 0 ) ‘\/B <+— wave number n should
_— = :}\- . = b :
& Boundary conditions Jl dn ! ..-.e_f.n__l_n_t_eﬁe_f____i___
Indeed, this is a

equations & the boundary conditions b
4 - k
. nrx B = k{ EE,BI’ME?)
vn($)—smT, n=123,... AR I
P2 P, l

_I_D = = J#
JL y‘ " m2El T Pg 3

The critical load i
come R / The buckling load:
i/t ‘Long’ beams: Beams of arbitrary length:

2
+— >n’Pg \/7 TET
2 2 -2
— — .
Pg ] ) (= 181 /4 > 3 \ ] ]
= n — == | — n=123,... . .
£2 n? EI (ﬂ) ’ P depends on coefficient
“—;E—" vz! (see graph next slide)
,8 which represents, graphically, a set of straight lines for n = 1,2,3,..., etc. in 1(3 - 4
P n + —5 function of the relative stiffness 8. The graph P, — 3 shows the lowest values for ( E I

n P, which correspond to the critical loads as function of the parameter 3.

What is the corresponding buckling mode?



Buckling of axially compressed

Buckling of columns on elastic foundation

Attention: The buckling mode column on elastic foundation
What is the corresponding buckling mode? corresponding to the g
D )8 buckling load does not =
Pn = n’+ = alwa the first d 3
n2 VS e first mode 3
-~ 3
20 I P T T :rl------—————1: |
I L = l
T A )
o (S
(o) I
— ID.‘,:
(o)
e .
a
A n=1 Relative = ——
0 stiffness T El
g / 7 -0.02
Q 6 r : ‘ C : r P P Buckling of beam on elastic foundation A o2 ™
Q0
; \
D
ki N\
q \ c'r = kcr VEEI
" 1
Buckling Buckling
load "  coefficient
depends on
5 kO
7iET




Buckling of a column on elastic foundation - a summary

Other types of boundary conditions

* For general types of BCs one should obtain a

complete solution of the ODE

P k
(4) m AT
Ty Ll
,!34
v @ 4 ALy 4 fﬂ =0

M = P/EI (= p?)
1 =4k/EI (= 4b%)

The general solution v(x) = Ae™

o AP}.BE::-

v(x) = C} cos px + Cysin px + C3cosqr + Cysin gz

p=3 N+ B+ - & q=3 N+ B - LN - B

o ’\P {ﬁk:

v(x) = C} cosh px + Cy sinh px + Cg cosh gx + Cy sinh gz

p=35/Np+ B2+ 3/BE - 03 & g= 5/ 0B+ 8 - 3/B2 - 03

* \p = [,
v(z) = (C1 + Cax) cns(}«k/\@) + (C3 + Cyx)sin (Ak/\@)




* For general types of BCs one should obtain a

complete solution of the ODE

L =4k/EI (= 4bY)| |22 = P/EI (= p?)

v(z) = Crcoskix + Casinkyx + Cycoskax + Cysin ko

[ cosk, L

P k
ot g+ g =0
. (k1, ko) = \/a® £ VA :J(—L)=1:(L)=U,
v@® £ ALy + %v —0 vi=L)=v(L)=0.
o o A,
sin kL cos ko L sin koL Ch - Criticality condition: Beam on elastic foundation \

cos kL —sink; L cos ko L
—kysink L kycoskiL

—kosinkoL kocoskoL| |Cy

]
N
kisinki1L  kjcoskiL  kosinksL kocoskosL| | Cy 10} ]
- - - -7 ~
k£4 0.4173
P = p-2VEET = . 0 : f
er = H 5 /8 AE] . :
T / =
-10
AN

0
—sinkoL | |Cy 0
0
0

— kL*/EI = 2n*

EI

f(n), g(n)

To obtain from the smallest zero of the determinant — f (symmetric mode)
l g (antisymmetric mode)
Buckling load _ O e
g | * One should consider, -20 : = T “ﬁ
v telv. svmmetric 0 0.2 0.4 0.6 0.8
Por = Py/ner = 24, -2VEEL | separately, sym n n(Pa) = R/P
Y ‘—‘V"—"Pﬂ and a_symmetrlc Py = 2VKET
bUCkImg L The zeros of the determinant for the buckling of a column on
Let’s fix the value ) ) * The smallest critical elastic foundation.
kL*/EI = 274, load = buckling load

In this example:




Buckling of columns on elastic foundation
n=1

The linearised buckling equation B=2 ﬁ———a FEM = 2.162 MN

Theory = 2.159 MN

EIv 4 Py + kv =0|. | n=2

B=5 1 FEM = 3.717 MN
‘ Theory = 3.778 MN
‘ FEM = 9.816 MN

p=40 ! Theory = 9.675 MN

1

& Boundary conditions

In the following, for illustrative pedagogical purposes, we analyse a simply sup-
ported column on elastic foundation with centric axial compressive load P. Sim-
ulation data: £ = 1 m, b = ¢/10, h = 50 mm. E = 70 GPa (v = 0.33). We
investigate, how the relative ’stiffness number’ 8 = kf?/(n*EI) determine the

number n of half-waves of the buckling modes correqpnndmg to the (smallest)

———————————————— p=40
buckling load P, Q-|||l-<10 ;/\ﬁ
| p=5

Iy

0/," H L X ' | f
Jogt 10 20 30 34 s e 70

Linear FE-buckling analysis. Buckling of axially compressed

KR n
k 3
nqﬂk\' L]

The buckling load:

Por = ker VEET

T

Table 1.1: FE-linear buckling analysis. The loads are given in [MN] units. Buckling load

3 ¢ n pPim p (theor) — pFEM  pltheor) p 1 [N/m?] depends on
2 1.189 1 2.04 2.121 2.189 2.162 3 14.2 ].;:f‘l
5 1.49 2 3.22 2.348 3.778 3.717 5.3 35.56 /8 = 1

40 2.515 3 9.10 2.126 9.675 9.816 13.4 284.1 i |

|
Buckling

coefficient
(see graph next slide)

What is the corresponding buckling mode?



Post-buckling analysis of columns on elastic

foundation

FE-based post-buckling

analysis

Buckles here
(2D elasticity
solution with
tiny initial
imperfection)

—_—

8 = kf[(xEI)

The column-beam 1is
simply supported

(kuvasta puuttuu

nivelet)
Afd, = 0.003
o,
M =0.978 4& T
Mg = 0,981
= e
A =0983
k
A/h, = 0.991
qﬁ A B
a,

Figure 1.89: Post-buckling displacements in 1:1 scale (FE simulation). The
perturbation scale e = 1/1000. After A/A4 pp > 0.991, the behaviour seems
(in this simulation) to become unstable and could not be captured because
of force control approach used (I will do a displacement control soon). (EJ =
72917 N.m?, 3 = 5 (n = 2)), theoretical 1-D value for P,, = 3.778 MN (2D-
elasticity FE based linear buckling analysis gave P, pg = 3.720 MN). .



Effect of foundation stiffness on post-buckling behaviour

Buckles here
(1D theoretical
ideal solution)

Buckles here
(2D elasticity
solution with
imperfection)

Post-buckling of beam on elastic foundation (displacement control)

Fnﬂ-bu:ldng .'lnlyms (oodumn on elastic foundation, # =3, n = 1) dsp contral [Barou:li,zmﬂl
Post-buckling analysis {column on elastic foundation, 7=3, n =1} dsp control [Baroudi, 2019]

Tk || |
N

T

= — 08¢

u(f)

o5 06F 1 L5086}
Ty —
“ -
) S L
v E I
0.4r 1 0.4F a
02 1 021

+— I

w0
.

0 i i ! i ) L L )
-1.5 -1 0.5 0 05 1 1.5 0.3 0.2 0.1 0 0.1 0.2
v(€/4)/h (deflection)| . ] u(0) /h (compression) | . ]

nclat 1. 2D F mple POST Buckling F ored 1 beta 3 lisp cont K ol

Figure 1.93: Post-buckling equilibrium paths (FE-simulation, displacement-
control) of a uniformly compressed column on elastic foundation. The ends-
load is centric. The parameters ¢, kK and EI are such that 5 = 3 and the
initial post-buckling mode corresponds to one-half waves (n = 1). The
perturbation scale for the transverse loads was € = 1/1000.

The column-beam
is simply
supported

(kuvasta puuttuu
nivelet)

o,

& N p

EI
L

%




Effect

of foundation stiffness on post-buckling behaviour

er, 10

R(0), /P

1

1

T T T T T T T T T T T T T T
Unstable Stable Unstable Unstable Stable Unstable
| | |
0.99 | ———— ‘ L 0eep  — Tt
098 5 0.98 -
0.97 - A 0.97
Postbuckling analys| on elastic A=5,n=3) disp control [Baroudi, 2019] Pest-buckling analysis {solumn on slastic foundation, =5, n =2) disp control |Baroudi, 2019)
— N
u(0) = 6.6 mm
1+ 1 4
0.8} ]i:; :;i’ ¥ I 1 0.8} 4
06 1 0.6 .
u(0) = A+ uw(0)er
L4 — 4 B
e 0.4 u(l) = —X - u(0)g
u() ulf)
N
FifEEisbigEiieaEid
0.2F =1 0.2 et E=1m * -
k=pr'El/# = 35.5 MN/m*
El=T72917 N.m?. pf=5n=2
u A1 I L I ol 1 0 L 1 L L L 1
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 0.8 -0.6 04 02 0 0.2 0.4 0.6 0.1

v(£/4)/h (deflection)[ . ] u(0)/h (compression) [ .]

Figure 1.91: Post-buckling equilibrium paths; v(¢/4) versus P/P,., (FE-
simulation, displacement-control). The parameters ¢, k and EI are such
that S = 5 and the initial post-buckling mode corresponds to two-half waves
(n = 2). The perturbation scale for the transverse loads was € = 1/10000.
(the post-buckled displacements are in scale 1:1 in the deformed column).

The column-beam
is simply
supported

(kuvasta puuttuu
nivelet)

o,

& N p

%




Discrete energy method - FEM

The starting point for deriving the elementary matrices above is the total poten-
tial energy functional (1.233) or more directly, its variation which is known as
Virtual Work Principle. The idea is the write the variation of the total functional
as a sum over the elements
N ¢le) £e)
S(AIL) =Y { i EN"(z)6v" + kv(z)dv(z)dz — P© /ﬂ u’(g:)esu’(x)dx] =0

e=1 L

M
(@) = Y di@)a)® = N(z)a®,
i=1

a[E]=[ﬂ1 91 Vo 92.]T

N ple) Fe)
=Y (salh)T / N""(z) - EI - N"(z)dz + NT(z) - k- N(z)dz +
e=1 0 <0

dv(z) = N(x)sa'®, _ ne KF)
¢te)
Nj(z) are the shape functions — / N’T(I) . Pl . N'(z)dz| al® = 0, véa'®
AN . S ) Jo
K |

where P(®) = —N%z) and N%(z) being the membrane stress-resultant



Discrete energy method - FEM

The starting point for deriving the elementary matrices above is the total poten-
tial energy functional (1.233) or more directly, its variation which is known as
Virtual Work Principle. The idea is the write the variation of the total functional
as a sum over the elements

N gle) £le)
S(AID) =Y { A EI"(z)60" + kv(z)dv(z)dz — P /ﬂ u'(m}au’(m)dm] =0

e=1 L"

N gle) Fe)
=Y (6al®)T N""(z) - EI - N"(z)dzx + NT(z) - k- N(z)dz +
J0 ()

e=1 Y, - Y s

K}:_.E} K%_.FJ

gl
- [ N'T(z). PO . N'(z)dz| a® = 0, V6a(®
0

T, -
T

Keg

where P®) = —N9z) and N%(z) being the membrane stress-resultant



Discrete energy method - FEM

linearised stiffness matrix for bending

[12 6/ —12 ﬁf]

K[B}_E 6 462 —6f 247
L @ | -12 -6 12 —ﬁ-fj

6/ 207 —6f 442

Euler-Bernoulli beam element

(x)

(z) = =(1 - 2/€),
Na(x) = 3(z/0)* — 2(z/¢)°,

(x)

consistent stiffness matrix from the elastic foundation

26 11¢/3 9  —13//6
P _ k13 2023  13¢/6  —£%)2
L 70 9 13¢/6 26 —11¢/3
I —134/6 —£2/2 —11¢/3 2¢%/3

Diagonalized foundation stiffness matrix:

1 000
kf

(F) _ 0
KL =310
0

0 0 0
0 1 0
0 0 0

geometric elementary matrix is

(36 3¢ —-36 3]
K. b3 4 -3 ¢
G~ 7300 |-36 —3¢ 36 —3¢

| 3¢ -2 -3¢ 40

compression load P = —N%z) > 0.

=1-3(x/0)* + 2(x/£)%,

Hermite cubic shape functions for EB-beam

1
'_"‘“----.,_‘\“N1 N3

04f}
0.2
0
0.2 : : ; :
0 0.2 0.4 0.6 0.8 1
x/L
fle)
K® = N1 (z) - EI-N"(z)dz,
0
Flel
K = NT(z) - k- N(z)dz,
0
§le) T
Kg = — N’ (z)- P . N'(x)dz.
0

[A result from FEA] The convergence rate k
for Euler-Bernoulli beam element for the
Eigen-valuesis k=4



Application example

DO: Determine the critical load and the
by the “handy-FE” method

P

0 1 —
v Ky =KD = Zae - g Pl = p
& 304 (2) _
é (1) Er P P = 3P
1 2 2
Kiag=Kqs =K = —2f —f
§ T inTRe =mettgy
0] EI P 2E] 3P
W Ko, = KN L g D2 T g2 S g2 O 2
=+ 22 =My TR = 5000 T 30¢

The global linearised stiffness and geometric matrices

corresponding mode

2FT [2
HKL_ ¢ [1

]

Pel4 -1
30 |—-1 16

membrane stress

Initial
] (pre-buckling)

(]

5[5 )|

o=k

U

[ 0.266 |

Py = 1.62m? E—E<—Load & mode —> ¢1 = _0.196
ZEI ) _

2 —0.428

> P2 = —0.159

Buckling

NB. On should refine the FE-mesh until
convergence ..



refine the FE-mesh until

Accelerating convergence e e W

About convergence .. and Richardson extrapolation toward the limit

Convergence rate

 Assume we have an priori knowledge on The numerical l
the convergence rate of some quantity ——— solution is Ohk
(can be always estimated) / X proportional to T h step-size or
A ' Positi characteristic mesh-size
e.g.. buckling load ositive (length of the largest
constant

element)
 The above extrapolated solution is much

closer to the exact one than the solutions Two solution with two

1and 2 different mesh-size: h, < h;
k
A = A+ ChY = A(h)
Richardson extrapolation: isasequence convergence acceleration method Ao = Aop + Ch,‘;" = A(h2)
k
ho —
A2 — Ap (h_l C= - rhit &

A — . [Aresult from FEA] The convergence rate k

exr L h )

ho Ao = Ao + (A1 — Aez) (_2) for Euler-Bernoulli beam element for the
Extrapolated 1 — h_l hy Eigen-values is k = 4. (We can also estimate k
value from log-log plot of convergence rate (graph of
NB. This extrapolated value is much more accurate changes in lambda versus changes in h)

than if would refine substantially the mesh further



Physical discrete model based post-buckling analysis

Simplified model of elastically restrained column p 8 = k€/(x'EI) p
L |
translational spring

kp = k(/2

rotational spring

kp=1/An?EI /¢

B = két/[n?EI]

u=2- %{1 — cos(p/2)), v = —sin(yp/2)



Solution

L :
u=2Z(1-cos(p/2).  v="sin(p/2)
Lo 1, 9
IT = ELRL,:: + 2.‘:’]‘1? — Pu
= éﬂ":" ij 2 4 lﬁﬁwiif 5111‘3{\,9/2] PL(1 — cos(p/2))]
=0
_ﬁ l.ﬁc:;a{p}?} p=0 A= 1+%|3.
P — B8 .mEI
cr(ﬁ) _( + g} /2
K_Y_)
A
P )\’II'QEI
(Ref: This problem is provided by R. Kouhia) o L2

Equilibrium paths

2 P =(1+3B)

1.2 T T T

1.5

~< 1
B = ke*/[n*EI] g:(Q) S
. S~ B =
05 & & Bﬂ: 2% ........... T
M B=6
O | | 1 1 l l
3 2 -1 0 1 2 3

1

1 d
— S — (—c,, - —33111(.,,/2)005(,9/2) - éAsin(¢/2))



Solution A

s m2El
Equilibrium paths 28 Fer(B) = (14 g} 72

Unstable

From this study we conclude that

e the buckling load increases with
the increase of the stiffness of the foundation.

,(
« However, at the same time, the B = ké*/[m*EI| B=0
bifurcation switches from stable to becomes of unstable , o~ ; o
- 0.0 & BI¥ B=92 e 1
after a critical value 3 > 8/3 ﬁ_— ]
B = kt*/[m?EI] M | B=6

01 1 ] 1 l 1
3 -2 -1 0 1 2 3

e

What to take with you? From the above study we can conclude that: the buck-
ling load increases with the increase of the stiffness of the foundation. However,
at the same time, the bifurcation switches from stable Lo becomes of unstable-type
after a critical value for 8 > 8/3.



Euler's basic buckling cases

Eulerin perusnurjahdustapaukset

2
= 7 El
o — H—>
1
i i [
il 1P|
i P
- b
i .
1R B
/A
pil o |l P
Topous| 1 2 3 | 4 | s
v | o025 1 2066 | 4 L1
1 1
2
7 El
P =4

Euler's basic buckling cases

Eulerin perusnurjahdustapaukset

e p
L3
: 2
i PR EI
cr K E.z
B
(o 1 F 3 & -]
| ¥ _| 035 1 2045 L
Buckling length - Pilareiden nurjahduspituudet
Wk @ g &R W
! f
I ]
x El A=—t=
P =" ‘ Ju i
EI 1En L
1]
b= L= A c=slenderness
HIEI;II'ESIJ'HEE] 1 himkkisluiki
Nurjahdus|annitys: ' E L o .
J J -I'I-| - - gh= a3 3 lr- E'Irn.m'll"‘:l
B xE_ o 3 A wn
.n'h — — = =.” = N
A i '




Five Fundamental Cases of Column Buckling

Elementary buckling cases

Eigenfunction Effective

Boundary Buckling Eigenvalue  Length
Case Conditions Determinant Buckling Load Factor
1 0 0 1 sinkL =0
I v(0) =V'(0) =0 0 0 0 —i kL = m 1.0
V(L) =v(L)=0 1 L sinkL coskL | p__ p
0 0 —KsinkL —K*coskL|
10 0 1 -
g O=v(0)=0 00 0 & b 4493 0.7
v(L) =V(L)=0 1 L sinklL  coskL p _—;’2045P ’
0 1 kcoskL —ksinkL or — &NOTE
10 0 1 kL
m M) =v(0)=0 01 &k 0 sin —>-=10 0.5
v(L) =V(L)=0 1 L sinkL  coskL kL = 2m '
0 1 kcoskL —ksinkL P =4Pg
0 0 0 —k2 coskLﬂ= 0
v V(O + BV =v'0)=0 [0 ¥ 0 0 =5 20
v(L) =V (L) =0 1 L sinkL coskL Pr '
0 1 keoskL —ksinkL | Pa=—
0 1 k 0 ——
y O+ =V0) =0 [0 & 0 0 Sk =0 10
v(L) =V (L) =0 1 L sinkL  coskL p — p '
0 1 kcoskL —ksinkL o T E

i '

/ Il Il v v

Adapted from the reference:

STRUCTURAL STABILITY OF STEEL: CONCEPTS AND APPLICATIONS FOR STRUCTURAL ENGINEERS. THEODORE V.

GALAMBOS ANDREA E. SUROVEK

JOHN WILEY & SONS, INC.

Geometric interpretation of the
effective length




Example —rigidly fixed ends column A,

N 8 Ry
v(z) = Asinkx + Bcoskx + Cx + D | 3 -
v'(xz) = Akcoskx — Bksinkx + C. v(0) = v'(0) = v(L) =2'(L) =0
l B+D = o0 0 1 o 1][Aa] [o]
k 0 1 0 B 0
— ) =
kATC =0, sinkl coskl L 111 cC 0
AsinkL + BeoskL +CL+D = 0, kcoskL —ksinkL 1 0 || D 0
kAcoskL — kBsinkL +C = 0. ) —3 ——
H |
Non-trivial solution:
the determinant Ak sin E(Siﬂ E _ @ COS @) — 0.
vanishes: det{H} =0 2 2 2 2
——>  Criticality: smE =0 or tan L ﬁ,
2 2 \ 2
: . kL 4 kL
The zeros of the determinant: - =nm, n= 1,2,... , 5 ~ 4.493.
\ |
" . . or | 4r2El
The critical load is the smallest: k= —, (n=1), ww— P =P, = WLE

2
The critical load from  p _» 7 El
Adapted from ref: prof. Tuomala M. the Euler’s ‘Table’ : o £2

¢f.
=> Hq =0,
det{H} =0



AN 82 N
—_ i i ? . . — _— -
Examples —what is the buckling length? corresponding buckling mode: S - N
critical 7°El AT?ET oM L S
load: P, =4T P=PF, = —77 > v(z) = B(cos A I)J h
19 .
0.5 ]
S e M (0.25L) =0 M (0.75L) =0
;'i 0 p—a—a—5 " / » n
& 27 derivative | i
05 _I\/I ) : | —w ]
(V) ; g
-1 i I ® M=0|
| | I | | | | | i | [
0 0.1 0.2 o.i:zs 0.3 0.4 0.5 0.6 0.7 0.575 0.8 0.9 1
i ~ XL i
=_ .= —=
g Ebuckllng L/2 :
buckling length a2 2 2 2 ' !
P,=4r"El/L° =x"El /Ebuck"ng = fbuck“ng =L/2
P -p?\ /4@ p!
i .‘\‘LH"'% g ) —_
"1 Given by tables ii | aaseanl ! Ebuckllng — L
ln =L h "zlﬁ 0.3 0.4 0.5 0.6 0.7 0?5 ﬂ
- / P buckling — ~——
g - L/2 .

_____ buckling —
“w#0btained from theory



Appendix



Stability theorem of Lagrange-Dirichlet

Lagrange-Dirichlet Theorem: Assuming the continuity of the to-
tal potential energy, the equilibrium of a system containing only con-
servative and dissipative forces 1s stable if the total potential energy
of the system has a strict minimum (i.e., is positive-definite). U

* Isaglobal energy criterion for stability f I1” >0, stable.
* will be used §ystemat|ca!ly to derive the {TI" =0, neutral,
all the equations of stability (loss) we B
ced for all elastic structure s ,ﬁH <0, unstable.

Lagrange-Dirichlet theorem and investigate the sign of the
increment | ATT = 611 + 6211 + 611 + 611 + . ..

(More general than Trefftz)

terms between the

Self-reading 4)((‘0

Trefftz condition

Y %

for stability of an equilibrium:

(5°II(u) > 0, stable,
— §%II(u) = 0, neutral,
kSQH(u) < 0, unstable.

/

TT (%)

ble | unstable

unstable

initial and perturbed states

§5 Sta

@ HII > 0 <__+___>

S stable

£ R

)

S II"=0 2 -
"5 neutral 0 |

Q. |

g " < 0 I"(u; P) = 0 :

Trefftz is a particular case where the total potential
energy increment is expanded only up-to 1ts quadratic



The criteria of loss of stability This 1s a Taylor expansion of a function /%bq
4
I1(q° + dq) =I1(q") + - 8g; + 8qidq; + . ..
Tt (q q q) =II(q") Z |q ¢+ o ”ZI aqﬁ q0 *64i0q;
E->° "
o II">0
qc,u stable '1“““ bt
S ~11(q”) + [V’H(q”)] dq+:6q" [H(q")|dq +O(||é6ql®),
= H”=Oz, S——— . 1_2_ _________________ i
§_ neutral fﬂ, equilibrium y — 521'1
g " < 0 =411
3 unstable
at equilibrium (61T = U)
------ 1
2771 T 0
MI—-CE__H__+ O(|léq|[?) ~ s10a” [H(a)]dq
? H
A''Taylor 'expansion’of" a ' function r More suitable form for finite number
_frl:{l:] f"[:ﬂ.} , _fml:il} , of dofs and continuous case
f@=fla)+ ——(@-a)+——(@—a) + ——(&—a) +-, Leading term for sign change in the

(5°II(u) > 0, stable,

/ increment of total potential energy
Self-reading r————————-----: _____________ [1"(u; P) = 0 or more generally, §(AIl) = 0,

___________________________

521](1.5) < 0, wunstable.

miSy
b
=
—
=
f—
I
=
=
g
=
ﬁ_
=
2




About the criteria of loss of stability — Example with two dofs e

Self-reading

4
1 1 ™ 2 1 Uy — 4 2 1 () 2 ((
All(vr, vg) = Sk(vi +v5) = PE [5 (7) +3 () +3(7) ]
1 : P2 -
All{vy, va) = 5 [1;1 -a,lz] E E] -7 {_‘}‘1 21] :::;] (1.68)
| S A —
K s(P)
H(0,0)
So, one obtains the quadratic form
L 1
All(q) = 59 Hq, (1.69)

where g being a tiny deviation from trivial equilibrium configuration q" = 0

and
A—2F P
Hz[ P A—EP]' (1.70)
We can also write directly the loss of stability condition in its variational
form 6(AIl) = 0 and obtain

Note that the coefficient matrix of the associated Eigen-value problem
(Equation 1.66) is the same® than our Hessian matrix So loss of stability
occurs when

" =0~ det{H} = 0 (1.73)



Energy criteria for determination of in-
stability of elastic structures

Self-reading

Let's illustrate mathematically the basic stability types

e stable

e unstable

e [ndifferent

keeping a simplified example of the rigid ball (null strain energy)

The total potential energy of the system

M(z)

Initial total potential
energy

= Iy + mgax*

&

C
0% %

Tpotential energy
of gravitation

perturbed equilibrium

position
I

(zo + 6z) = (z0) + %f) 1.d*TI(x)

T o . ol

Initial equilibrium

position _ H(.?:D) n 5]_[‘% n
T

2 \dIZ
L“““‘Wﬁ52fﬂxn

1(531_[‘9311

J

1
= 8%, +
20 Mo + 3

Since zg is an equilibrium then éTI|,, = 0.

—— Al = (2 + 62) — I(z0) = 3

The sign will provides us the nature c}f stabilit

‘1:,;,535' + _—‘In(éi")z

60T, H

N 1 d°TI(x)
3! da3

k—f(ﬁgﬂlxn)

d
3! Hlﬂ?n

'<'"" .

|2 (02)% + . ..

Geometry locally
approximated

a > 0 for convex, «wx

AL > 0 le
F.N =

a < 0 for concave . [ ‘

a = ( for the neutral ]'"—rrm'rrm

AH 0 Indifferent

Three various types
of equilibrium con-
figurations.

Equilibrium? Yes.
But, is it stable? No.

" = 2mga. _ or equivalently
II” > 0, stable,
IM" =0, neutral,
f I1" < 0, unstable.

¢ The idea is the make the study of stability in
terms of variational calculus



Energy criteria for determination of in- Self-reading

stability of elastic structures

First, keep only up-to the second order?' term:

LT () §o vy > Olsa)?
All = 5 __fl_u_”?_?____l___i(ém) = mga(ox)” + O(ox)”.

Consequently, the initial equilibrium x is stable when a > 0 (locally convex
surface), unstable for a < 0 (locally concave surface) and indifferent when

a = 0.

Bellow follows a résumé: At the critical points (equilibrium points),
studying the sign of the increment of total potential energy AII, makes it
possible to make statements on the nature of the actual equilibrium:

1. stable: (stabiili) AIl > 0

2. indifferent : (indiferentti) AIl = 0. Often, the total potential energy
increment Al is expanded to second order only (squares of small
displacements). In this case, AIl = 0 and therefore, higher order
terms should be included in the Taylor expansion to decide of the
sign of AlI to disclose the character of indifferent equilibrium.

3. unstable: (labiili, epastabiili) AIl < 0

2% %
2

Geometry locally y(g‘;) = T
approximated f v

S
a > 0 for convex, iWX

ATl > 0| Stable
s =

a < 0 for concave | I,

a = 0 for the neutral | :
All =0 Indifferent

Three various types
of equilibrium con-
figurations.

Equilibrium? Yes.
But, is it stable? No.



Energy criteria for determination loss of stability
of elastic structures

The general® Trefftz (1930, 1933) criterion says that the loss or change
in stability of an elastic structure occurs when the variation of the second
variation®® of the total potential energy II of the structure vanishes, i.e.,

5(6°I1) = 0. |

Later, while discussing about bifurcational loss of stability, it will be shown
that Trefftz stability condition (Eq. 1.85) is essentially an energetic criterion
saying that during loss of stability and for the critical load, the equilibrium
holds also in the perturbed state u* = 4 + du, i.e, then §(AIl) = 0. It will
be discussed later that, indeed all these energy criteria for loss of stability:
(AIl = 0; P,,;, = P..), 6(AIIL) = 0 and §(6%II) = 0 - which look at first glad

different, are indeed equivalent®



We will use
systematically this
more general energy
criterion:

Iﬁ=mﬁ+@Jﬂ=H[Vﬁhﬁmw+5%Mﬁ—5mm . (1.125)
N
=0
The idea is now to develop the increment of total potential energy up-to
second or higher when the second, third and so on, variation vanishes.
Then the energy criterion for the stability loss is unchanged and is (phys-
ically, an equilibrium condition for the perturbed state u* = u® + du =
0. 4).
u +):

6(AII") = 0,¥6u__kin. admissible (1.126)
S(I[u® + du, P°] = 8[IT[u°, P°] + 6I1|,0 +152H|u0 53H|un +...)] =0, Véu
Ol Ty 3!
-0

(1.127)

S(T[u® + du, P)) = 8[TI[u®, P°]] +4]~ 52muo] +oly 53H|un] 48[ = 0,Y6u
—(]

(1.128)

§(TT[u® + Ju, PY)) — T[u®, PY)) = a[%a“?muo] + [%53%01 +6[.. ] = 0,Vbu.
S(AIT)=0 ~ ;Lg -
(1.129)

When we keep terms only up-to the second order we obtain the energy
criterion for stability loss in the familiar Trefftz form too as:

> || 6(AII) = 8[6%I1|,0] = 0,Vdu, kin. admissible, i (1.130)
e Ti___“““__“““““““““—““J

Self-reading

Trefftz stability loss criteria in its canonical form



Effects of boundary conditions — experimental evidence for Euler’s buckling formulas

1 4 2 1/4

PINNED

PINNED Fi % 0 ' FREE

| PINNED-PINNED. ﬂ ]FIXED FIXED [ ]

FIXED-PINNED :FIXED-FREEf w2El 4x2El 27El =w’El
— For = =5 5 2 a2

1 4 2 1/4

'M*




Change of total potential energy — example of a buckling cantilever

Bryan form

1

Al = L &, TEe,dV + f e,To0dV.

+ increment of work of external work
not accounted in by the work of
initial stresses

ut =u’ + du

1
€ij = 5(\“‘1'-.3' + Uji T H—k,i“k,j)

| T
Linear part
Non-linear part

N

I 1 ¢ nz £ 0 1 12
&H:—/ EIW") d:t:—}—/ 2A[5 () dz,

~—

/E’I (v")2dz — P/

—-‘

]d:z:

|
AV = — AW,y = —P/ﬂ [§(L

)]de




Ayreton-Perry design formula Steel ¢ = 2m,
a = [0.446, 0.297, 0.223],
t = 0.1714 m, h = 0.2 m,

Buckling curves eo/ = [1/400, 1/300, 1/400]

0,0

Eurocode buckling curves

Yielding
|
[ ’ ]
ha| Euler cubic
\\\:\ N ‘\‘ . hyperbola
\ \g\\ \\ \\A/

10 12 14 16 18 20 22 24 26 28 30

0.2 04 0,6 08
/ Muunnettu hoikkuus A
Non-dimensional slenderness

Adapted from

T T T T T T T
Yielding \ -
1 f—————— 1 e, /L =1/200 H
| e, /L =1/300 1
\ e, /L =1/400 1.0
08l "\ — — —Euler cubic hyperbola| | 09
\ > 08
! —_ :‘ﬂ H
‘ \\ X = ]_/:’kz = 0.7
\ / _ -‘ﬁ 0.6
0.61 \*  Euler cubic hyperbola 1T 8 o
X 5 :é-' '
A 04
N\ = '
= 0.3
0.4} 1 B
. 1 LE 0,2
X = = =
&+ P? — N2 /' o
0,0
0.2 Ayreton-Perry formula
DD 0I2 DI DI ‘II 1I é 2I 3
. 5 075 5 5
/_\ — —_—— /
a)
1

. b+ /2 -2

1 < =9
wllele¢—§[]+a,\+)\} N,=P<Np=x-

Eurocode 3




' Equilibrium path, Stability, Instability

Examples — snap-through
Note that loss of stability may happen also without

. . . . . e
bifurcation throug limit points as here O%O
| " 7,5,
%
yresentation and BN
el s %o
ilibrium paths “se.

- Limit point

sgép-th rough



The Rayleigh-quotient

Probleme eulerien : la condition de Legendre s'écrit toujours dans la forme d'un

probléme de type :
EV” — Pav? =0,
D’apres le lemme fondamental de la mécanique on peut aussi écrire Sy,
/ / % o
/ EV" dx — Pe / V' dx = 0 Vo, ;
0 0 @0/)7\9
et donc en particulier I : %0’,9
Q,
/ EW"v dx — Pa/ v'vdx =0. /)7@&\
0 0 Co(/f
En intégrant par parties et pour nimporte quelles conditions au bord de e~
liaison parfaite,
/ I
/ EI(v")2 dx — Py / (V)2dx =0,
0 0
4 [ RAYLEIGH OSAMMERA <
I Pt (“..*\ —Q W\fv) -3
o El(v")? dix el bzl T
? 0| Fattaydee | i
_____ 4 Rl Y

Condition nécessaire pour que P, soit la charge critique de la structure, avec v
déformée en équilibre avec P.

https://eductv.enpc.fr/videos/mecanique-des-structures-seance-8/ (5.10.2017)
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Homework? slope-deflection method

Show the above result.
All beams and columns elements bending rigidities are
equal. The height and the span are equal too.

S//O,G
Hint: you can assume the symmetric and the anti-symmetric ffoo, "
modes of buckling. Think how this hypothesis can simplifies
or reduces your problem.

El
Pcr=12.9l_—2 R:r:1-82ﬂ

_ /

(a) (b)

framed systems: (a) no side-sway and (b) side-sway allowed
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Slope-deflection method

Stiffness coefficients and Berry’s stability functions [1]

* The geometrically non-linear problem (cicd aiso sometime the stress-problem):
The equilibrium equation should be written in the deformed ~
configuration. The stiffness matrix is now non-linear. As for
bending without axial load, we here solve the BVP with given
four boundary conditions at the two nodes (or ends) of the
beam where nodal deflections and rotations are given.

Solving for the bending moment at end 1, one obtains again
the stiffness-equations of the well known & versatile slope-
deflection method

* Now, in the slope-deflection method the stiffness
coefficients are magnified by a factor depending on member
compressive/tensional load which are called Stability or
Berry’s functions.

[1] Berry, A. (1916). The Calculation of Stresses in Aeroplane Spars.
Transactions of the Royal Aeronautical Society, 1.



Slope-deflection method - Stiffness-equation

The stiffness equations of the slope-deflection method
with axial load

M ij = 'Aﬁj (P)¢ij + Bij (P)(Dij _Cij (P)l//ij + MKij (P) ij =112 21

NN

Stiffness-coefficients and loading terms P
depend on the member axial force ‘ —, A=kL= L,/—

L\

M,, = Aioz (kL)g,, — Cloz (kL)y,, +M K102 (kL)

Compression : P > 0

symmetric with respect tojandj

Stiffness-coefficients are N Q‘f My, Vi, = [Vz _Vl]/ L

Member axial force can be compressive

or tensile. The stiffness-coefficients are
different in compression and in tension.

N =-N, =P>0 Laseof compression: P >0



The stiffness coefficients - axial compression and  Compression : P> 0 v, =V, -V, ]/

bending y=vV V. .
NB. Notation: 1] x M
VO () + KAV (X) = 0 IR ;:—M v,
v(x) = Asin(kx) + Bcos(kx) + Cx+ D i T Al i
__Boundary conditions: ______________________ Qu/ o vl Qz
V(O0) =V, =0 V()=V, =l =V,—V, =A | ; f '
:V(O) @, and V'(0) = Oy i Yo Qp =My +M,+Pyl)/Y
_______________________________________ |
:> 0 1 0 1 "A‘ ’0‘1 A:l)ylZg:VZ_Vl:VZ_O
sin cosf £ 1 ) B | _ A | However, it is more practical to express
k 0 1 of]|C Pry the stiffness coefficients in terms of
| Lkcosg —ksing 1 ‘3_ D, Py | Berry’s functions as we did till now.
M,, —M(O)——EIV”(O) EIBk® B=ki=2 Y
EIK*

" |k(2cos B+ Bsin B —2). (s 6~ sin S/ o 6~ £)

+ (k — k cos 8).A]
' EI8
/(2 cos B+ Bsin B —2)]

A, (k0) =M (0,k0)

A(AcosA—sin 1)
2C0SA+ASINA—-2

Ap(A) =

+ (8 — 8 cos B)?] jexp_BC1)

I
I
{exp Bc2) A sin(zk)+Bcos(Lk)+ci+p |
lexp BC3) A k+C e ———— . !
Iexp BC4) —BkSJ_Il(L k)+AkCDS(L k)"‘ﬂ' :

We have earlier established these eqs previously when using Maxima



MO O W D0 o~] M A W i R D WD L0 -] h LA M L R O WD OO -] oy N e L R O WD D0 =] My LA B a3

FILE 5 ELIT
% Determining the amplification coefficients for stiffness coefficient
%2 in a2 bended and compressed beam (without Berry's explicitely)

- clear all
- clc

- syms A B CD

- syms ®x L k lambda kL
- syms P

- sym=s EI

- syms vl w2 f£il fiz

- syms Asol Bsol Csol Dsol
- syms M12 M FEM

- =(x, k)
- ci{x, k)

sin{k*=x):
cos (k*x) ;

% bending and compression , P > 0
- vix, k, A, B, C, D} = A*=(x, k) + B*c(x, k) + C¥*x + D;
- dv d=x(x, k, A, B, C, D) = diff{ v(=, k, A, B, C, D}, % }:
- d2v_d=2 (=, k, &, C, D) = diff{ dv d=x(x, k, &, B, C, D}, x )} :
- div_d=3(x, k, &, C, D) = diff({ d2v d=2(x, k, &, B, C, D), % };
- dév_d=4({=x, k, &, C, D) = diff{ d3v d=3(x, k, &, B, C, D), = )

r

i
oW

-

= - ET *
= — EI *

- M(x,k, EI, B, B,
- Q(%,k, EI, &, B, C, D)

3]
-

=
—

d?v d=x2(x, k, A, B, C, D);
d3v_dx3(x, k, A, B, C, D);:

= M(0,k, EI, &, B, C, D) :
= M(L,k, EI, & B, C, D} -

- Q0=0(0,k EI, A, B, C, D}

- oL=o(,k EI, & B, C, D} ;
- v 0=v(0k A B, C, D) ;
- v L=v(,k A B, C, D) ;
- Fi 0 = dv dx(0,k, &, B, C, D) ;

-  wFi L =dvdx(Lk A B, C, D} :

a 12 (EI, L,
b 12(EI, I,
c 12(EI, L,

(EI*k* (sin (L*k) - L*k)) /
(2*EI*k* (k - k*cos (L*k))) /

-
|

k) = - (EI*k* (sin(L*k) - L*k*cos(L*k)))

42
43
44
45
46
47
48
49
50
5l
52
53
54
95
56
57
58
59
&0
61
62
63
a4
65
66
67
68
69
70
7l
72
73
T4
79
76
77
8
79
a0
al
a2
g3
a4
a5
a6
a7

% Setting

% ——— the system of egquation

gys = [ vl == v(0,k, R, B, C, D},
ve == v(L,k, B, B, C, D},
fil == dv_dx(0,k, &, B, C, D),
fi2 == dv_dx(L,k, A, B, C, D)]:

% solving it

sol = solve(sys, A, B, C, D);

structfun (@display, sol):

Scell = structZeell (=ol);

solutions = transpose([S5cell{:}]):

solutions = simplify(solutions) % <——- &, B, C and D

Azol = =zolution=(1l):
Bsol = solutions(2);
Csol = solutions(3):

D=zol = =solutions(4):

[Matrix] = eguationsToMatrix (solutions, w1, £il, w2, £i2):;

% v_FEM = simplify( v(x, k, Rsol, Bsol, Csol, Dsol) )

% collect( collect( collect( collect(v_FEM, 'vl'}, w2y, 'fi
% END-Moment ---5tiffness equation

% M12 = simplify({ M(0,k, EI, Ascl, Bsol, Csocl, Dsol))

% M12 = collect( collect( collect( collect (M FEM, 'x w2

Ml2 = subs(M 0, B, Bsol); % <--- end moment at L = 0
[EK matrix] = equationsToMatrix(M12, +1, £il, w2, £i2) ;

K vl = equationsToMatrix (M12, v1):
¥ w2 = equationsToMatrix (M12, v2);
K fil = equationsToMatrix(M12, fil);
K fi2 = equationsToMatrix(M12, fi2)

K psi = (Kv2 - Kvl) / L; EIk (sin(Lk)— Lk cos(Lk))
g = —

a 12(EI, 1, k) = K_fil 1 2 cos (L k) + Lk sin (L k) —2
b 12 (EI, L, k) = K _fi2 BTk (Sin (L k) —LE)

c 12(EI, L, k) = K psi 1y = .

2cos(Lk)+ Lksin(Lk)—2

latex K11 = latex(K wl) 2FETEk (k — k cos (L k))
latex K12 = latex(K_v2) C12 =

L (2 cos(Lk)+ Lksin(Lk)—2)

latex K13 = latex (K _fil)
latex K14 = latex (K _fi2)

/

(2*cos (L*k)
(L* (2*cos (L*k)

(2*cos (L*k)
+ L*k*sin (L*k)

+ L*k*sin (L*k)
- 2)
+ L*k*sin (L*k)

- 2)

- 2))

A, (1) = A(Acos A —sin 1)

2C0SA+AsinA—2 109




Recall: Full displacement

The slope-deflection method — Stiffness matrix

method with zero axial force ' (no axial load)

Q(0) 12 -6L 12 -6L{yv +1/2
Euler-Bernoulli beam element: M) 1l 6L .';Iz". 6L .“2_I:2_' 'é)": 112
| I = R gl | R T,y - I o I - [ L AL =
Qomnadl = — +qL
“ . Q(L) 1*| -12 -6L 12 —6Li|v f -1/2
ET — g = cons : _____=
v T e M (L) -6L -2L° 6L -4Ll% g, |i |-L/12]
M(0) (T (0) o(L) DM (L)
Geometrically nonlinear stiffness equation
(raw # 2 from the stiffness matrix)
2P
v(0) =v, { v(L)=v,
MO——4S/1 2-S,(1) 6-S;(4 +S/IM
@(O)ZVI(O):QDI Q(L):VI(L):§D2| I ( ) [ ( ) ( ) ( )] ¢21 ( ) 12
4F:

The stiffness equations of the slope-

deflection method & zero axial load. with axial load

l The stiffness equations of the slope-deflection method

r ----------------------- I i S 1
4EIT 2EI ! El : |
51 (4)- ¢12 +5,(4) '—‘!021 S (/1) — Vit IS o(4)- MlZi
\4El'}  I2El'!  6El — R S i P NS U S ;
My, =—— @, H— 0y ——— W, + My, S.(A): Amplification factor functions depending NONLINEARLY
L L L L ] ‘ on axial load.
M. — 4El 0, + 2El o, — 6El ., + M. T These stiffness coefficients are the elements of the
N I R 21 Dimensionless elementary (GL) geometrically nonlinear stiffness matrix
axial load These are called Berry’s stability functions. They are obtained from
l//12 = [V2 . Vl] / L solutions of the geometrically nonlinear problem of combined bending

and axial load for a beam.



Recall: Full displacement
method with zero axial force | (no axial load)

Euler-Bernoulli beam element: [—12

Q) 6L 12 —6LTy,
W (0) e el i
EIv(4)(x):q g = const IM_(_O_)I :E 6L 4.'—__. 6L _ZI_—_. _Q’;L_,_I_qt
O QL) | L|-12 -6L 12 -6L1Vv,
M(0) (TQ(O) Q(L)DM Z) M (L) 6L -212 6L —4L%) ¢, i
Geometrically nonlinear stiffness equation
(raw # 2 from the stiffness matrix)
v(0) =v, { v(L)=v, %P
o _ ! _ EI N
OO e Lo =IDZe | M) =-=[4-5,(2) 2:5,(2) 6:S,(A)]| 9 |+S0(A)- My,
v, =V, =V 1/ L —relative sway L

The stiffness equations of the slope&tiefiection method with axial ioad

I
A=kL P=k%El

* * * S v, =[Vv, —v,]/ L —relative sway
K©y® = E| 6S,-c, 4S5, -6S,, 2S)b, %]
L IO, et A (2) B, (1) C, (4) M;(4)
> S i T i {{  FISssFIss=ss 1 I
4RI JEl ! 6EI |
case: P >0 (compression) 1=kL 12 = :Sl(ﬂ“) L ¢12 +S 2(4) ‘!021 S3(A) —wp, + S o(4)
A i3l//(/1) j4E| 5 jlr:_é_¢;(_/{5_12E| S.(4): Ampllflcatlon factor functions depending NONLINEARLY
P = ] ij 3 ial load.
'D(1) | L ' D(A T on axial loa
=S l)---g“)“' _s.(1 L:_S_((;?) These stiffness coefficients are the elements of the
' =55(4) Dimensionless elementary (GL) geometrically nonlinear stiffness matrix
C. — B. — ¢(ﬂ) + 2!//(1) 6El axial load These are called Berry’s stability functions. They are obtained from
ij Aij + ij — i solutions of the geometrically nonlinear problem of combined bending
D(ﬂ) L D(4) = 41/2(2,) —¢2 (1) and axial load for a beam.

Vi,

The slope-deflection method — Stiffness matrix




Full displacement method

Euler-Bernoulli beam element

N =-N, =P>0 Caseof compression : P> 0

%k %k %k

KO Y® = EI|6S; 45, —6S,
NL £ ES LS
% % £

case: P >0 (compression)

____________

A = _By(d) 4EI 5 L 34(A) j2E1
'4D(2) | L "I D(A) L

=5(1) =5,(4)

C;=A+B; = ¢(1) +2y (1) 6EI

D() L

%
28,
%

*

v,/L

2]
v, /L

®,

D(4) =4y *(1) - ¢*(1)

* % * *
The slope-deflection method — _
. . . (e),,(e) ij au Cij le
Stiffness matrix (no axial load) KEu™ = x % s
™ * * * *
Q(0) -12 —_§I: 12 __—_6_L A +1/2 i
QNIRRT TG N Tit)
Q(L) *|-12 -6L 12 -6Li|V, -1/2 i
2 a1
M (L) -6L -2 6L -4 ?, || -L/12 .
ij
Geometrically nonlinear stiffness equation (raw # 2 from the
stiffness matrix) when accounting effect of axial force 1=

D>

M@»=—MSM)zsu)Gsuﬂ¢@+%uyM@

Vi

The stiffness equations of the slope-
deflection method with axial load

kL

S;(A):

!

Dimensionless
axial load

ls (z)

" A=kL P=k2El

%huﬂﬂwsu)

Ampllflcatlon factor functions depending NONLINEARLY
on axial load.
These stiffness coefficients are the elements of the

elementary (GL) geometrically nonlinear stiffness matrix
These are called Berry’s stability functions. They are obtained from
solutions of the geometrically nonlinear problem of combined bending
and axial load for a beam.



The stiffness coefficients - axial compression/tension and bending

Beam-column with constant flexural rigidity:

2w(kL)  6EI #(L)  6EI

Aﬂ' =A‘F = 3 3 ; B' Bﬁ 5 More concise notation:
4y (KL)-¢~ (kL) L 4y’ (kL)-¢*(kL) L /Ai 3(1) 4E

= 1 3EI D) L

C,=A4,+B; - =
1 =4tB 4=G wkl) L’ =L L _3¢(1) 2EI
El i
Berry’s functions: D(1) L
e C.=A +B.
| - D(A) =4y’ (4)-¢°(2)

6( 1 1 3(1 1 ) 24 A A
. D= —=| v =2 ———— A)=—{tan>-=|
Compression: (1) Alsin A ,‘L] vd) A[A tan,l} ja 1(4) 13( 2 2]

--------7--------

Vedetty sauva
- _§(__1 1 ] N N I

Extension: MA)_l\ sinhl+1} W(ZJ_A[ /1+tanh.l]’ ja I(A)_fl’( tanh2+2],

Examples: A (A) = 1 ESEI :.: 1 > (P =0)
w(4) L | w(d)

M /1 / Lo
Ma(gn)lflcatlon factor depends on = a10 “%e
compressive/tensional load \Ai’ 2y(4) 6El § Svld) 488 ZM(2) .ialz
(Berry’s stability functions) b4yt (L) -¢°(1) L §4gu (1) —¢ (ﬁbi L i i



Formula ry Berry’s functions (stability function)

Berryn funktiot:
) Olkoon A =KL, T
Eulerin peruskaavat nurjahdukselle: P, =u- ’Tf‘r Puristetiu sauva: Compression
6 1 1 if1 1 . 24 A A
. A)=— — Dy — =" tan ==
P ‘,, o4 ﬂ,(sinl A]’ Vi) A[A tan.l} s z2(4) f[ 2 2}’
; : —1'_ Vedetty sauva:
! : 6 1 1 3 1 1 ) 24 A A
: AD=—| ————+— | w)=2| -——+ , D="T| —tanh=+Z |
—L. #L) A[ sinh A ,1] vd) A(A tanhﬂ,) B 24 ,13( 2 2]
P P
- - = ~ Extension _
¥k 8 _J..§ _ .

The stiffness coefficients (are symmetric) El constant
Puristettu ja taivutettu sauva: 299 (kL) 6E1
Kulmanmuutosmenetelma Az = ap? (kL) — ¢2(kL) L = Az,
M = 4,0;+By0; — Cyyy + MK, B = HkL) 6! - Ba,

— 2 — 42
M; =A3¢0—C3y/v + MK, (sauvan paassa j on nivel) 4p*(kL) — ¢*(kL) L

Tasajdykkd sauva :
A, =4, 2y (kL) GEI B. =B p(L) 6EI Ci2 = A12+ Bia, Cn = Ao + Ba.

WP L Ty L A

MK, =-A;a; - B,ay, MK, =-A,@; - B,@,. . p— p—
fecre L 3E e o Loading terms M; =-M |  Kiinnitysmomentit:
v W(kL) L " v v ‘

;= Quo -(M; +M;)/ L-Ny,; (N posituvinen, kun sauva puristettu)

: N N
Leikkausvoima: N:o Kuormitus —é%—ﬂﬂ%&% '
N

1 MK\ =-MK
9 2
X o ¢ ol o0
l< o | ]
I< rd | tan i
( ’ )X 2 )




El is constant

Loading terms: Fixed-End-Moments

M., = MK,

12 —

Kiinnitysmomentit: Sauvanpédkiertymit:
. . N £\ N
N:o | Axial compression -€§—mm1mmm—§-)- —Fﬂ%‘—
MK | MK > @’ @ (<0)
1 MK =-MK 3
i 2 Eoz—EO;.q_L_I(kL)
q 2 S T
|, I Y 9L 0L
|l L \| 12 kL kL
1€ —> tan {
( 5 X > )
2 » @ =-a;
L/2 Li2
A L 2 201-cos 2y
o a5 K 2
16ET (kL)® kL
" COS?
3 . Fooy ' Eozi'js?nkb_l“_'b
!_v.<——><'——> .Ai NsinkL NL
= 7 o Z0__Fsinka Fa
iz NsinkL NL
4 — 5 :
IHa I( b >' alo :—M+l
N M N Nsinkl  NL
e —0 Mkcoska M
P _L 5| B o ot
< = NsinkL NL
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Geometrically non-linear
analysis of frames
by the Slope-deflection method

Moderate rotations and loads close to
critical load but not over

Q: DETERMINE THE BENDING MOMENT AT RIGID JOINT #2

O,

ngfﬁ-

EIL

©

o

lterations are
needed to solve the
bending moment:

L L
Py = Pr3 = E‘P(M)le +yy === My +

6L]

(1 + ZT(kL))Mz + TV/ZI =

M
01=0 = —TZ—PWm:O = Yy =-
3M, glI?
1+ 2% (kL) M, ——2% =
( ( )) 2 ksz 8
2 2
oM, =% L

8 PI?(1+2%(kL))-6EI

- Ny +Q5,=0

|

Express QN
terms of end-
moments

i Y
: 1

gL’
6El ASE]

0 :
0 o !
1| 1465105
2| 1678705] ;
' 3 1716105 :
for i 1.10 4] 17231055 ¢
: N 5| 1724105] :
b lq e 00X 6| 1724105 :
m 7| 1724705| !
: 302 8| 1724105| :
] 71. J. ; - '
i El  2.1-107-kN-m ST 72| |
i |L e bm 10| 1724105|
blae gt
: Tsm
: L
' Po«— 3
¢ My 0
M.
! =1
. Px'_PO_ L

5 o
i Pi]'
VL~ | ——
: ! EI

: ’

= Psi‘-:—}:—-—
! ) (M e, )

1 1Y
|

6-PL-I.-EI‘a
PL 1+ 2(ps)] - 61



Geometrically non-linear
analysis of frames

Imperfection, eccentricity

by the Slope-deflection method e
i Pe
Moderate rotations and loads close to P @ My +My;—Pe=0 = ¢, = y
critical load but not over "I p (A +a3)
21
L M, = 45,0, = Pe
(4y; +az3)
a
s o L 3 M5; = a0, = Pe 23
\Lte j" ].lo Experimen'b.. 23 23¢2 (AZI + a23)
? [ ]
j M,
44"« \Theory * M32 - b32§02 - T
My + My, 3 My 3ay;
Or3 =— r T a7 __Pew,n R
Moderatelrotations
o mliiete b pron PUe 2 _pg 1 |
over = + = —e — —e
§ N\ » 24y +an) Y(kL) L2
TEa Shouldbe N, 492 (kL) - D> (KL) 3
Roorda’s (1971) experimental verification
of calculated poslcﬁilical) res':)onse in asymmetric (the normal stress If now the ecce ntritcity eis negative’ the value of the

bifurcation of a I'-frame. resultant in column 12)

compressive load P is increasing all the time, and no
convergence will be reached. If positive, the convergence is
reached.

Roorda, 1971, An experience in equilibrium and
stability, Techn. Note No. 3, Solid Mech. Div.,
University of Waterloo, Canada.



Linear and non-linear
buckling analysis

Free Exercise - 20 extra-points for HW

1. Performlinear buckling analysis for the perfect
geometry and find the critical load and the
respective buckling mode

2. Findthe second buckling load and the buckling
mode

Rig =NEL [E12
3. Analysisthe shape imperfection effect onthe aa, RE  \2

buckling load (GNA) AN L
ST EPs [ M=% =
For that do: ( o g bc? Bl | 2R EL(__-D‘,
q o 22 /

 Takethe first buckling mode andthenthe =g~ _
second one (or their combination) multiplied by e
L/llUU (Ldistance betwgen mode nodes, asin Figs. onright) 0, fao®
as a shape imperfection to add forithe perfect =, ¥~
geometry. :

 Determine the load-displacement curve at
some characteristic points

* What isthe limit load? How much the buckling =
load of the perfect archis reduced?

=1
Shafow arches )/ ~02-:43

Assume that stresses remainsin the elastic range.

a) loadingis symmetric

Example of initial shape imperfections in an
arch (Standards: design of wood structures - EN 1995-1-1)



1) One way to think
how form the
increment of total
potential energy is
through a real
loading sequence
where the load
increases quasi-
statically and
monotonically from
zero to the buckling
load Pt = P + ¢
where it buckles
where €& being
infinitesimally small
> 0. The primary non-
buckled configuration
(primary equilibrium)
corresponds to Py =
P - €. Now one can
form the increment of
the total potential
energy between these
two real states and
takes the limit when
€20 to say that we
are at the
bifurcation or limit-
point where now the
critical load being
P;.

AIl = IT* — I1°

Thisis a

thought
experiment

—

Equations (of loss)

= 6(AH) =0 of stability

N.B. The perturbed

configuration [.]* can be (also) ZOOM- -
thought achieved keeping the 2 {1inear

load constantand for instance, | N jg;ii?j)

giving the primary equilibrium | . I |

configuration v, a tiny /.,,l:‘1 il

kinematical (virtual) perturbation I I

to a an adjacent equilibrium = .

configuration v* <] I ™

® o

.

| &

= B : Keeping P . Pcr
e o

c)\c\ .Q(Q :
fz{fig& LG ¢

@ — 11 W [
) -0 " c ‘Ewkl—“ 2 fies Lme/
Paow YPMEIEIL T X~ T j

~ e

2) the other more
classical way how
form the
increment of
total potential
energy is by a
thought
experiment where
we give an
infinitesimal
virtual
perturbation to
the primary
equilibrium
configuration to
an adjacent
neighbor
equilibrium
configuration
while keeping all
the loads
unchanged. Then
we write the
increment od

| total potential

energy between
these to states
of equilibrium.




