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Where is this lecture on the course?

Environment

Manouvering Seakeeping

Lecture 4: 

Wave Spectra and statistics

Lecture 3: 

Ocean Waves

Design Framework

Random Loads

and Processes



• Aim : To understand the wave spectrum and how it 

may be used to calculate short term ship responses in 

irregular seas ; Some brief introduction to Long term 

responses.
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➢ Matusiak, J., ”Dynamics of Rigid Ship”, Aalto University

➢ Simon Haykin and Barry van Veen (2007), Signals and Systems, 

2nd Edition, Wiley. 
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Motivation 
• Ships operate in varying wave conditions. We 

should be able to evaluate Loads and motions 

under different wave heights and lengths

• Even if the ship is rigid it experiences varying 

pressures around hull . We have to know the 

influence of this varying pressure on motions, 

hydrodynamics pressures, shear forces and 

bending moments

• Hydrodynamic idealisations are possible in both 

frequency and time domains.

➢ Frequency domain is useful for screening the worst 

conditions for our ship

➢ Time domain to perform non-linear simulations at a given 

sea state



Assignment 2

Grades 1-3:
✓ Select a book-chapter related to ocean waves 

✓ Define the water depths for your ship’s route and 

seasonal variations of wave conditions

✓ Based on potential flow theory, sketch what kind of waves 

you can encounter during typical journey (deep water, 

shallow water)

✓ Identify and select the most suitable wave spectra for your 

ship - Justify the selection.

✓ Discuss the aspects (e.g. likelihood) to consider in case of 

extreme events from viewpoint of operational area

• Grades 4-5:
✓ Read 1-2 scientific journal articles related to ship 

dynamics 

✓ Reflect these in relation to knowledge from books and 

lecture slides

• Report and discuss the work.

Example

Mediterranean or Baltic Sea

• 9 months in open water

• 3 months in ice

Route: …

Water depth: …



Waves and Probability – the basics

• When we measure the wave elevation of the 

random sea at a specific point we should move 

from time domain to probability domain through

➢ Auto-correlation function, Fourier transformation

➢ Wave spectrum

• Assumptions that are necessary to obtain the 

probabilities are:
➢ Steady state process (probabilities will not be changing much from 

one transition to the next – stable probabilities)

➢ Normal process (Gaussian / Bell type / Standard distribution) with 

zero mean

➢ Statistically independent maxima (occurrence of one event does 

not affect the other)

➢ Narrow-banded statistical process (spectrum energy with focus on 

single frequency or small number of frequencies)

• If we remove these assumptions also the way to 

assess probabilities, e.g. for extreme loads 

change



The Irregular Wave

Amplitude 
Height

Period

Measured between zero down-crossings

Max. value reached after an up-crossing 

and before the next down-crossing 

Min. after 

zero down-crossing 

to max after the following 

zero up-crossing 



Irregular Waves - classification

Determination of the wave spectra is 

carried out by observations of seaway 

and prevailing wind.

This table may be useful in obtaining 

wave spectra when wind speed is 

known.



Combination of 

waves leads to 

irregular wave 

The irregular wave formation



Irregular wave formation - mathematics

• Consider a regular wave described by 

• An irregular wave would result form the superposition of a large number of regular waves. So, 

• Consequently the surface wave elevation can be expressed as

when waves propagate along x- axis (i.e. unidirectional seaway).  

= amplitude = frequency of the ith regular wave

= wave number= the randomly chosen phase angle



The irregular wave formation - mathematics

If the mean is zero (i.e.          ) then the mean square value becomes :

• Practically the phase angles are selected from a random distribution ranging from 0 to 2π (i.e. 

360 degrees)

• The mean square value of the irregular seaway after integration can be proved to be : 

wave spectrum

is a crude way of evaluating the area under the wave spectrum 

(1) 



The irregular wave formation - mathematics

• If we are familiar with the form of a wave spectrum then we can determine form (1) the 

component waves as  



Directionality of Spectra

Continuous Discrete spreading



From 2D to 3D wave description – spreading

Long crested regular wave

Long crested irregular wave (M = 4)

Short crested (or confused seas) 

irregular wave (M=4)

In short crested or confused seas spreading function is used 

to express the waves in different directions

The spreading function is : 

Wave spectrum

For confused seas ITTC recommends spreading function

   

f (m ) =
2

p
cos2 m , where - p / 2 < m < p / 2. and n = 2 



Spectrum idealisation – mathematical background

• Time domain : Your model/system is evaluated according to the progression of it's state 

with time. 

• Frequency domain :  Your model/system is analysed according to its response for different 

frequencies.

• In a linear system you can use Fourier Transform to "transport" your model from time 

domain to frequency domain. Conversely your system can be transformed form frequency to 

time domain via an inverse Fourier transform (also known as convolution integral)

• The Fourier Transform decomposes any function into a sum of sinusoidal basis functions. 

Each of these basis functions is a complex exponential of a different frequency. The Fourier 

Transform therefore gives us a unique way of viewing any function as the sum of simple 

sinusoids. It applies to both periodic and non periodic functions



Spectrum idealisation – mathematical background

The Fourier Transform of a function g(t) is defined by:

(1) 

The result is a function of f, or frequency. As a result, G(f) gives how much power g(t) contains 

at the frequency f. G(f) is often called the spectrum of g. In addition, g can be obtained from 

G via the inverse Fourier Transform (convolution integral) as :

(2) 



Spectrum idealisation – mathematical background

The box function (also known as square pulse or square wave)
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The sinc function is the Fourier Transform of 

the box function.

Time (seconds)

Frequency (Hz)



Power spectral density of wave amplitude 
- 100 frequency components
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Extreme Value Response
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• The bandwith parameter (0 for narrow band and 1 for broad band)



Extreme Value Response
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is to define the most probable extreme value at certain time

• The expected value for zero-crossings for certain time is calculated by

• and the extreme value

 

z = ln n 2m0

0

0

22)60(
2

ln2z m
m

mT














=





Spectrum idealisation practical

• A fast Fourier transform (FFT) is an algorithm that samples a signal over a period of time (or 

space) and divides it into its frequency components. These components are single sinusoidal 

oscillations at distinct frequencies each with their own amplitude and phase. 

• FFT rapidly computes such transformations by factorizing the FT matrix into a product of 

sparse (mostly zero) factors. As a result, it manages to reduce the complexity of computing 

the DFT



• Power Spectral Density (PSD) (or power spectrum) is a measure of a signal's power 

intensity in the frequency domain. 

• In practice, the PSD is computed from the FFT spectrum of a signal. The PSD provides a 

useful way to characterize the amplitude versus frequency content of a random signal.

• So a PSD will gives the power of your signal, in each frequency band

• In MATLAB signal processing toolbox information on PSD is under : 

https://uk.mathworks.com/help/signal/ug/power-spectral-density-estimates-using-

fft.html?s_tid=gn_loc_drop

Spectrum idealisation practical 
A note on PSD

https://uk.mathworks.com/help/signal/ug/power-spectral-density-estimates-using-fft.html?s_tid=gn_loc_drop


Spectrum idealisation practical
From Time to Frequency domain



Spectrum idealisation practical
From Time to Frequency domain



Spectrum idealisation practical
From Time to Frequency domain



Spectrum idealisation practical
From Time to Frequency domain



Spectrum idealization practical 
Exercise (at your own time)

To comprehend more MATLAB computations consider square pulses defined for T = 10 and

T = 1. Then Produce the FT of these functions for Amplitude A = 1

The Box Function with T=10, and its FT

The Box Function with T=1, and its FT

A wider square pulse produces a narrower, more 

constrained spectrum 

• A thinner square pulse produces a wider spectrum

• The box function is shorter in time, so it has less 

energy. This is reflected in the time domain spectrum.



Types of wave spectra
• There are a number of wave spectrum descriptions 

that depend on correlation of observation data and 

assumptions

• After the wind has blow for some time the seas are considered as fully developed

• The basis of the most well accepted spectra is based on the work by  by Pierson – Moskowitz. 

The spectrum is based on unidirectional fully developed seas and is defined as : 

• In the original work by Pierson and Moskowitz both Aand B were related to the wind speed 19.5 m  

above the mean sea surface. By assigning different values to A and B two main wave spectra that 

are currently in use are developed. These are known as the ISSC and ITTC spectra.

Wind speed (m/s) @ 19.5 m 

above calm water level

(m^2/s) gravity acceleration

(rad/s) frequency of the waves



The ITTC and ISSC wave spectra

The one parameter ITTC spectrum is defined by

The two parameter ISSC spectrum is defined by

Significant wave height

Characteristic wave period

NB : h(1/3) is the mean of the one third largest waves 

in the sea ; when computed from actual wave 

measurements, the new definition is about 5% higher

(2)

(3)



Properties of wave spectra

• The mean square value is evaluated as :

• Using equations (2), (3) : for ITTC/ISSC spectra 

• The frequency at which the Pierson Moskowitz spectrum is max is :  

• For ITTC 

• For ISSC 

Average wave period



The Jonswap wave spectrum
Jonswap : Joint North Sea Wave project

The Jonswap wave spectrum enhances the wave spectrum in way of the wave peak as compare 

with Pierson Moscowitz wave spectrum
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Wave Surface Elevation: Realization

24.3.2021
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Wave Making

• Simulations

➢ Spectrum is needed to for time 

domain simulations

➢ Principles of constucting several 

load histories as given above

• Wave basin

➢ Controlled flaps

➢ Towing tank: single flap, other end 

the beach to absorb the waves

➢ Wide seakeeping basins have 

flaps at two adjacent sides to 

produce the oblique seas, 

beaches in other two sides to 

absorb the waves



Statistics on Sea States

Slide 34

• For certain operational area, certain sea states occur with 

certain probability 

• Probability for certain sea states with T and H is known from 

the measurements, (scatter diagram), p1(H,T)

• Fourier analysis can be used to extract different wave 

components from the irregular wave time history

• Sea state can be described with wave spectrum, which 

includes energy contribution of certain wave components

• From wave spectrum average, extreme elevation etc., 

amplitude etc. can be calculated), p2(Hmax)=>ptot=p1p2



Statistics on Sea States

Slide 35

• Often idealized wave spectrum that neglect time and place are 

used, e.g. 

• Pierson-Moskowitz for fully developed sea

• JONSWAP for developing sea

• Often the sea is considered as long-crested (conservative 

assumption) meaning that the waves are assumed to come 

from the same direction. Realistic seas are however often 

short-crested meaning that the waves come from different 

directions

• The sea states are described in global wave statistics



Sea States for ship structures (Long Term)

• For unlimited operation the North-Atlantic (Area 

25 of BSRA statistics)

• For restricted service at the discretion of the 

Class Society Service Factor Analysis can be 

employed

• Some Key References : 

➢ IACS URS 11A, Rec. 34 ; 

➢ Lloyd’s Register Rules (Part 4 Ship 

Structures) and 



Assumed Sea State

• North-Atlantic is usually used in design of ship

structures

– If unlimited operation area is considered

– It is not wise to consider this always – too high loads?



Summary

• Wave spectrum is needed to derive ship 

responses 

• Stochastic loads can be assessed using spectral 

methods

• When you know the spectrum, you can define 

the maximum response (probability theory for 

stochastic processes)


