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6 week spurt, stay active!

2) Laplace transform, Transfer function, Impulse and step 

responses, Basics dynamic models, Preliminary exam deadline

8.1.2020
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Learning goals, this lecture, this week

Physics based design of mechatronic 

machines. Computational methods for machine 

design

Physical model creation, computation of 

specification

Other: Preliminary exam deadline, release of 

project work

Note: strong emphasis on dynamic systems analysis
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Learning goals, exercises this week

Laplace transform

Transfer function

Impulse and step responses 

Basics of electric circuits 

Time constant

Moment of inertia, gearbox transmission
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Basics of electric 
circuits and 
mechanical 
systems

8.1.2020

5



Basics of electric circuits

Resistor………..

Capacitor….

Inductor………..

Voltage source, ground 0 V…
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0 Volt

𝑣𝑅 𝑡 = 𝑅𝑖 𝑡

𝑣𝐼 𝑡 =
𝐿𝑑𝑖

𝑑𝑡

𝑣𝐶 𝑡 =
1

𝐶
න

𝑡0

𝑡

𝑖 𝜏 𝑑𝜏 + 𝑣𝐶(𝑡0) 𝑖 𝑡 =
𝐶𝑑𝑣𝐶
𝑑𝑡

R

L

𝑣𝑅, 𝑣𝐶 , 𝑣𝐼

| 
 

+

C

𝑣𝑖(𝑡)

𝑖 𝑡

𝑖 𝑡

𝑖 𝑡



Impedance
Impedance (Z) extends the concept of resistance to AC circuits, 

and possesses both magnitude and phase

s: Laplace variable, coming later in this slide set

8.1.2020
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R

L

C

𝑍𝑅 = 𝑅

𝑍𝐶 =
1

j𝜔𝐶
=

1

𝑠𝐶
, j = −1

𝑍𝐿 = j𝜔𝐿 = 𝑠𝐿



Impedances in series, division of 
voltages

8.1.2020
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𝑍𝑡𝑜𝑡𝑎𝑙 = 𝑍1 + 𝑍2

𝑖 𝑡 =
𝑢 𝑡

𝑍𝑡𝑜𝑡𝑎𝑙

𝑢1 𝑡 = 𝑍1𝑖 𝑡 = 𝑍1
𝑢 𝑡

𝑍𝑡𝑜𝑡𝑎𝑙

=
𝑍1

𝑍1 + 𝑍2
𝑢 𝑡

𝑍1 𝑍2𝑖 𝑡

𝑢1 𝑡 𝑢2 𝑡

𝑢 𝑡



Impedances in parallel, division of 
currents

8.1.2020
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𝑍𝑡𝑜𝑡𝑎𝑙 =
1

𝑍1
+

1

𝑍2

−1

=
𝑍1𝑍2

𝑍1 + 𝑍2

𝑢 𝑡 = 𝑍𝑡𝑜𝑡𝑎𝑙𝑖 𝑡

𝑖2 𝑡 =
𝑢 𝑡

𝑍2
=
𝑍𝑡𝑜𝑡𝑎𝑙𝑖 𝑡

𝑍2
=

𝑍1𝑍2
𝑍1 + 𝑍2

𝑖 𝑡

𝑍2

𝑖2 𝑡 =
𝑍1

𝑍1 + 𝑍2
𝑖 𝑡

𝑍1

𝑍2

𝑢 𝑡

𝑖 𝑡

𝑖1 𝑡

𝑖2 𝑡

𝑖 𝑡 = 𝑖1 𝑡 + 𝑖2 𝑡



Basics of mechanical systems: force –
displacement, or torque – torsion angle
Spring

Damper

Mass, inertia

Force f(t), displacement x(t), ground x=0
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𝑓𝑆 𝑡 = 𝑘𝑥 𝑡 , 𝑇𝑆 𝑡 = 𝑘𝑇𝜃(𝑡)

𝑓𝑀 𝑡 = 𝑚 ሷ𝑥 𝑡 , 𝑇𝐼 𝑡 = 𝐽 ሷ𝜃(𝑡)

𝑓𝐷 𝑡 = 𝑐 ሶ𝑥 𝑡 , 𝑇𝐷 𝑡 = 𝑐𝑇 ሶ𝜃(𝑡)

x(t) 

f(t)

m

k c

x=0



Discussion

Where can you find electrical and mechanical 

circuits & systems?

Discuss with your pair and share after 1 min

8.1.2020
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Analysis of 
dynamic systems

8.1.2020
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Laplace transform, background

Definition:

Properties:
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𝐹 𝑠 = ℒ 𝑓 𝑡 𝑠 = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡𝑑𝑡

ℒ 𝐶1𝑓1 𝑡 + 𝐶2𝑓2 𝑡 𝑠 = 𝐶1𝐹1 𝑠 + 𝐶2𝐹2 𝑠

ℒ 𝑐𝑓 𝑡 𝑠 = 𝑐𝐹 𝑠

ℒ 𝑓1 𝑡 ∙ 𝑓2 𝑡 𝑠 ≠ 𝐹1 𝑠 ∙ 𝐹2 𝑠

ℒ 𝑓1 𝑡 ∗ 𝑓2 𝑡 𝑠 = 𝐹1 𝑠 ∙ 𝐹2 𝑠

convolution



Laplace transform, background

Use transformation table for reference (.pdf can 

be found at MyCourses), remember:
• Derivative  multiply by s

• Integral  divide by s

• Matlab is good for checking

Example:

8.1.2020
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ℒ 𝑓′ 𝑡 𝑠 = 𝑠𝐹 𝑠

ℒ න

0

𝑡

𝑓 𝜏 𝑑𝜏 𝑠 =
1

𝑠
𝐹 𝑠

𝑚 ሷ𝑥 𝑡 + 𝑐 ሶ𝑥 𝑡 + 𝑘𝑥 𝑡 = 𝑓 𝑡

⇒ 𝑚𝑠2𝑋 𝑠 + 𝑐𝑠𝑋 𝑠 + 𝑘𝑋 𝑠 = 𝐹 𝑠



Laplace transform, usage in engineering

A convenient way to solve differential 

equations:

Frequency domain analysis 

Explain physical model and how it behaves

15

𝑠 → j𝜔,

j = −1

𝑢′ 𝑡 = 𝑦 𝑡
𝑠𝑈 𝑠 = 𝑌 𝑠

𝑚 ሷ𝑥 𝑡 + 𝑐 ሶ𝑥 𝑡 + 𝑘𝑥 𝑡 = 𝑓 𝑡



Laplace transform, example 1

Transform:

Time constant:

8.1.2020
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𝑓 𝑡 = 4𝑒−5𝑡

𝑴𝟓:ℒ 𝑒−𝑎𝑡 𝑠 =
1

𝑠 + 𝑎

⇒ ℒ 4𝑒−5𝑡 𝑠 = 4ℒ 𝑒−5𝑡 𝑠 =
4

𝑠 + 5

𝜏 =
1

𝑎



Inverse Laplace transform, example 2

Find time-domain counterpart:

8.1.2020
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𝐹 𝑠 =
1

𝑠2 + 6𝑠 + 8

𝑴𝟗:ℒ−𝟏
1

𝑠 + 𝑎 𝑠 + 𝑏
𝑡 =

1

𝑎 − 𝑏
𝑒−𝑏𝑡 − 𝑒−𝑎𝑡

⇒ ℒ−1
1

𝑠2 + 6𝑠 + 8
𝑡 = ℒ−1

1

𝑠 + 2 𝑠 + 4
𝑡

=
1

2 − 4
𝑒−4𝑡 − 𝑒−2𝑡 = −

1

2
𝑒−4𝑡 − 𝑒−2𝑡



Transfer function example, with Laplace 
transforms (1/2)

Analyse an electric circuit with a voltage source, resistance, 

and inductance. Derive the transfer functions 
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𝑣𝑖 𝑡 = 𝑅𝑖 𝑡 +
𝐿𝑑𝑖

𝑑𝑡

𝑉𝑖 𝑠 = 𝑅𝐼 𝑠 + 𝑠𝐿𝐼 𝑠 = 𝑠𝐿 + 𝑅 𝐼 𝑠
𝐼 𝑠

𝑉𝑖 𝑠
=

1

𝑠𝐿 + 𝑅
=
1

𝐿

1

𝑠 +
𝑅
𝐿

𝜏 =
𝐿

𝑅
Time constant:

𝐼 𝑠

𝑉𝑖 𝑠
,
𝑉𝑜 𝑠

𝑉𝑖 𝑠

| 
 +

R

L

0 Volt

𝑣𝑖 𝑡

𝑖 𝑡

𝑣𝑜 𝑡



Transfer function example, with Laplace 
transforms (2/2)
Transfer function

What can you say about transfer 

functions?  
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𝑣𝑜 𝑡 =
𝐿𝑑𝑖

𝑑𝑡

𝑉𝑜 𝑠 = 𝑠𝐿𝐼 𝑠

𝑉𝑜 𝑠

𝐼 𝑠

𝐼 𝑠

𝑉𝑖 𝑠
= 𝑠𝐿 ∙

1

𝐿

1

𝑠 +
𝑅
𝐿

𝑉𝑜 𝑠

𝑉𝑖 𝑠
=

𝑠

𝑠 +
𝑅
𝐿

𝑉𝑜 𝑠

𝑉𝑖 𝑠
| 
 +

R

L

0 Volt

𝑣𝑖 𝑡

𝑖 𝑡

𝑣𝑜 𝑡



Impulse response and back to time domain 
with inverse Laplace transforms (1/2)
A voltage impulse occurs at t=1 s: 𝑣𝑖 𝑡 = 𝛿 𝑡 − 𝑎 , 𝑎 = 1

𝑴𝟓 & 𝑻𝟒 ⇒ 𝑖 𝑡 = ℒ−1
1

𝐿
∙
𝑒−𝑎𝑠

𝑠 +
𝑅
𝐿

𝑡

(𝑴𝟏 & 𝑻𝟒) ⇒ 𝑉𝑖 𝑠 = ℒ 𝛿 𝑡 − 𝑎 𝑠

𝑻𝟒: ℒ ቊ
0 , 𝑡 ≤ 𝑎
𝑓 𝑡 − 𝑎 , 𝑡 > 𝑎

𝑠 = 𝑒−𝑎𝑠𝐹 𝑠

𝑴𝟏:ℒ 𝛿 𝑡 𝑠 = 1

𝐼 𝑠

𝑉𝑖 𝑠
=
1

𝐿

1

𝑠 +
𝑅
𝐿

⇒ 𝐼 𝑠 =
1

𝐿
∙
𝑒−𝑎𝑠

𝑠 +
𝑅
𝐿

𝑴𝟓: 𝐿−1
1

𝑠 + 𝑎
𝑡 = 𝑒−𝑎𝑡

= ቐ
0 , 𝑡 ≤ 𝑎
1

𝐿
𝑒−

𝑅
𝐿 𝑡−𝑎 , 𝑡 > 𝑎

=
1

𝐿
ℒ−1

𝑒−𝑎𝑠

𝑠 +
𝑅
𝐿

𝑡= 𝑒−𝑎𝑠 ∙ 1



Impulse response and back to time domain 
with inverse Laplace transforms (2/2)
A voltage impulse occurs at t=1 s:
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𝑣𝑖 𝑡 = 𝛿 𝑡 − 𝑎 , 𝑎 = 1

𝑉𝑜 𝑠 = 𝑠
𝑒−𝑎𝑠

𝑠 +
𝑅
𝐿

𝑉𝑖 𝑠 = 𝑒−𝑎𝑠 ∙ 1

𝑉𝑜 𝑠

𝑉𝑖 𝑠
=

𝑠

𝑠 +
𝑅
𝐿

𝑴𝟏𝟓: 𝐿−1
𝑠 + 𝑎

𝑠 + 𝑏
𝑡 = 𝛿 𝑡 + 𝑎 − 𝑏 𝑒−𝑏𝑡

𝑴𝟏𝟓 & 𝑻𝟒 ⇒ 𝑣𝑜 𝑡 = ℒ−1 𝑒−𝑎𝑠
𝑠

𝑠 +
𝑅
𝐿

𝑡

= ቐ
0 , 𝑡 ≤ 𝑎

𝛿 𝑡 − 𝑎 −
𝑅

𝐿
𝑒−

𝑅
𝐿 𝑡−𝑎 , 𝑡 > 𝑎



Impulse response 𝑰 𝒔 /𝑽𝒊 𝒔 – Matlab
check
>> sys_I=tf([1/0.01],[1 1/0.01])

sys_I =

100

-------

s + 100

Continuous-time transfer function.

>> impulse(sys_I)
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=
1

𝐿
𝑒−

𝑅
𝐿
𝑡



Impulse response 𝑽𝒐 𝒔 /𝑽𝒊 𝒔 – Matlab
check
>> sys_V=tf([1 0],[1 1/0.01])

sys_V =

s

-------

s + 100

Continuous-time transfer function.

>> impulse(sys_V)
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Note: computing 𝑽𝒐/𝑽𝒊 is somewhat code 

dependent! The plot above represents 𝑳𝒅𝒊/𝒅𝒕

≠ 𝛿 𝑡 − 𝑎 −
𝑅

𝐿
𝑒−

𝑅
𝐿𝑡

= −
𝑅

𝐿
𝑒−

𝑅
𝐿𝑡



Step response and back to time domain 
with inverse Laplace transforms (1/2)

A voltage step occurs at t=1 s:

24

(𝑴𝟐 & 𝑻𝟒) ⇒ 𝑉𝑖 𝑠 = ℒ ℎ 𝑡 − 𝑎 𝑠

𝑣𝑖 𝑡 = ℎ 𝑡 − 𝑎 , 𝑎 = 1

𝑴𝟐: 𝐿 1 𝑠 = ℒ ℎ 𝑡 𝑠 =
1

𝑠

= 𝑒−𝑎𝑠 ∙
1

𝑠

𝐼 𝑠

𝑉𝑖 𝑠
=
1

𝐿

1

𝑠 +
𝑅
𝐿

⇒ 𝐼 𝑠 =
1

𝑠
∙
1

𝐿
∙
𝑒−𝑎𝑠

𝑠 +
𝑅
𝐿

𝑴𝟖: ℒ−1
1

𝑠 𝑠 + 𝑎
𝑡 =

1

𝑎
1 − 𝑒−𝑎𝑡

𝑴𝟖 & 𝑻𝟒 ⇒ 𝑖 𝑡 =
1

𝐿
𝐿−1

𝑒−𝑎𝑠

𝑠 𝑠 +
𝑅
𝐿

=

0 , 𝑡 ≤ 𝑎
1

𝐿
∙
1

𝑅
𝐿

1 − 𝑒−
𝑅
𝐿 𝑡−𝑎 , 𝑡 > 𝑎

= ቐ
0 , 𝑡 ≤ 𝑎
1

𝑅
1 − 𝑒−

𝑅
𝐿 𝑡−𝑎 , 𝑡 > 𝑎

W𝐡𝐚𝐭 𝐢𝐬 a fundamental difference between step 

responses 𝑰/𝑽𝒊 and 𝑽𝒐/𝑽𝒊?



Step response and back to time domain 
with inverse Laplace transforms (2/2)
A voltage step occurs at, t=1 s:
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𝑉𝑖 𝑠 = 𝑒−𝑎𝑠 ∙
1

𝑠

𝑣𝑖 𝑡 = ℎ 𝑡 − 𝑎 , 𝑎 = 1

𝑉𝑜 𝑠

𝑉𝑖 𝑠
=

𝑠

𝑠 +
𝑅
𝐿

⇒ 𝑉𝑜 𝑠 = 𝑠
𝑒−𝑎𝑠

𝑠 +
𝑅
𝐿

∙
1

𝑠
=

𝑒−𝑎𝑠

𝑠 +
𝑅
𝐿

𝑴𝟓 & 𝑻𝟒 ⇒ 𝑣𝑜 𝑡 = ℒ−1
𝑒−𝑎𝑠

𝑠 +
𝑅
𝐿

𝑡

= ൝
0 , 𝑡 ≤ 𝑎

𝑒−
𝑅
𝐿 𝑡−𝑎 , 𝑡 > 𝑎

= ℒ−1
𝑒−𝑎𝑠

𝑠 +
𝑅
𝐿

𝑡



Impulse & step responses 
Simulink check
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Time constant (and zoom of the previous 
step response)
Exponential decay 

Asymptotic growth

Time constant in pic?
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𝐴 𝑡 = 𝐴0[1 − 𝑒−
𝑡
𝜏]

𝐴 𝑡 = 0 = 0
𝐴 𝑡 = 𝜏 = 𝐴0[1 − 𝑒−1]~0.63𝐴0

𝐴 𝑡 → ∞ → 𝐴0



Group work (and 
lecture quiz)

8.1.2020
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Group work & lecture quiz 2
Discuss with your pair. Write down your answers and use them to 

answer lecture quiz today.

1. Derive the transfer function X(s)/F(s) by Laplace transforming the 

following equation of motion (1 point):

2. Analyse the transfer function X(s)/F(s) behaviour at: a) low 

frequencies (0 rad/s), and b) high frequencies (∞ rad/s) (1 point).

3. Analyse and explain how the moment of inertia J is “seen” over a 

reduction gear (gear ratio i) at the input side. Derive the i^2 

relationship. Use the variables given in the picture (1 point).

𝑚 ሷ𝑥 𝑡 + 𝑐 ሶ𝑥 𝑡 + 𝑘𝑥 𝑡 = 𝑓 𝑡

c

v

c

v
𝑇𝑖𝑛, 𝜔𝑖𝑛

𝑇𝑜𝑢𝑡, 𝜔𝑜𝑢𝑡, 𝐽
c

v
Gear ratio: 𝑖


