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Overview

We study the mathematical principles and basic numerical tools for optimal control

• Understanding of optimal control

• Examples from chemical systems

• (Catchy image from the internet)

The approach is general, with application domains in many (bio)-chemical systems
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Overview (cont.)

Process control and automation at Aalto University

Francesco Corona

• Once and future (ongoing) chemical engineer

• Camouflaged as computer scientist

Research+teaching on computational and inferential thinking of process systems

 Automatic control and machine learning
• Three doctoral students
• Three master’s students

 Production planning and optimisation

Formal methods from automatic control, statistics, and optimisation, plus applications
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Overview (cont.)

Optimal control studies the mathematics in the optimisation of dynamical systems

• Numerical optimisation and system theory and numerical simulation

We start by setting the basic preliminaries associated with these two fields

 Dynamic state-space modelling and numerical simulations

 Numerical optimisation with Newton-type methods

These two fields are combined to study the two flavours of optimal control

 Discrete and continuous-time optimal control

Direct- and indirect methods, and the Hamilton-Jacobi-Bellman equation
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Trajectory

We study practical optimisation of dynamical systems, or dynamic optimisation

I Control variables and disturbances

O Measurement variables, the data

 The system evolves in time

 (System/model/process)

System
Inputs Outputs

Mathematical optimisation refers to the problem of determining the best, or optimal,
solution to some problem, a definition of optimality, given a set of possible decisions

 Decision variables

 Objective function

 Constraint functions

Newton Iteration for Optimization - Example

Iterate:
�

H �g
�gT 0
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�+

�
= �
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Newton Iteration for Optimization - Example

Algorithm: Newton method

Input: guess w, �
while ��L� or �g� � tol do

Compute

H (w, �) , �g (w) , �� (w) , g (w)

Compute Newton direction
�

H �g
�gT 0

� �
�w
�+

�
= �

�
��
g

�

�� = �+ � �

Compute Newton step, t � ]0, 1]

w � w + t�w, � � � + t��

return w, �

min
w

1
2
wT

�
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1 4

�
w + wT

�
1
0

�

s.t. g (w) = wTw � 1 = 0

Guess � = 0, step t = 1

-2 -1 0 1 2
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

w
1

w1

S. Gros Optimal Control with DAEs, lecture 5 17th of February, 2016 17 / 32

Ja
n
12

, 2
02

1

–
FC

–

CHEM-E7190
2020-2021

Trajectory | System dynamics

We understand dynamic systems as processes that are evolving in time and that can
be represented using states that allow to determine the future behaviour of the system

I/O Controls u, outputs y

S State variables x

P Parameters ✓x ,y

ẋ(t) = f (x(t), u(t), t |✓x )

y(t) = g (x(t), u(t), t |✓y )

System

u(t) y(t)

The dynamical system can be controlled by a suitable choice of inputs denoted controls

• The controls should be chosen optimally, in some sense

• They must satisfy certain constraints

This course is about methods and solutions to determine the optimal control inputs
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Trajectory | System dynamics (cont.)

ẋ(t) = f (x(t), u(t), t |✓x )

y(t) = g (x(t), u(t), t |✓y )

System

u(t) y(t)

One fundamental element of dynamical systems is represented by state x(t) at time t

• The state space X is the set of all possible values of the state

• It can be continuous, like the usual RNx or some manifold

• It can be a discrete countable set such that |X | = NX
• It can be hybrid, with continuous and discrete states

The other main element of dynamical systems is represented by controls u(t) at time t

• The control/action space U is the set of all possible controls

• It can be continuous, like the usual RNu or some manifold

• It can be a discrete countable set such that |U| = NU
• It can be hybrid, with continuous and discrete actions
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Trajectory | System dynamics (cont.)

ẋ(t) = f (x(t), u(t), t |✓x )

y(t) = g (x(t), u(t), t |✓y )

System

u(t) y(t)

The dynamics of the state variables are represented by some nonlinear function f

• Function f returns ẋ(t) at time t , given x(t), u(t), and t

• Function f is parameterised, the vector ✓x

How the state variables are transformed into measurements, nonlinear function g

• Function g returns y(t) at time t , given x(t), u(t), and t

• Function g is parameterised, the vector ✓y

Knowledge of the initial state x(t0) and of the control trajectory u(t) over some time
interval such that t 2 [t0,T ] allows to determine the state trajectory x(t) for t 2 [t0,T ]

• The system model with certain evolution is of the deterministic kind

• Stochastic models describe evolutions that are known statistically
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Trajectory | System dynamics (cont.)

Chemical kinetics are concerned with understanding the evolution of reaction systems

• The system is specified by a set of coupled chemical reactions

The chemical kinetics induce an ordinary di↵erential equation, a dynamical system
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Trajectory | System dynamics (cont.)

Example

A
k1�� 2A

A + B
k2�� 2B

B
k3(t)�� �

<latexit sha1_base64="0SbvEBOT97IR0a2yU8pepnrUVtg="></latexit><latexit sha1_base64="zL97kzjbsxpsS6lJUQy/mw9xwfk="></latexit><latexit sha1_base64="zL97kzjbsxpsS6lJUQy/mw9xwfk="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Qthqgkur6YqGQATzEHvEYRR5fnY="></latexit><latexit sha1_base64="Qthqgkur6YqGQATzEHvEYRR5fnY="></latexit><latexit sha1_base64="nDpNEXttJi73fiWDGYCOy1ofgao="></latexit><latexit sha1_base64="nDpNEXttJi73fiWDGYCOy1ofgao="></latexit><latexit sha1_base64="zL97kzjbsxpsS6lJUQy/mw9xwfk="></latexit><latexit sha1_base64="zL97kzjbsxpsS6lJUQy/mw9xwfk="></latexit><latexit sha1_base64="zL97kzjbsxpsS6lJUQy/mw9xwfk="></latexit><latexit sha1_base64="zL97kzjbsxpsS6lJUQy/mw9xwfk="></latexit><latexit sha1_base64="nDpNEXttJi73fiWDGYCOy1ofgao="></latexit>

The Lotka-Volterra system is usually
used to capture interactions between
competing chemical species

A
k1�! 2A

A + B
k2�! 2B

B
k3(t)�! ;

Assuming to be able directly manipulate the rate at which component B is removed,

2

6664

d [A](t)

dt

d [B ](t)

dt

3

7775
=

2

4
k1[A](t) � k2[A](t)[B ](t)

k2[A](t)[B ](t) � k3(t)[B ](t)

3

5



Ja
n
12

, 2
02

1

–
FC

–

CHEM-E7190
2020-2021

Trajectory | System dynamics (cont.)

2

6664

d [A](t)

dt

d [B ](t)

dt

3

7775

| {z }
ẋ(t)

=

2

4
k1[A](t) � k2[A](t)[B ](t)

k2[A](t)[B ](t) � k3(t)[B ](t)

3

5

| {z }
f (x(t),u(t)|✓x )

• State variables x(t) = (x1(t), x2(t)) = ([A](t), [B ](t))

• Control variables u(t) = u1(t) = k3(t)

• Parameters ✓x = (k1, k2)

The evolution, for an initial condition x(0) = x0 and sequence of inputs u(0 T )
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Trajectory | System dynamics (cont.)

Example

A
k1�� X1

B + X1
k2�� X2 + C

2X1 + X2
k3�� 3X1

X1
k4�� D

<latexit sha1_base64="9O2AAYleCWJI0p5KsXQsp1iolL8="></latexit><latexit sha1_base64="YhuX2mMizih4cl5NerX91xSOigc="></latexit><latexit sha1_base64="YhuX2mMizih4cl5NerX91xSOigc="></latexit><latexit sha1_base64="keTSujbe/mVo3stjvODQy5PIE9w="></latexit>

The Brusellator is a theoretical model
for certain auto-catalytic reactions

A
k1�! X1

B + X1
k2�! X2 + C

2X1 + X2
k3�! 3X1

X1
k4�! D

The reaction components (X1,X2) are
a pair of intermediate state variables

Assuming that the concentration species A and B (and C and D) can be manipulated

2

6664

d [X1](t)

dt

d [X2](t)

dt

3

7775
=

2

4
a(t) � b(t)[X1](t) + [X1]2(t)[X2](t) � [X1](t)

b(t)[X1](t) � [X1]2(t)[X2](t)

3

5
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Trajectory | System dynamics (cont.)

2

6664

d [X1](t)

dt

d [X2](t)

dt

3

7775

| {z }
ẋ(t)

=

2

4
a(t) � b(t)[X1](t) + [X1]2(t)[X2](t) � [X1](t)

b(t)[X1](t) � [X1]2(t)[X2](t)

3

5

| {z }
f (x(t),u(t)|✓x )

• State variables x(t) = (x1(t), x2(t)) = ([X1](t), [X2](t))

• Control variables u(t) = (u1(t), u2(t)) = (a(t), b(t))

• Parameters ✓x = (k1, k2, k3, k4)

The evolution, for an initial condition x(0) = x0 and sequence of inputs u(0 T )
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Trajectory | System dynamics (cont.)

We mainly focus on deterministic systems with continuous state and control spaces

• We will make a short digression to discuss discrete state- and action-spaces

More importantly, we are interested in solutions to be implemented on a computer

• We consider digitally controlled sampled-data system, in discrete-time

xk+1 = f�t (xk , uk , k |✓x )

yk = g�t (xk , uk , k |✓y )

System

uk yk

The evolution of discrete-time systems takes values on a predefined time grid

• We will often replace the continuous time variable t 2 R�0

• We will use the discrete index variable k 2 N0
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Trajectory | System dynamics (cont.)

Overview of the main (useful for us) classes of dynamical system models

• Continuous- and discrete-control

• Continuous- and discrete-space

• Continuous- and discrete-time

Important properties: Stability, controllability (and observability)

Existence and uniqueness of the solution to initial value problems

• Picard-Lindelöf and local existence and uniqueness

Numerical simulation or integration of initial value problems

• Zero-order hold of the control and the solution map

• Explicit integration (Euler and Runge-Kutta)

Coding/simulating interesting dynamical system

 Assignment I
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Trajectory | Optimisation

Mathematical optimisation refers to the task of finding the best solution x⇤ to a prob-
lem, an optimality definition for some function f (x), in a set of feasible decisions x

min
x2RN

f (x) (Objective function)

subject to g (x) = 0 (Equality constraints)

h (x) � 0 (Inequality constraints)

We mainly consider finite-dimensional op-
timisation problems with smooth functions

 f : RN ! R, with f 2 C2
�
RN

�

 g : RN ! RNg , with g 2 C2
�
RN

�

 h : RN ! RNh , with h 2 C2
�
RN

�

CHAPTER 1. FUNDAMENTAL CONCEPTS OF OPTIMIZATION 7

1.3 Mathematical Formulation in Standard Form

minimize
x � Rn

f(x) (1.1)

subject to g(x) = 0, (1.2)

h(x) � 0. (1.3)

Here, f : Rn � R, g : Rn � Rp, h : Rn � Rq, are usually assumed to be di�erentiable. Note that
the inequalities hold for all components, i.e.

h(x) � 0 � hi(x) � 0, i = 1, . . . , q. (1.4)

Example 1.1 (A two dimensional example):

minimize
x � R2

x2
1 + x2

2 (1.5)

subject to x2 � 1 � x2
1 � 0, (1.6)

x1 � 1 � 0. (1.7)

x1

x2

1

1

x2 � x2
1 + 1

x1 > 1

�

Figure 1.1: Visualization of Example 1.1, � is defined in Definition 1.2Continuity of the search domain and smoothness of the objective and constraint func-
tions allow the use derivative-based approaches, applications of the Newton’s method
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Trajectory | Optimisation (cont.)

Example

min
x2RN

x2
1 + x2

2 (Objective function)

subject to x1 � 1 = 0 (Equality constraints)

x2 � 1 � x2
2 � 0 (Inequality constraints)

 f : R2 ! R, with f 2 C2
�
R2
�

 g : R2 ! R, with g 2 C2
�
R2
�

 h : R2 ! R, with h 2 C2
�
R2
�

The set of feasible decisions

⌦ = {x 2 R2|h (x) � 0, g (x) = 0}

The minimiser x⇤, point •

CHAPTER 1. FUNDAMENTAL CONCEPTS OF OPTIMIZATION 7

1.3 Mathematical Formulation in Standard Form

minimize
x � Rn

f(x) (1.1)

subject to g(x) = 0, (1.2)

h(x) � 0. (1.3)

Here, f : Rn � R, g : Rn � Rp, h : Rn � Rq, are usually assumed to be di�erentiable. Note that
the inequalities hold for all components, i.e.

h(x) � 0 � hi(x) � 0, i = 1, . . . , q. (1.4)

Example 1.1 (A two dimensional example):

minimize
x � R2

x2
1 + x2

2 (1.5)

subject to x2 � 1 � x2
1 � 0, (1.6)

x1 � 1 � 0. (1.7)

x1

x2

1

1

x2 � x2
1 + 1

x1 > 1

�

Figure 1.1: Visualization of Example 1.1, � is defined in Definition 1.2
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Trajectory | Optimisation (cont.)

Newton- and Newton-type methods are numerical root-finding techniques

Consider some vector-valued function F : RN ! RN

F (x) =

2

6664

f1 (x1, x2, . . . , xN )
f2 (x1, x2, . . . , xN )

...
fN (x1, x2, . . . , xN )

3

7775

Newton methods are used to find the zeros of F

• Points x⇤ 2 RN where F (x) = 0

F (x⇤) =

2

6664

f1
�
x⇤
1 , x⇤

2 , . . . , x⇤
N

�

f2
�
x⇤
1 , x⇤

2 , . . . , x⇤
N

�

...
fN
�
x⇤
1 , x⇤

2 , . . . , x⇤
N

�

3

7775
=

2

6664

0
0
...
0

3

7775

Many optimisation problems can be formulated as root-finding problems

 Newton’s methods are the basis for their numerical solution
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Trajectory | Optimisation (cont.)

min
x2RN

f (x) (Objective function)

subject to g (x) = 0 (Equality constraints)

h (x) � 0 (Inequality constraints)

The constraint set ⌦ ✓ RN is specified in terms of equality and inequality constraints

We can take into account this structure to obtain a collection of optimality conditions

• These conditions involve a set of auxiliary variables, � 2 RNh and µ 2 RNg

• The auxiliary variables are denoted as Lagrange multipliers

L (x , �, µ) = f (x) �
NgX

ng=1

µng
gng

(x) �
NhX

nh=1

�nh
hnh

(x)

The theory of Lagrange multipliers facilitates the characterisation of optimal solutions

• The Lagrange function L and the primal and dual formulation

• The Karhush-Kuhn-Tucker (KKT) optimality conditions

Ja
n
12

, 2
02

1

–
FC

–

CHEM-E7190
2020-2021

Trajectory | Optimisation (cont.)

Overview of the main (useful for us) classes of mathematical programming problems

• Nonlinear programming

• Quadratic programs

• (Linear programs)

The critical boundary in optimisation is between convex and non-convex programs

Newton- and Newton-type root-finding methods and unconstrained optimisation

• Generalities, optimality conditions, and convergence

Existence and optimality conditions of the solution to a nonlinear program

• Equality constrained optimisation problems

• Inequality constrained optimisation

Numerical algorithms and coding

 Assignment II
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Trajectory | Dynamic optimisation

Optimal state-feedback control combines the notions of optimisation and dynamics

System

State estimation

Feedback control

Disturbances

Controls Data
A general structure, each block can be
treated using di↵erent technologies

• First-principles (physics)

• Empirical (data-derived)

It scales (it can be solved) reasonably
well with the process size (complexity)
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Trajectory | Dynamic optimisation (cont.)

ẋ(t) = f (x(t), u(t)|✓x )

y(t) = Ix(t)

System

u(t) = ⇡ (x(t))

Controller

u(t) y(t)

 A (known) dynamical system

 A formal control objective

 A set of constraints

Find the best control function u(0 T )
that optimally achieves the objective,
while satisfying the constraints

Simplified Optimal Control Problem in ODE

terminal
constraint r(x(T )) � 0

�
path constraints h(x, u) � 0

initial value
x0 � states x(t)

controls u(t)
��

0 t
�
T

minimize
x(·),u(·)

� T

0
L(x(t), u(t)) dt + E (x(T ))

subject to

x(0) � x0 = 0, (fixed initial value)

ẋ(t)�f (x(t), u(t)) = 0, t � [0, T ], (ODE model)

h(x(t), u(t)) � 0, t � [0, T ], (path constraints)

r (x(T )) � 0 (terminal constraints)
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Trajectory | Dynamic optimisation (cont.)

min
x(0 T)
u(0 T)

E (x(T ))
| {z }
Mayer term

+

Z
T

0
L (x(t), u(t)) dt

| {z }
Lagrange term

| {z }
Bolza term

subject to x(0) � x0 = 0, t = 0 (fixed initial state)

ẋ(t) � f (x(t), u(t)) = 0, t 2 [0,T ] (dynamics)

h (x(t), u(t)) � 0, t 2 [0,T ] (path constraints)

r (x(T ))  0, t = T (terminal constraints)

Continuous-time optimal control problem, it is an 1-dimensional optimisation

• The decision variables are functions of time, u(0 T ) and x(0 T )

Bolza objective functions are the sum of two terms, a Lagrange and a Mayer term

• The integral cost L (x(t), u(t)) over [0,T ] and a terminal cost E (x(T ))
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Trajectory | Dynamic optimisation (cont.)

min
x(0 T)
u(0 T)

E (x(T ))
| {z }
Mayer term

+

Z
T

0
L (x(t), u(t)) dt

| {z }
Lagrange term

| {z }
Bolza term

subject to x(0) � x0 = 0, t = 0 (fixed initial state)

ẋ(t) � f (x(t), u(t)) = 0, t 2 [0,T ] (dynamics)

h (x(t), u(t)) � 0, t 2 [0,T ] (path constraints)

r (x(T ))  0, t = T (terminal constraints)

Three main classes of approaches to solve continuous-time optimal control problems

• Principle of optimality (the Hamilton-Jacobi-Bellman equation)

• Calculus of variations (the Pontryagin maximum principle)

• Discretise-then-optimise, then nonlinear programming
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Trajectory | Dynamic optimisation (cont.)

Discrete-time optimal control

xk+1 = f�t (xk , uk |✓x )

yk = Ixk

System

uK = ⇡�t (xk )

Controller

uk yk  A (known) dynamical system

 A formal control objective

 A set of constraints

Find the best control sequence u0, u1, . . . , uK�1 that optimally achieves the objective

min
x0,x1,...,xK

u0,u1,...,uK�1

E (xK ) +
K�1X

k=0

L (xk , uk )

subject to x0 � x0 = 0, k = 0 (fixed initial state)

xk+1 � f�t (xk , uk ) = 0, k = 0, 1, . . . ,K � 1 (dynamics)

h (xk , uk ) � 0, k = 0, 1, . . . ,K � 1 (path constraints)

r (xK )  0, k = K (terminal constraints)
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Trajectory | Dynamic optimisation (cont.)

The formulation of the discrete-time optimal control is a general nonlinear program

min
x0,x1,...,xK

u0,u1,...,uK�1

E (xK )
| {z }

Terminal cost

+
K�1X

k=0

L (xk , uk )
| {z }
Stage cost

subject to x0 � x0 = 0, k = 0 (fixed initial state)

xk+1 � f�t (xk , uk ) = 0, k = 0, . . . ,K � 1 (dynamics)

h (xk , uk ) � 0, k = 0, . . . ,K � 1 (path constraints)

r (xK )  0, k = K (terminal constraints)

The number of decision variables is typically very large, (K ⇥ RNx )⇥ ((K � 1)⇥ RNu )

• Optimisation can be approached with solvers for generic nonlinear programs

• The problem has however a sparsity structure that can be exploited

This discrete problem is solved by using optimisation and integration simultaneously
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Trajectory | Dynamic optimisation (cont.)

In the simultanous approach, both control and state variables are decision variables

It is possible to eliminate nearly all the state variables, by using the dynamics

ex0(x0) = x0

ex1(x0, u0) = f�t ( ex0(x0), u0)
ex2(x0, u0, u1) = f�t ( ex1(x0, u0), u1)

· · · = · · ·
exk+1(x0, u0, u1, · · · , uk�1, uk ) = f�t ( exk (x0, u0, . . . , uk�1), uk )

· · · = · · ·
We obtain the reduced formulation,

min
x0

u0,u1,...,uK�1

E (xK (x0, u0, u1, . . . , uK�1)) +
K�1X

k=0

L (xk (x0, u0, u1, . . . , uK�1) , uk )

subject to x0 � x0 = 0

h (xk , uk ) � 0

r (xK )  0

Many less decision variables (Nx + (K � 1)Nu ), but the sparsity structure is disrupted
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Trajectory | Dynamic optimisation (cont.)

Direct optimal control methods transcribe the original infinite-dimensional optimi-
sation problem into a finite-dimensional one to be solved by nonlinear programming

• Define a finite-dimensional parameterisation of the control trajectory

Direct Single Shooting [Hicks1971,Sargent1978]

Discretize controls u(t) on fixed grid 0 = t0 < t1 < . . . < tN = T ,
regard states x(t) on [0, T ] as dependent variables.

�

x0 �
states x(t; q)

discretized controls u(t; q)

q0

q1

qN�1 ��
0 t

�
T

Use numerical integration to obtain state as function x(t; q) of
finitely many control parameters q = (q0, q1, . . . , qN�1)

The idea is to discretise the controls u(t) on a fixed grid 0 = t0 < t1 < · · · < TK = T

• Controls are parameterised by polynomials (often, piecewise constant functions)

 Assignment III
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Trajectory | Model predictive control
Nonlinear Model Predictive Control (NMPC)

� Each sampling time, solve for given system state x0 an
Optimal Control Problem:

� past

past controls

�� prediction horizon �
� control horizon �

state constraint

current state
x0 �

x(t) predicted
state trajectory

optimized
controls

u(t)

� �� u0

t0

�
t0+� . . .

�
t0+Tc

�
t0+Tp

� Give first control move u0 back to real-world system. Move
horizon.

� Result: Feedback law u0(x0). Can compensate for
disturbances and modelling errors.

min
uk ,...,uk+N�1

k+N�1X

n=k

L(xn , un ) + Lf (xk+N )

s.t.
8n2[k,k+N ]

xn+1 = f�t (xn , un ,wn |✓x ),

xn 2 X , un 2 U ,

�(xk , xk+N ) = 0,

At each time step, solve the finite-
horizon optimal control and then apply
only the first optimal control action
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Trajectory | Model predictive control (cont.)

Wastewater Treatment

Controller

Crop Growth

Controller

Reference

Reference

Data

Controls

Controls

Data

• State vars

• Controls

• Disturbances

• Measurements

Neto et al. ECC (2020), IFAC
(2020), and JPC (preparation)

QIN
<latexit sha1_base64="LarH5BewrGNizkj4Px5UMdcdBEY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvehFWrAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1ElWZSPJhJTP0IDwULGcHGSq1GP727n/aLJbfszoFWiZeREmSo94tfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+SVqXsXZQrjWqpdp3FkYcTOIVz8OASanALdWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/V0mO+Q==</latexit>

xA(IN)
1,...,13

<latexit sha1_base64="y4ol0S5qV68VxHFE3A8CTAceGW4=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARKpSStIIuq250IxXsA9oYJpNpO3SSCTMTsYRs/BU3LhRx62e482+ctllo64ELh3Pu5d57vIhRqSzr21hYXFpeWc2t5dc3Nre2zZ3dpuSxwKSBOeOi7SFJGA1JQ1HFSDsSBAUeIy1veDn2Ww9ESMrDOzWKiBOgfkh7FCOlJdfcf3QTu9RlPleyZFfT++S8eH1znLpmwSpbE8B5YmekADLUXfOr63McByRUmCEpO7YVKSdBQlHMSJrvxpJECA9Rn3Q0DVFApJNMHkjhkVZ82ONCV6jgRP09kaBAylHg6c4AqYGc9cbif14nVr0zJ6FhFCsS4umiXsyg4nCcBvSpIFixkSYIC6pvhXiABMJKZ5bXIdizL8+TZqVsV8uV25NC7SKLIwcOwCEoAhucghq4AnXQABik4Bm8gjfjyXgx3o2PaeuCkc3sgT8wPn8A7A2VUg==</latexit>

SNO

<latexit sha1_base64="p8I0OU+G6jdoYttSYFQZsxOAkk8=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIam3ZXdONKK9oHtKFMppN27CQTZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHklpZXVtfy64WNza3tneLuXkvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2Pz7P/PY9EZLy6FZNYuKFaBjRgGKktNS66aeXV9N+sWSZ1ZNa2a5Ay7TdiuPaGSmfOjUL2qY1Qwks0OgX33sDjpOQRAozJGXXtmLlpUgoihmZFnqJJDHCYzQkXU0jFBLppbNrp/BIKwMYcKErUnCmfp9IUSjlJPR1Z4jUSP72MvEvr5uooOqlNIoTRSI8XxQkDCoOs9fhgAqCFZtogrCg+laIR0ggrHRABR3C16fwf9Iqm7ZjutdOqX62iCMPDsAhOAY2cEEdXIAGaAIM7sADeALPBjcejRfjdd6aMxYz++AHjLdP07ePUw==</latexit>

SNO

<latexit sha1_base64="p8I0OU+G6jdoYttSYFQZsxOAkk8=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIam3ZXdONKK9oHtKFMppN27CQTZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHklpZXVtfy64WNza3tneLuXkvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2Pz7P/PY9EZLy6FZNYuKFaBjRgGKktNS66aeXV9N+sWSZ1ZNa2a5Ay7TdiuPaGSmfOjUL2qY1Qwks0OgX33sDjpOQRAozJGXXtmLlpUgoihmZFnqJJDHCYzQkXU0jFBLppbNrp/BIKwMYcKErUnCmfp9IUSjlJPR1Z4jUSP72MvEvr5uooOqlNIoTRSI8XxQkDCoOs9fhgAqCFZtogrCg+laIR0ggrHRABR3C16fwf9Iqm7ZjutdOqX62iCMPDsAhOAY2cEEdXIAGaAIM7sADeALPBjcejRfjdd6aMxYz++AHjLdP07ePUw==</latexit>

SNO

<latexit sha1_base64="p8I0OU+G6jdoYttSYFQZsxOAkk8=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIam3ZXdONKK9oHtKFMppN27CQTZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHklpZXVtfy64WNza3tneLuXkvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2Pz7P/PY9EZLy6FZNYuKFaBjRgGKktNS66aeXV9N+sWSZ1ZNa2a5Ay7TdiuPaGSmfOjUL2qY1Qwks0OgX33sDjpOQRAozJGXXtmLlpUgoihmZFnqJJDHCYzQkXU0jFBLppbNrp/BIKwMYcKErUnCmfp9IUSjlJPR1Z4jUSP72MvEvr5uooOqlNIoTRSI8XxQkDCoOs9fhgAqCFZtogrCg+laIR0ggrHRABR3C16fwf9Iqm7ZjutdOqX62iCMPDsAhOAY2cEEdXIAGaAIM7sADeALPBjcejRfjdd6aMxYz++AHjLdP07ePUw==</latexit>

SNO

<latexit sha1_base64="p8I0OU+G6jdoYttSYFQZsxOAkk8=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIam3ZXdONKK9oHtKFMppN27CQTZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHklpZXVtfy64WNza3tneLuXkvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2Pz7P/PY9EZLy6FZNYuKFaBjRgGKktNS66aeXV9N+sWSZ1ZNa2a5Ay7TdiuPaGSmfOjUL2qY1Qwks0OgX33sDjpOQRAozJGXXtmLlpUgoihmZFnqJJDHCYzQkXU0jFBLppbNrp/BIKwMYcKErUnCmfp9IUSjlJPR1Z4jUSP72MvEvr5uooOqlNIoTRSI8XxQkDCoOs9fhgAqCFZtogrCg+laIR0ggrHRABR3C16fwf9Iqm7ZjutdOqX62iCMPDsAhOAY2cEEdXIAGaAIM7sADeALPBjcejRfjdd6aMxYz++AHjLdP07ePUw==</latexit>

SNO

<latexit sha1_base64="p8I0OU+G6jdoYttSYFQZsxOAkk8=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIam3ZXdONKK9oHtKFMppN27CQTZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPX7MqFSW9WHklpZXVtfy64WNza3tneLuXkvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2Pz7P/PY9EZLy6FZNYuKFaBjRgGKktNS66aeXV9N+sWSZ1ZNa2a5Ay7TdiuPaGSmfOjUL2qY1Qwks0OgX33sDjpOQRAozJGXXtmLlpUgoihmZFnqJJDHCYzQkXU0jFBLppbNrp/BIKwMYcKErUnCmfp9IUSjlJPR1Z4jUSP72MvEvr5uooOqlNIoTRSI8XxQkDCoOs9fhgAqCFZtogrCg+laIR0ggrHRABR3C16fwf9Iqm7ZjutdOqX62iCMPDsAhOAY2cEEdXIAGaAIM7sADeALPBjcejRfjdd6aMxYz++AHjLdP07ePUw==</latexit>

SO

<latexit sha1_base64="0YcUCCVcRq6t/HKmvWFfJ6XRNKg=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqbNpb0Ys3K5q20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKK6tr6xvFzdLW9s7uXnn/oC3jVGDi4ZjFohsgSRjlxFNUMdJNBEFRwEgnmFzmfueeCEljfqemCfEjNOI0pBgpLXm3g+x6NihXLLN+1qjaNWiZtltzXDsn1XOnYUHbtOaogCVag/J7fxjjNCJcYYak7NlWovwMCUUxI7NSP5UkQXiCRqSnKUcRkX42P3YGT7QyhGEsdHEF5+r3iQxFUk6jQHdGSI3lby8X//J6qQrrfkZ5kirC8WJRmDKoYph/DodUEKzYVBOEBdW3QjxGAmGl8ynpEL4+hf+TdtW0HdO9cSrNi2UcRXAEjsEpsIELmuAKtIAHMKDgATyBZ4Mbj8aL8bpoLRjLmUPwA8bbJzbKjvs=</latexit>

SO

<latexit sha1_base64="0YcUCCVcRq6t/HKmvWFfJ6XRNKg=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqbNpb0Ys3K5q20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKK6tr6xvFzdLW9s7uXnn/oC3jVGDi4ZjFohsgSRjlxFNUMdJNBEFRwEgnmFzmfueeCEljfqemCfEjNOI0pBgpLXm3g+x6NihXLLN+1qjaNWiZtltzXDsn1XOnYUHbtOaogCVag/J7fxjjNCJcYYak7NlWovwMCUUxI7NSP5UkQXiCRqSnKUcRkX42P3YGT7QyhGEsdHEF5+r3iQxFUk6jQHdGSI3lby8X//J6qQrrfkZ5kirC8WJRmDKoYph/DodUEKzYVBOEBdW3QjxGAmGl8ynpEL4+hf+TdtW0HdO9cSrNi2UcRXAEjsEpsIELmuAKtIAHMKDgATyBZ4Mbj8aL8bpoLRjLmUPwA8bbJzbKjvs=</latexit>

SO

<latexit sha1_base64="0YcUCCVcRq6t/HKmvWFfJ6XRNKg=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqbNpb0Ys3K5q20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKK6tr6xvFzdLW9s7uXnn/oC3jVGDi4ZjFohsgSRjlxFNUMdJNBEFRwEgnmFzmfueeCEljfqemCfEjNOI0pBgpLXm3g+x6NihXLLN+1qjaNWiZtltzXDsn1XOnYUHbtOaogCVag/J7fxjjNCJcYYak7NlWovwMCUUxI7NSP5UkQXiCRqSnKUcRkX42P3YGT7QyhGEsdHEF5+r3iQxFUk6jQHdGSI3lby8X//J6qQrrfkZ5kirC8WJRmDKoYph/DodUEKzYVBOEBdW3QjxGAmGl8ynpEL4+hf+TdtW0HdO9cSrNi2UcRXAEjsEpsIELmuAKtIAHMKDgATyBZ4Mbj8aL8bpoLRjLmUPwA8bbJzbKjvs=</latexit>

SO

<latexit sha1_base64="0YcUCCVcRq6t/HKmvWFfJ6XRNKg=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqbNpb0Ys3K5q20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKK6tr6xvFzdLW9s7uXnn/oC3jVGDi4ZjFohsgSRjlxFNUMdJNBEFRwEgnmFzmfueeCEljfqemCfEjNOI0pBgpLXm3g+x6NihXLLN+1qjaNWiZtltzXDsn1XOnYUHbtOaogCVag/J7fxjjNCJcYYak7NlWovwMCUUxI7NSP5UkQXiCRqSnKUcRkX42P3YGT7QyhGEsdHEF5+r3iQxFUk6jQHdGSI3lby8X//J6qQrrfkZ5kirC8WJRmDKoYph/DodUEKzYVBOEBdW3QjxGAmGl8ynpEL4+hf+TdtW0HdO9cSrNi2UcRXAEjsEpsIELmuAKtIAHMKDgATyBZ4Mbj8aL8bpoLRjLmUPwA8bbJzbKjvs=</latexit>

SO

<latexit sha1_base64="0YcUCCVcRq6t/HKmvWFfJ6XRNKg=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hqbNpb0Ys3K5q20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKK6tr6xvFzdLW9s7uXnn/oC3jVGDi4ZjFohsgSRjlxFNUMdJNBEFRwEgnmFzmfueeCEljfqemCfEjNOI0pBgpLXm3g+x6NihXLLN+1qjaNWiZtltzXDsn1XOnYUHbtOaogCVag/J7fxjjNCJcYYak7NlWovwMCUUxI7NSP5UkQXiCRqSnKUcRkX42P3YGT7QyhGEsdHEF5+r3iQxFUk6jQHdGSI3lby8X//J6qQrrfkZ5kirC8WJRmDKoYph/DodUEKzYVBOEBdW3QjxGAmGl8ynpEL4+hf+TdtW0HdO9cSrNi2UcRXAEjsEpsIELmuAKtIAHMKDgATyBZ4Mbj8aL8bpoLRjLmUPwA8bbJzbKjvs=</latexit>

XSS

<latexit sha1_base64="CosO4fK29Ck70KYM8BCL2vnilgY=">AAAB7XicdVBNTwIxEO3iF+IX6tFLIzHxtNnFlYUb0YtHDIIksCHdUqDSbTdt14Rs+A9ePGiMV/+PN/+NXcBEjb5kkpf3ZjIzL4wZVdpxPqzcyura+kZ+s7C1vbO7V9w/aCuRSExaWDAhOyFShFFOWppqRjqxJCgKGbkNJ5eZf3tPpKKC3+hpTIIIjTgdUoy0kdqdftpszvrFkmNXz2pltwId2/Urnu9mpHzu1Rzo2s4cJbBEo1987w0ETiLCNWZIqa7rxDpIkdQUMzIr9BJFYoQnaES6hnIUERWk82tn8MQoAzgU0hTXcK5+n0hRpNQ0Ck1nhPRY/fYy8S+vm+hhNUgpjxNNOF4sGiYMagGz1+GASoI1mxqCsKTmVojHSCKsTUAFE8LXp/B/0i7brmf7116pfrGMIw+OwDE4BS7wQR1cgQZoAQzuwAN4As+WsB6tF+t10ZqzljOH4Aest0/pFo9h</latexit>

COD

<latexit sha1_base64="oyyP3n7l88d/6Ll3qF3HuAhG1Zc=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIam3ZXrAt3VrQPaEOZTCft0MkkzEyEEvoJblwo4tYvcuffOGkrqOiBC4dz7uXee/yYUaks68PIrayurW/kNwtb2zu7e8X9g7aMEoFJC0csEl0fScIoJy1FFSPdWBAU+ox0/Ekj8zv3REga8Ts1jYkXohGnAcVIaem2cX05KJYss3pWK9sVaJm2W3FcOyPlc6dmQdu05iiBJZqD4nt/GOEkJFxhhqTs2VasvBQJRTEjs0I/kSRGeIJGpKcpRyGRXjo/dQZPtDKEQSR0cQXn6veJFIVSTkNfd4ZIjeVvLxP/8nqJCqpeSnmcKMLxYlGQMKgimP0Nh1QQrNhUE4QF1bdCPEYCYaXTKegQvj6F/5N22bQd071xSvWLZRx5cASOwSmwgQvq4Ao0QQtgMAIP4Ak8G8x4NF6M10VrzljOHIIfMN4+ATD1jcQ=</latexit>

BOD5

<latexit sha1_base64="eCp4liWpNfBD8ZVS/U9bsZ5sieA=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hq2rS3Uj14s4JpC20om+22XbrZhN2NUEJ/gxcPinj1B3nz37hpK6jog4HHezPMzAtiRqWyrA8jt7a+sbmV3y7s7O7tHxQPj9oySgQmHo5YJLoBkoRRTjxFFSPdWBAUBox0gull5nfuiZA04ndqFhM/RGNORxQjpSWveXM1qAyKJcusXdTLdhVapu1WHdfOSLni1C1om9YCJbBCa1B87w8jnISEK8yQlD3bipWfIqEoZmRe6CeSxAhP0Zj0NOUoJNJPF8fO4ZlWhnAUCV1cwYX6fSJFoZSzMNCdIVIT+dvLxL+8XqJGNT+lPE4U4Xi5aJQwqCKYfQ6HVBCs2EwThAXVt0I8QQJhpfMp6BC+PoX/k3bZtB3TvXVKjeYqjjw4AafgHNjABQ1wDVrAAxhQ8ACewLPBjUfjxXhdtuaM1cwx+AHj7RNbqY5r</latexit>

SNH

<latexit sha1_base64="2mEM0KOuOWf9rZCxjsn7Wc41FzU=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIam3ZXdNOVVLQPaEOZTCft2MkkzEyEEvoPblwo4tb/ceffOGkrqOiBC4dz7uXee/yYUaks68PIrayurW/kNwtb2zu7e8X9g7aMEoFJC0csEl0fScIoJy1FFSPdWBAU+ox0/Mll5nfuiZA04rdqGhMvRCNOA4qR0lL7ZpBeNWaDYskyq2e1sl2Blmm7Fce1M1I+d2oWtE1rjhJYojkovveHEU5CwhVmSMqebcXKS5FQFDMyK/QTSWKEJ2hEeppyFBLppfNrZ/BEK0MYREIXV3Cufp9IUSjlNPR1Z4jUWP72MvEvr5eooOqllMeJIhwvFgUJgyqC2etwSAXBik01QVhQfSvEYyQQVjqggg7h61P4P2mXTdsx3WunVL9YxpEHR+AYnAIbuKAOGqAJWgCDO/AAnsCzERmPxovxumjNGcuZQ/ADxtsnyRSPTA==</latexit>

NTOT

<latexit sha1_base64="MHt0Mf6lMd0qI9eoLnhvNnKdFLo=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8LbtxzSa3oBdPGiEvSJYwO5kkQ2YfzMwKYclHePGgiFe/x5t/42wSQUULGoqqbrq7/JgzqSzrw1hZXVvf2Mxt5bd3dvf2CweHLRklgtAmiXgkOj6WlLOQNhVTnHZiQXHgc9r2J1eZ376nQrIobKhpTL0Aj0I2ZAQrLbVv+mnjtjHrF4qWWTmvluwyskzbLTuunZHShVO1kG1acxRhiXq/8N4bRCQJaKgIx1J2bStWXoqFYoTTWb6XSBpjMsEj2tU0xAGVXjo/d4ZOtTJAw0joChWaq98nUhxIOQ183RlgNZa/vUz8y+smaljxUhbGiaIhWSwaJhypCGW/owETlCg+1QQTwfStiIyxwETphPI6hK9P0f+kVTJtx3TvnGLtchlHDo7hBM7ABhdqcA11aAKBCTzAEzwbsfFovBivi9YVYzlzBD9gvH0Ce5qPsg==</latexit>

Q(1)
EC

<latexit sha1_base64="8kZAOtwH2sdgQYHEDLcpYrKuOeQ=">AAAB83icdVDLSgNBEOyNrxhfUY9eBoMQL8tujCbegkHwmIB5QLKG2ckkGTL7YGZWCMv+hhcPinj1Z7z5N06SFVS0oKGo6qa7yw05k8qyPozMyura+kZ2M7e1vbO7l98/aMsgEoS2SMAD0XWxpJz5tKWY4rQbCoo9l9OOO63P/c49FZIF/q2ahdTx8NhnI0aw0lK/OYiv68ldXLRPk0G+YJnWAsgyz8q2XbnQ5NI6r1ZLyE6tAqRoDPLv/WFAIo/6inAsZc+2QuXEWChGOE1y/UjSEJMpHtOepj72qHTixc0JOtHKEI0CoctXaKF+n4ixJ+XMc3Wnh9VE/vbm4l9eL1KjqhMzP4wU9cly0SjiSAVoHgAaMkGJ4jNNMBFM34rIBAtMlI4pp0P4+hT9T9ol0y6blWa5ULtK48jCERxDEWyoQA1uoAEtIBDCAzzBsxEZj8aL8bpszRjpzCH8gPH2CUqakTo=</latexit>

Q(2)
EC

<latexit sha1_base64="NvOHFqy255QkxWP92+KtkPW/pCE=">AAAB83icdVDLSgNBEOyNrxhfUY9eBoMQL8tujCbegkHwmIB5QLKG2ckkGTL7YGZWCMv+hhcPinj1Z7z5N06SFVS0oKGo6qa7yw05k8qyPozMyura+kZ2M7e1vbO7l98/aMsgEoS2SMAD0XWxpJz5tKWY4rQbCoo9l9OOO63P/c49FZIF/q2ahdTx8NhnI0aw0lK/OYiv68ldXCydJoN8wTKtBZBlnpVtu3KhyaV1Xq2WkJ1aBUjRGOTf+8OARB71FeFYyp5thcqJsVCMcJrk+pGkISZTPKY9TX3sUenEi5sTdKKVIRoFQpev0EL9PhFjT8qZ5+pOD6uJ/O3Nxb+8XqRGVSdmfhgp6pPlolHEkQrQPAA0ZIISxWeaYCKYvhWRCRaYKB1TTofw9Sn6n7RLpl02K81yoXaVxpGFIziGIthQgRrcQANaQCCEB3iCZyMyHo0X43XZmjHSmUP4AePtE0wgkTs=</latexit>

Q(3)
EC

<latexit sha1_base64="DMdz4OFItN1z0SJcZPY5dmi+aFw=">AAAB83icdVBdSwJBFL1rX2ZfVo+9DElgL8uuWtqbJEGPCmmCbjI7zurg7Aczs4Es/o1eeiii1/5Mb/2bRt2gog5cOJxzL/fe40acSWVZH0ZmZXVtfSO7mdva3tndy+8fdGQYC0LbJOSh6LpYUs4C2lZMcdqNBMW+y+mtO2nM/dt7KiQLgxs1jajj41HAPEaw0lK/NUiuGrO7pFg+nQ3yBcu0FkCWWa7YdvVckwvrrFYrITu1CpCiOci/94chiX0aKMKxlD3bipSTYKEY4XSW68eSRphM8Ij2NA2wT6WTLG6eoROtDJEXCl2BQgv1+0SCfSmnvqs7fazG8rc3F//yerHyak7CgihWNCDLRV7MkQrRPAA0ZIISxaeaYCKYvhWRMRaYKB1TTofw9Sn6n3RKpl0xq61KoX6ZxpGFIziGIthQhTpcQxPaQCCCB3iCZyM2Ho0X43XZmjHSmUP4AePtE02mkTw=</latexit>

Q(4)
EC

<latexit sha1_base64="Mj41HSWtxWavwKxluBlo58fHqFA=">AAAB83icdVDLSsNAFJ3UV62vqks3g0Wom5DUaOuuWASXLdgHtLFMppN26GQSZiZCCfkNNy4UcevPuPNvnLYRVPTAhcM593LvPV7EqFSW9WHkVlbX1jfym4Wt7Z3dveL+QUeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63rQx97v3REga8ls1i4gboDGnPsVIaWnQGibXjfQuKTun6bBYskxrAWiZZ45tVy80ubTOa7UKtDOrBDI0h8X3wSjEcUC4wgxJ2betSLkJEopiRtLCIJYkQniKxqSvKUcBkW6yuDmFJ1oZQT8UuriCC/X7RIICKWeBpzsDpCbytzcX//L6sfJrbkJ5FCvC8XKRHzOoQjgPAI6oIFixmSYIC6pvhXiCBMJKx1TQIXx9Cv8nnYppO2a15ZTqV1kceXAEjkEZ2KAK6uAGNEEbYBCBB/AEno3YeDRejNdla87IZg7BDxhvn08skT0=</latexit>

Q(5)
EC

<latexit sha1_base64="zlWsllsDoP2Y1X/OX1dDHBEeCQ8=">AAAB83icdVBdSwJBFL1rX2ZfVo+9DElgL8uuadqbJEGPCmmCbjI7zurg7Aczs4Es/o1eeiii1/5Mb/2bRt2gog5cOJxzL/fe40acSWVZH0ZmZXVtfSO7mdva3tndy+8fdGQYC0LbJOSh6LpYUs4C2lZMcdqNBMW+y+mtO2nM/dt7KiQLgxs1jajj41HAPEaw0lK/NUiuGrO7pFg5nQ3yBcu0FkCWeVa27eq5JhdWpVYrITu1CpCiOci/94chiX0aKMKxlD3bipSTYKEY4XSW68eSRphM8Ij2NA2wT6WTLG6eoROtDJEXCl2BQgv1+0SCfSmnvqs7fazG8rc3F//yerHyak7CgihWNCDLRV7MkQrRPAA0ZIISxaeaYCKYvhWRMRaYKB1TTofw9Sn6n3RKpl02q61yoX6ZxpGFIziGIthQhTpcQxPaQCCCB3iCZyM2Ho0X43XZmjHSmUP4AePtE1CykT4=</latexit>

QW

<latexit sha1_base64="u45R2KZD11SQDimBPXBmF8j3L5s=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqtfVW9OKxRfsBbSib7aZdutmE3Y1QQn+CFw+KePUXefPfuG0jqOiDgcd7M8zM82POlHacDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ9dzv3NPpWKRuNPTmHohHgkWMIK1kW6bg86gWHJsZwHk2GcV161eGHLpnNdqZeRmVgkyNAbF9/4wIklIhSYcK9VznVh7KZaaEU5nhX6iaIzJBI9oz1CBQ6q8dHHqDJ0YZYiCSJoSGi3U7xMpDpWahr7pDLEeq9/eXPzL6yU6qHkpE3GiqSDLRUHCkY7Q/G80ZJISzaeGYCKZuRWRMZaYaJNOwYTw9Sn6n7TLtluxq81KqX6VxZGHIziGU3ChCnW4gQa0gMAIHuAJni1uPVov1uuyNWdlM4fwA9bbJ1oZjd8=</latexit>

QR

<latexit sha1_base64="GTPA1X+GhslC5DzXWSME5zdjtZY=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckmttt6KXjy2aj+gDWWz3bRLN5uwuxFK6E/w4kERr/4ib/4bt20EFX0w8Hhvhpl5fsyZ0o7zYS0tr6yurec28ptb2zu7hb39looSSWiTRDySHR8rypmgTc00p51YUhz6nLb98dXMb99TqVgk7vQkpl6Ih4IFjGBtpNtG/6ZfKDq2Mwdy7NOy61bODblwzqrVEnIzqwgZ6v3Ce28QkSSkQhOOleq6Tqy9FEvNCKfTfC9RNMZkjIe0a6jAIVVeOj91io6NMkBBJE0Jjebq94kUh0pNQt90hliP1G9vJv7ldRMdVL2UiTjRVJDFoiDhSEdo9jcaMEmJ5hNDMJHM3IrICEtMtEknb0L4+hT9T1ol2y3blUa5WLvM4sjBIRzBCbhQgRpcQx2aQGAID/AEzxa3Hq0X63XRumRlMwfwA9bbJ1KFjdo=</latexit>

QA

<latexit sha1_base64="15SLgVfksCKITxYpDUHnlikzEQ0=">AAAB6nicdVBNS8NAEJ34WetX1aOXxSJ4Ckmttt6qXjy2aD+gDWWz3bRLN5uwuxFK6E/w4kERr/4ib/4bt20EFX0w8Hhvhpl5fsyZ0o7zYS0tr6yurec28ptb2zu7hb39looSSWiTRDySHR8rypmgTc00p51YUhz6nLb98fXMb99TqVgk7vQkpl6Ih4IFjGBtpNtG/7JfKDq2Mwdy7NOy61bODblwzqrVEnIzqwgZ6v3Ce28QkSSkQhOOleq6Tqy9FEvNCKfTfC9RNMZkjIe0a6jAIVVeOj91io6NMkBBJE0Jjebq94kUh0pNQt90hliP1G9vJv7ldRMdVL2UiTjRVJDFoiDhSEdo9jcaMEmJ5hNDMJHM3IrICEtMtEknb0L4+hT9T1ol2y3blUa5WLvK4sjBIRzBCbhQgRrcQB2aQGAID/AEzxa3Hq0X63XRumRlMwfwA9bbJzjBjck=</latexit>

KLa(1)

<latexit sha1_base64="SwzZ1SGl0T5d/0suqXDlUh9aeXg=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBoMQL8tujCbegl4EPUQwD0ximJ3MJkNmZ5eZWSEs+QsvHhTx6t9482+cPAQVLWgoqrrp7vIizpR2nA8rtbC4tLySXs2srW9sbmW3d+oqjCWhNRLyUDY9rChngtY005w2I0lx4HHa8IbnE79xT6ViobjRo4h2AtwXzGcEayPdXnav8F2Sdw/H3WzOsZ0pkGMfFV23dGLIqXNcLheQO7dyMEe1m31v90ISB1RowrFSLdeJdCfBUjPC6TjTjhWNMBniPm0ZKnBAVSeZXjxGB0bpIT+UpoRGU/X7RIIDpUaBZzoDrAfqtzcR//JasfbLnYSJKNZUkNkiP+ZIh2jyPuoxSYnmI0MwkczcisgAS0y0CSljQvj6FP1P6gXbLdql62KucjaPIw17sA95cKEEFbiAKtSAgIAHeIJnS1mP1ov1OmtNWfOZXfgB6+0TrzCQTQ==</latexit>

KLa(2)

<latexit sha1_base64="SU8A70xhM8GsY/BQMAApZ1Ldjgc=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBoMQL8tujCbegl4EPUQwD0ximJ3MJkNmZ5eZWSEs+QsvHhTx6t9482+cPAQVLWgoqrrp7vIizpR2nA8rtbC4tLySXs2srW9sbmW3d+oqjCWhNRLyUDY9rChngtY005w2I0lx4HHa8IbnE79xT6ViobjRo4h2AtwXzGcEayPdXnav8F2SLxyOu9mcYztTIMc+Krpu6cSQU+e4XC4gd27lYI5qN/ve7oUkDqjQhGOlWq4T6U6CpWaE03GmHSsaYTLEfdoyVOCAqk4yvXiMDozSQ34oTQmNpur3iQQHSo0Cz3QGWA/Ub28i/uW1Yu2XOwkTUaypILNFfsyRDtHkfdRjkhLNR4ZgIpm5FZEBlphoE1LGhPD1Kfqf1Au2W7RL18Vc5WweRxr2YB/y4EIJKnABVagBAQEP8ATPlrIerRfrddaasuYzu/AD1tsnsLaQTg==</latexit>

KLa(3)

<latexit sha1_base64="XFKRh9r81Ghj9xOFfENlbROpCvY=">AAAB8XicdVDLSgNBEOz1GeMr6tHLYBDiJewm0cRb0IughwjmgckaZieTZMjs7DIzK4Qlf+HFgyJe/Rtv/o2TZAUVLWgoqrrp7vJCzpS27Q9rYXFpeWU1tZZe39jc2s7s7DZUEElC6yTggWx5WFHOBK1rpjlthZJi3+O06Y3Op37znkrFAnGjxyF1fTwQrM8I1ka6vexe4bs4VzyadDNZO2/PgOx8seQ45RNDTu3jSqWAnMTKQoJaN/Pe6QUk8qnQhGOl2o4dajfGUjPC6STdiRQNMRnhAW0bKrBPlRvPLp6gQ6P0UD+QpoRGM/X7RIx9pca+Zzp9rIfqtzcV//Lake5X3JiJMNJUkPmifsSRDtD0fdRjkhLNx4ZgIpm5FZEhlphoE1LahPD1KfqfNAp5p5QvX5ey1bMkjhTswwHkwIEyVOECalAHAgIe4AmeLWU9Wi/W67x1wUpm9uAHrLdPsjyQTw==</latexit>

KLa(4)

<latexit sha1_base64="7IBaSSBdWK+XDDxhmwh1AOGbUBo=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBoMQL2E3ribegl4EPUQwD0ximJ1MkiGzs8vMrBCW/IUXD4p49W+8+TdOkhVUtKChqOqmu8sLOVPatj+s1MLi0vJKejWztr6xuZXd3qmrIJKE1kjAA9n0sKKcCVrTTHPaDCXFvsdpwxudT/3GPZWKBeJGj0Pa8fFAsD4jWBvp9rJ7he/ivHs46WZzdsGeAdmFI9dxSieGnNrH5XIROYmVgwTVbva93QtI5FOhCcdKtRw71J0YS80Ip5NMO1I0xGSEB7RlqMA+VZ14dvEEHRilh/qBNCU0mqnfJ2LsKzX2PdPpYz1Uv72p+JfXinS/3ImZCCNNBZkv6kcc6QBN30c9JinRfGwIJpKZWxEZYomJNiFlTAhfn6L/Sb1YcNxC6drNVc6SONKwB/uQBwdKUIELqEINCAh4gCd4tpT1aL1Yr/PWlJXM7MIPWG+fs8KQUA==</latexit>

KLa(5)

<latexit sha1_base64="lQqhIFB3x2FarQtuepRli7W8fME=">AAAB8XicdVDLSgNBEOz1GeMr6tHLYBDiJezGxMRb0IughwjmgckaZieTZMjs7DIzK4Qlf+HFgyJe/Rtv/o2TZAUVLWgoqrrp7vJCzpS27Q9rYXFpeWU1tZZe39jc2s7s7DZUEElC6yTggWx5WFHOBK1rpjlthZJi3+O06Y3Op37znkrFAnGjxyF1fTwQrM8I1ka6vexe4bs4VzqadDNZO2/PgOz8cdFxyieGnNqlSqWAnMTKQoJaN/Pe6QUk8qnQhGOl2o4dajfGUjPC6STdiRQNMRnhAW0bKrBPlRvPLp6gQ6P0UD+QpoRGM/X7RIx9pca+Zzp9rIfqtzcV//Lake5X3JiJMNJUkPmifsSRDtD0fdRjkhLNx4ZgIpm5FZEhlphoE1LahPD1KfqfNAp5p5gvXxez1bMkjhTswwHkwIEyVOECalAHAgIe4AmeLWU9Wi/W67x1wUpm9uAHrLdPtUiQUQ==</latexit>

xS(10)
138,...,145

<latexit sha1_base64="21hiPcD7W8pz4m1Jca1d5J0ydhc=">AAACAnicdVDLSgMxFM3UV62vUVfiJliECqXMtFOm3RXduKxoH9DWkknTNjTzIMmIZShu/BU3LhRx61e482/MtCOo6IELh3PuTe49TsCokIbxoaWWlldW19LrmY3Nre0dfXevKfyQY9LAPvN520GCMOqRhqSSkXbACXIdRlrO5Cz2WzeEC+p7V3IakJ6LRh4dUoykkvr6wW0/MkuVfHfgS5E3rfLsOrrMmcbJrK9njYIxBzQK5apdsmJSLFcNuwjNxMqCBPW+/q4ewaFLPIkZEqJjGoHsRYhLihmZZbqhIAHCEzQiHUU95BLRi+YnzOCxUgZw6HNVnoRz9ftEhFwhpq6jOl0kx+K3F4t/eZ1QDiu9iHpBKImHFx8NQwalD+M84IBygiWbKoIwp2pXiMeIIyxVahkVwtel8H/SLBZMq2BfWNnaaRJHGhyCI5ADJrBBDZyDOmgADO7AA3gCz9q99qi9aK+L1pSWzOyDH9DePgGmipWy</latexit>

xA(5)
53,...,65

<latexit sha1_base64="MlXL/J5EbVWSkEHakDYnw/rsPkM=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARKpRhpu1Yu6u6cVnBPqCtQyZN29DMgyQjlnEW/oobF4q49Tfc+TemD0FFD1w4nHNvcu9xQ0aFNM0PLbWwuLS8kl7NrK1vbG7p2zsNEUQckzoOWMBbLhKEUZ/UJZWMtEJOkOcy0nRH5xO/eUO4oIF/Jcch6Xpo4NM+xUgqydH3bp3YLuY7vUCK/LGdXMenOfsocfSsaZhTQNOwK+ViaUIKdsUsF6A1t7Jgjpqjv6sncOQRX2KGhGhbZii7MeKSYkaSTCcSJER4hAakraiPPCK68XT/BB4qpQf7AVflSzhVv0/EyBNi7Lmq00NyKH57E/Evrx3J/kk3pn4YSeLj2Uf9iEEZwEkYsEc5wZKNFUGYU7UrxEPEEZYqsowK4etS+D9pFAyrZJQvS9nq2TyONNgHByAHLFAGVXABaqAOMLgDD+AJPGv32qP2or3OWlPafGYX/ID29gkv+JTz</latexit>

xA(4)
40,...,52

<latexit sha1_base64="HGZZpOCtIrxNVTJxUdw0pWOu2DA=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAIFUqZGafU7qpuXFawD2jHkknTNjTzIMmIZZyFv+LGhSJu/Q13/o2ZdgQVPXDhcM69yb3HCRgVUtc/tMzC4tLySnY1t7a+sbmV395pCT/kmDSxz3zecZAgjHqkKalkpBNwglyHkbYzOU/89g3hgvrelZwGxHbRyKNDipFUUj+/d9uPLL3UG/hSlCpmfB2dFq2juJ8v6GV9BqiXK7XqsZUQs1LTqyY0UqsAUjT6+Xf1BA5d4knMkBBdQw+kHSEuKWYkzvVCQQKEJ2hEuop6yCXCjmb7x/BQKQM49LkqT8KZ+n0iQq4QU9dRnS6SY/HbS8S/vG4ohyd2RL0glMTD84+GIYPSh0kYcEA5wZJNFUGYU7UrxGPEEZYqspwK4etS+D9pmWXDKlcvrUL9LI0jC/bBASgCA1RBHVyABmgCDO7AA3gCz9q99qi9aK/z1oyWzuyCH9DePgEh7JTq</latexit>

xA(3)
27,...,39

<latexit sha1_base64="euD8Ady3ZADKqOw/Nxya3xbE8So=">AAAB/3icdVDLSgMxFM34rPVVFdy4CRahQhlmpi1jd1U3LivYB7S1ZNJMG5p5kGTEMnbhr7hxoYhbf8Odf2OmHUFFD1w4nHNvcu9xQkaFNIwPbWFxaXllNbOWXd/Y3NrO7ew2RRBxTBo4YAFvO0gQRn3SkFQy0g45QZ7DSMsZnyd+64ZwQQP/Sk5C0vPQ0KcuxUgqqZ/bv+3Hll3sDgIpiqXq9Do+LZSOp/1c3tCNGaChV6p2qZwQq1I1bAuaqZUHKer93Lt6Akce8SVmSIiOaYSyFyMuKWZkmu1GgoQIj9GQdBT1kUdEL57tP4VHShlAN+CqfAln6veJGHlCTDxHdXpIjsRvLxH/8jqRdE96MfXDSBIfzz9yIwZlAJMw4IBygiWbKIIwp2pXiEeIIyxVZFkVwtel8H/StHSzrNuX5XztLI0jAw7AISgAE9igBi5AHTQABnfgATyBZ+1ee9RetNd564KWzuyBH9DePgEwB5Tz</latexit>

xA(2)
14,...,26

<latexit sha1_base64="4RUbwkcCkj6w4tB6FzVaVghq4uA=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARKpQyM06t3VXduKxga6EdSyZN29DMgyQjlnEW/oobF4q49Tfc+Tem7QgqeuDC4Zx7k3uPGzIqpGF8aJm5+YXFpexybmV1bX1D39xqiiDimDRwwALecpEgjPqkIalkpBVygjyXkSt3dDbxr24IFzTwL+U4JI6HBj7tU4ykkrr6zm03Nu1ipxdIUbSOkuv4pGAdJF09b5SMKaBRKlcrh/aEWOWqUbGgmVp5kKLe1d/VEzjyiC8xQ0K0TSOUToy4pJiRJNeJBAkRHqEBaSvqI48IJ57un8B9pfRgP+CqfAmn6veJGHlCjD1XdXpIDsVvbyL+5bUj2T92YuqHkSQ+nn3UjxiUAZyEAXuUEyzZWBGEOVW7QjxEHGGpIsupEL4uhf+TplUy7VLlws7XTtM4smAX7IECMEEF1MA5qIMGwOAOPIAn8Kzda4/ai/Y6a81o6cw2+AHt7RMh+5Tq</latexit>

xA(1)
1,...,13

<latexit sha1_base64="I7w692niVCrpi2LO3THUuvkH98A=">AAAB/3icdVDLSsNAFJ34rPVVFdy4GSxChRKSPqjdVd24rGAf0NYwmUzaoZMHMxOxxCz8FTcuFHHrb7jzb5y2EVT0wIXDOfdy7z12yKiQhvGhLSwuLa+sZtay6xubW9u5nd22CCKOSQsHLOBdGwnCqE9akkpGuiEnyLMZ6djj86nfuSFc0MC/kpOQDDw09KlLMZJKsnL7t1ZsFvvMCaQomuXkOj4tmMeJlcsbujEDNPRqvVauTEmpWjdqJWimVh6kaFq5974T4MgjvsQMCdEzjVAOYsQlxYwk2X4kSIjwGA1JT1EfeUQM4tn9CTxSigPdgKvyJZyp3ydi5Akx8WzV6SE5Er+9qfiX14ukezKIqR9Gkvh4vsiNGJQBnIYBHcoJlmyiCMKcqlshHiGOsFSRZVUIX5/C/0m7pJsVvXZZyTfO0jgy4AAcggIwQQ00wAVoghbA4A48gCfwrN1rj9qL9jpvXdDSmT3wA9rbJ3KMlR0=</latexit>

xS(1)
66,...,73

<latexit sha1_base64="5VYGoYmGc2cSlXb9QSq1TK1PAzs=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARKpRhptY+dkU3LivaWmjHIZOmbWjmQZIRyzgLf8WNC0Xc+hvu/BvTB0VFD1w4nHNvcu9xQ0aFNM1PLbWwuLS8kl7NrK1vbG7p2ztNEUQckwYOWMBbLhKEUZ80JJWMtEJOkOcycu0Oz8b+9S3hggb+lRyFxPZQ36c9ipFUkqPv3TlxqZTvdAMp8uXj5Ca+zFlHiaNnTaNUsYpmAVqGOQE0jYplVasncyULZqg7+od6Akce8SVmSIi2ZYbSjhGXFDOSZDqRICHCQ9QnbUV95BFhx5P9E3iolC7sBVyVL+FE/T4RI0+IkeeqTg/JgfjtjcW/vHYkexU7pn4YSeLj6Ue9iEEZwHEYsEs5wZKNFEGYU7UrxAPEEZYqsowKYX77/6RZMKyiUb4oZmunszjSYB8cgBywQBnUwDmogwbA4B48gmfwoj1oT9qr9jZtTWmzmV3wA9r7F02NlQY=</latexit>



Ja
n
12

, 2
02

1

–
FC

–

CHEM-E7190
2020-2021

Trajectory | Model predictive control (cont.)

 Hamilton-Jacobi-Bellman

• on AGR

 Nonlinear programming

• On WWT

WWT

ESTCTRL

R
+|�+|�

AGR

ESTCTRL

R
+|�+|�

rw(t)

ra(t)
ea(t)

ew(t) uw(t)

ua(t)
ya(t)

yw(t)

x̂w(t)

x̂a(t)

A guest seminar on model predictive control of wastewater treatment plants for reuse

• Online optimal control for tracking, disturbance rejection, and zero o↵set control

• Wednesday, February 10
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Trajectory | Moving horizon estimation

The variables that are technologically/economically measurable are a small subset

• The state variables of the system are often not measured

• Measurements are
corrupted by noise

• The dynamics are
not fully known

• Disturbances drive
the evolution

ẋ(t) = f (x(t), u(t), d(t)|✓x )

y(t) = g (x(t), u(t)|✓y )

System

State estimator

u(t) y(t)

State estimation for use in control in the presence of sensor and model uncertainty

• Classic stochastic approaches, the Kalman and the extended Kalman filter

We discuss a deterministic counterpart for state estimation, only based on optimisation

⇣
kx(0) � x0k2

P�1(0)

⌘
+

 
X

k=0

K � 1kxk+1 � f�t (xk , uk , dk |✓x ) k2
Q�1

!

+

 
KX

k=0

kyk � g (xk , uk , dk |✓y ) k2
R�1

!
, s.t. xk 2 X , uk 2 U
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Trajectory | Moving horizon estimation (cont.)

Fi, Ti

F, T

Th
Fst

Td

A
kAB�� B

kBC�� C

2A
kAD�� D
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A
kAB�! B

kBC�! C

2A
kAD�! D

A non-isothermal CSTR (Van de Vusse)

• Nonlinear and non-minimum phase

d⇢A

dt

= q

⇣
⇢
(A)
in � ⇢A

⌘
�

⇣
kAB (T)⇢A + kAD (T)⇢2

A

⌘

d⇢B

dt

= �q⇢B + kAB (T)⇢A � kBC (T)⇢B

dT

dt

= q (Tin � T) +
kW Ar

%CpVr

(Td � T) �
1

%Cp

⇣
kAB (T)⇢A�HAB + kBC ⇢B�HBC + kAB (T)⇢2

A
�HAC

⌘

dTd

dt

=
1

mKCpK

Q +
kW Ar

mKCpK

(T � Td )

Another guest seminar, on the moving horizon estimator (Wednesday, February 17)
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Overview

CHEM-E7225 is a set of lectures (approx. 36h) and exercises (approx. 12h)

 The primary objective is to provide a practical introduction to optimal control

W02 Dynamical systems and simulation
L Intro
L Dynamical systems and simulation
L Dynamical systems and simulation
E Exercise (set-up coding environment)

W03 Optimisation
E+L Root-finding with Newton’s methods

L Nonlinear programming
L Nonlinear programming

E+L Exercise (Simulation)
W04 Optimisation

E+L Nonlinear programming
L Nonlinear programming
L Discrete-time optimal control
E Exercise (Root-finding/Optimisation)

W05 Dynamic optimisation
E+L Discrete-time optimal control

L Dynamic programming
L Dynamic programming
E Exercise (Optimisation)

W06 Topic
E+L Linear-quadratic and infinite-horizon problems

L Seminar (Model-predictive control)
L The Hamilton-Jacobi-Bellman equation
E Exercise (Discrete-time optimal control)

W07 Topic
E+L Continuous-time optimal control

L Seminar (Moving-horizon estimation)
L Continuous-time optimal control
E Exercise (Continuous-time optimal control)

Lectures/exercise schedule will be modified to accommodate the class needs
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Overview (cont.)

To pass E7225 you must return all the exercises (80%) and participate (20%)

Exercises (80%)

• One (1) written report with your solutions

• Include your results and your code

• Include high-quality diagrams

• Discuss your solution/code

 Pick your DL, notify FC

 By FEB 26, 23:59:59

Upload a (1) single (1) file, only use PDFs1

Participation (20%)

• Engage with the course activities

• Comment on the lecture notes

• Find and report typos/bugs

We encourage you to collaborate in figuring out answers and help others solve the
problems, yet we ask you to submit your work individually and to explicitly acknowledge
those with whom you collaborated. We are assuming that you take the responsibility to
make sure you personally understand the solution to work arising from collaboration

1If you have multiple files, merge them. If you use MSWord or else, save as PDF.


