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Learning Goals
•understand challenges with long raw feature vectors

•basic idea of feature learning

•using feature learning to visualize data and protect privacy

•principal component analysis

• random projections
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What Are Three 
Components of ML ?
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A Recent Movie Night 
•Partner A: “What movie should we watch?” 
•Partner B: “Let’s watch ”The Campaign”!!!” 
•Partner A: “No F*** Way!”
•Partner B: “Let’s explore using ML ..” 
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Data Point = “Some Movie”

several Gigabytes of raw 
feature bits!
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Dataset = ”Bunch of Movies”
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Scatterplot of Movies?

movie represented by two features x1,x2 !
x1

x2
”similar” movies should be placed nearby!

724.3.2021



824.3.2021

Curse of Big Data



Overwhelmed by Tons of Features!
• consider data point representing a person 
• digital footprint can be used for constructing features 
• health-records (including genetic fingerprint) 
• credit-card transactions
• social media posts 
•media collections 
• travelling profile over last 20 years 
• ….
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Statistical Challenge 

•effective dimension d of hypothesis space

•d typically increases with larger nr. of features 

•overfitting is likely when d > sample size m
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Linear Regression
•consider data points with n features 
•have m labeled data points 
•for m < n, plain linear regression will overfit
•n might be billions (e.g., HD-movies)
•would need billions of labeled data points

1124.3.2021



Data and Model Size

12

training set

nr. of features n

m

hypospace
/model

doverfitting as soon as 
d/m > 1 !
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Computational Challenge 

nr. of arithmetic operations required to find a 

good hypothesis (by minimizing training error) 

scales with number of features ! 
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Basic Idea of Feature Learning
raw feature vector 

tunable map W short feature 
vector 

reconstruction 

tunable map R

choose (learn) W and R to minimize reconstruction error  

n n’ !𝐳

𝐳 − #𝐳

z x n
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Linear Feature Learning

•use linear maps for compression and reconstruction

n’ W

n

choose matrices W and R to minimize 

x = Wz

<latexit sha1_base64="GFtgsIEzHf9RabKrcXodxbFKYMo=">AAACC3icbVDLSsNAFL2pr1pfUZduhhbBVUlEUBdC0Y3LCvYBbSiT6aQdOnkwMxFryN6Nv+LGhSJu/QF3/o2TNoq2Hhg4c8693HuPG3EmlWV9GoWFxaXlleJqaW19Y3PL3N5pyjAWhDZIyEPRdrGknAW0oZjitB0Jin2X05Y7usj81g0VkoXBtRpH1PHxIGAeI1hpqWeWuz5WQ9dLblN0hr4/rfSH3qU9s2JVrQnQPLFzUoEc9Z750e2HJPZpoAjHUnZsK1JOgoVihNO01I0ljTAZ4QHtaBpgn0onmdySon2t9JEXCv0ChSbq744E+1KOfVdXZhvKWS8T//M6sfJOnIQFUaxoQKaDvJgjFaIsGNRnghLFx5pgIpjeFZEhFpgoHV9Jh2DPnjxPmodV+6h6enVUqZ3ncRRhD8pwADYcQw0uoQ4NIHAPj/AML8aD8WS8Gm/T0oKR9+zCHxjvX1Osm0M=</latexit>

bz = Rx

<latexit sha1_base64="rEtPGrxFIk2uhx3P6umXd9b2JYE=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCRSUBdC0Y3LKvYBTSmTyaQdOpmEmYlaQ37Cjb/ixoUibgV3/o2TNoq2Hhg4c8693HuPGzEqlWV9GjOzc/MLi4Wl4vLK6tq6ubHZkGEsMKnjkIWi5SJJGOWkrqhipBUJggKXkaY7OMv85jURkob8Sg0j0glQj1OfYqS01DX3nRvqkT5SiRMg1Xf95C5N4Qn8/l2mP/Q27Zolq2yNAKeJnZMSyFHrmh+OF+I4IFxhhqRs21akOgkSimJG0qITSxIhPEA90taUo4DITjK6KoW7WvGgHwr9uIIj9XdHggIph4GrK7MN5aSXif957Vj5R52E8ihWhOPxID9mUIUwiwh6VBCs2FAThAXVu0LcRwJhpYMs6hDsyZOnSeOgbFfKxxeVUvU0j6MAtsEO2AM2OARVcA5qoA4wuAeP4Bm8GA/Gk/FqvI1LZ4y8Zwv8gfH+BcrUn9w=</latexit>

z� bz =
�
I�RW

�
z

<latexit sha1_base64="orMYTlBmodrED3Na/n7jhUSOWVQ="></latexit>
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Non-Linear Feature Learning (“Autoencoder”)
use artificial neural networks for compression and reconstruction

much like linear maps, ANNs are just parametrized maps!

weight w1

w30

x

<latexit sha1_base64="WHVAHPzrZdjE0jnRU9jMkSMk9QE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APbUjLpnTY0kxmSjFiG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt659WLu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucP/9GRJA==</latexit>

z

<latexit sha1_base64="d5psrkGugUrZ4GN+oIvGfFi3aC0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APbUjLpnTY0kxmSjFCH/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt659WLu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAuqRJg==</latexit>

bz

<latexit sha1_base64="zo6cgNf5s8a7uWYj4L8t/Hv7pqQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUmkoO6KblxWsA9oQ5lMbtqhk0mYmShtCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjhczKpVtfxulldW19Y3yZmVre2d3z9w/aMsoEQRaJGKR6HpYAqMcWooqBt1YAA49Bh1vfJP7nQcQkkb8Xk1icEM85DSgBCstDcyj/iP1YYRV2g+xGnlBOs2ygVm1a/YM1jJxClJFBZoD86vvRyQJgSvCsJQ9x46Vm2KhKGGQVfqJhBiTMR5CT1OOQ5BuOkufWada8a0gEvpxZc3U3xspDqWchJ6ezCPKRS8X//N6iQou3ZTyOFHAyfxQkDBLRVZeheVTAUSxiSaYCKqzWmSEBSZKF1bRJTiLX14m7fOaU69d3dWrjeuijjI6RifoDDnoAjXQLWqiFiJoip7RK3oznowX4934mI+WjGLnEP2B8fkDksSV+Q==</latexit>

n nn’
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Feature Learning for Labeled Data
raw feature 

tunable map W

short 
feature vector tunable map R

x

<latexit sha1_base64="WHVAHPzrZdjE0jnRU9jMkSMk9QE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APbUjLpnTY0kxmSjFiG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt659WLu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucP/9GRJA==</latexit>

z

<latexit sha1_base64="d5psrkGugUrZ4GN+oIvGfFi3aC0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APbUjLpnTY0kxmSjFCH/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt659WLu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAuqRJg==</latexit>

ŷ

<latexit sha1_base64="OlwHM8dZuMCs411uVApKafm+31g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0swm7EyGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu5nfeeLaiFg9YpZwP6IjJULBKFqp0x9TzLPpoFpz6+4cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6lGwSSfVvqp4QllEzriPUsVjbjx8/m5U3JmlSEJY21LIZmrvydyGhmTRYHtjCiOzbI3E//zeimGN34uVJIiV2yxKEwlwZjMfidDoTlDmVlCmRb2VsLGVFOGNqGKDcFbfnmVtC/q3mX96uGy1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH7RZj9I=</latexit>

choose W such that we can predict (using some map R) the label y 
from z with maximum accuracy 

1724.3.2021

n n’



Feature Learning for Labeled Data
raw feature vector 

tunable map W
short feature 
vector tunable map R

x

<latexit sha1_base64="WHVAHPzrZdjE0jnRU9jMkSMk9QE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APbUjLpnTY0kxmSjFiG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt659WLu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucP/9GRJA==</latexit>

z

<latexit sha1_base64="d5psrkGugUrZ4GN+oIvGfFi3aC0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APbUjLpnTY0kxmSjFCH/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt659WLu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAuqRJg==</latexit>

ŷ

<latexit sha1_base64="OlwHM8dZuMCs411uVApKafm+31g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0swm7EyGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu5nfeeLaiFg9YpZwP6IjJULBKFqp0x9TzLPpoFpz6+4cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6lGwSSfVvqp4QllEzriPUsVjbjx8/m5U3JmlSEJY21LIZmrvydyGhmTRYHtjCiOzbI3E//zeimGN34uVJIiV2yxKEwlwZjMfidDoTlDmVlCmRb2VsLGVFOGNqGKDcFbfnmVtC/q3mX96uGy1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH7RZj9I=</latexit>

choice for W needs to balance between
• compressing raw feature vector as much as possible
• keep parts of raw features that are relevant for predicting y 

1824.3.2021
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Privacy-Preserving Feature Learning
raw feature vector 

tunable map W

short feature 
vector tunable map 

x

<latexit sha1_base64="WHVAHPzrZdjE0jnRU9jMkSMk9QE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APbUjLpnTY0kxmSjFiG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt659WLu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucP/9GRJA==</latexit>

z

<latexit sha1_base64="d5psrkGugUrZ4GN+oIvGfFi3aC0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APbUjLpnTY0kxmSjFCH/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt659WLu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAuqRJg==</latexit>

ŷ

<latexit sha1_base64="OlwHM8dZuMCs411uVApKafm+31g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0swm7EyGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu5nfeeLaiFg9YpZwP6IjJULBKFqp0x9TzLPpoFpz6+4cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6lGwSSfVvqp4QllEzriPUsVjbjx8/m5U3JmlSEJY21LIZmrvydyGhmTRYHtjCiOzbI3E//zeimGN34uVJIiV2yxKEwlwZjMfidDoTlDmVlCmRb2VsLGVFOGNqGKDcFbfnmVtC/q3mX96uGy1rgt4ijDCZzCOXhwDQ24hya0gMEEnuEV3pzEeXHenY9Fa8kpZo7hD5zPH7RZj9I=</latexit>

choice for W needs to balance between
• compressing raw feature vector as much as possible
• keep parts of raw features that are relevant for predicting y
• predicting private variable ”s” is not predictable from x  

bs

<latexit sha1_base64="zjMl6CGm/F8Xlx9FWD5JDjJvuwQ=">AAAB/XicbVDLSsNAFL3xWesrPnZugkVwVRKp6LLoxmUF+4AmlMlk0g6dTMLMRKkh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45fsKoVLb9bSwtr6yurVc2qptb2zu75t5+R8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr++Lrwu/dESBrzOzVJiBehIachxUhpaWAeug80ICOkMjdCauSHmczzgVmz6/YU1iJxSlKDEq2B+eUGMU4jwhVmSMq+YyfKy5BQFDOSV91UkgThMRqSvqYcRUR62TR9bp1oJbDCWOjHlTVVf29kKJJyEvl6sogo571C/M/rpyq89DLKk1QRjmeHwpRZKraKKqyACoIVm2iCsKA6q4VHSCCsdGFVXYIz/+VF0jmrO436+W2j1rwq66jAERzDKThwAU24gRa0AcMjPMMrvBlPxovxbnzMRpeMcucA/sD4/AGG0pXu</latexit>

tunable map

1924.3.2021



𝑧!

𝑧"

s (gender)

y (food preference)

2024.3.2021

Privacy-Preserving Feature Learning
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Principal Component Analysis 
(PCA)



Linear Feature Learning

•use linear maps for compression and reconstruction

n’ (<<n) W

n  (nr. of raw features)

choose matrices W and R to minimize 

x = Wz

<latexit sha1_base64="GFtgsIEzHf9RabKrcXodxbFKYMo=">AAACC3icbVDLSsNAFL2pr1pfUZduhhbBVUlEUBdC0Y3LCvYBbSiT6aQdOnkwMxFryN6Nv+LGhSJu/QF3/o2TNoq2Hhg4c8693HuPG3EmlWV9GoWFxaXlleJqaW19Y3PL3N5pyjAWhDZIyEPRdrGknAW0oZjitB0Jin2X05Y7usj81g0VkoXBtRpH1PHxIGAeI1hpqWeWuz5WQ9dLblN0hr4/rfSH3qU9s2JVrQnQPLFzUoEc9Z750e2HJPZpoAjHUnZsK1JOgoVihNO01I0ljTAZ4QHtaBpgn0onmdySon2t9JEXCv0ChSbq744E+1KOfVdXZhvKWS8T//M6sfJOnIQFUaxoQKaDvJgjFaIsGNRnghLFx5pgIpjeFZEhFpgoHV9Jh2DPnjxPmodV+6h6enVUqZ3ncRRhD8pwADYcQw0uoQ4NIHAPj/AML8aD8WS8Gm/T0oKR9+zCHxjvX1Osm0M=</latexit>

bz = Rx

<latexit sha1_base64="rEtPGrxFIk2uhx3P6umXd9b2JYE=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCRSUBdC0Y3LKvYBTSmTyaQdOpmEmYlaQ37Cjb/ixoUibgV3/o2TNoq2Hhg4c8693HuPGzEqlWV9GjOzc/MLi4Wl4vLK6tq6ubHZkGEsMKnjkIWi5SJJGOWkrqhipBUJggKXkaY7OMv85jURkob8Sg0j0glQj1OfYqS01DX3nRvqkT5SiRMg1Xf95C5N4Qn8/l2mP/Q27Zolq2yNAKeJnZMSyFHrmh+OF+I4IFxhhqRs21akOgkSimJG0qITSxIhPEA90taUo4DITjK6KoW7WvGgHwr9uIIj9XdHggIph4GrK7MN5aSXif957Vj5R52E8ihWhOPxID9mUIUwiwh6VBCs2FAThAXVu0LcRwJhpYMs6hDsyZOnSeOgbFfKxxeVUvU0j6MAtsEO2AM2OARVcA5qoA4wuAeP4Bm8GA/Gk/FqvI1LZ4y8Zwv8gfH+BcrUn9w=</latexit>

z� bz =
�
I�RW

�
z

<latexit sha1_base64="orMYTlBmodrED3Na/n7jhUSOWVQ="></latexit>

2224.3.2021



PCA as Risk Minimization
•m datapoints with raw feature vecs 𝐳(!), ⋯ , 𝐳(%)

choose matrices W, R to minimize 
reconstruction error 

2324.3.2021

ℇ 𝐖,𝐑 =
𝟏
𝐦(

𝒊"𝟏

𝒎

𝐳(&) − 𝐑𝐖𝐳(&) 𝟐



Principal Component Analysis (PCA)
• optimal compression matrix

• using “top” eigenvectors 𝒖(") of sample covariance matrix

• eigenvalue decomposition of psd sample cov. matrix: 

bC =
�
u(1), . . . ,u(n)

�
diag

�
�1, . . . ,�n

��
u(1), . . . ,u(n)

�T

<latexit sha1_base64="YJugK1sD3SJFJoyXCtv6m2NSfqM="></latexit>

non-negative eigenvalues 

�1 � �2 � . . . � �n � 0.

<latexit sha1_base64="Y6KfiVb1zK9QWSCiKkkoq0+Q7ew=">AAACKnicbVDNS8MwHE3n15xfVY9egkPwVNox0ePUi8cJ7gPWUtI03cLStCapMMr+Hi/+K152UIZX/xCzrYjbfBB4ee/9SH4vSBmVyranRmljc2t7p7xb2ds/ODwyj0/aMskEJi2csER0AyQJo5y0FFWMdFNBUBww0gmG9zO/80KEpAl/UqOUeDHqcxpRjJSWfPPWZTocIj93xm6fPMPfe20MCyFMlITLJi9M24K+WbUtew64TpyCVEGBpm9O3DDBWUy4wgxJ2XPsVHk5EopiRsYVN5MkRXiI+qSnKUcxkV4+X3UML7QSwigR+nAF5+rfiRzFUo7iQCdjpAZy1ZuJ/3m9TEU3Xk55minC8eKhKGNQJXDWGwypIFixkSYIC6r/CvEACYSVbreiS3BWV14n7Zrl1K2rx3q1cVfUUQZn4BxcAgdcgwZ4AE3QAhi8gnfwAT6NN2NiTI2vRbRkFDOnYAnG9w9YO6aO</latexit>

bC = (1/m)
mX

i=1

z(i)
�
z(i)

�T

<latexit sha1_base64="li7LY2fr7OMCE/Pu7Ty4yZDhKco="></latexit>

2424.3.2021

𝐖 = 𝐮(!), ⋯ , 𝐮(&!)



Geometry of PCA

raw feature

ra
w

 fe
at

ur
e

u(1)

<latexit sha1_base64="1essMV5IlbQilcrhmVCsi0d7Grs=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS0WXRjcsK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucv9zpRKxSLxqGcx9UI8EixgBGsjDWy7H2I99oM0yZ7SqnuRDeyKU3PmQKvELUgFCjQH9ld/GJEkpEITjpXquU6svRRLzQinWbmfKBpjMsEj2jNU4JAqL50nz9C5UYYoiKR5QqO5+nsjxaFSs9A3k3lOtezl4n9eL9HBjZcyESeaCrI4FCQc6QjlNaAhk5RoPjMEE8lMVkTGWGKiTVllU4K7/OVV0r6sufXa1UO90rgt6ijBKZxBFVy4hgbcQxNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHzrKk2Y=</latexit>

u(2)

<latexit sha1_base64="hSM+gsVJM8sI/iVt5NM0L1umW9s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyUpFV0W3bisYB/QxjKZTtqhk0mYmRRK6J+4caGIW//EnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw6P7OOTtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yV3md6ZUKhaJRz2LqRfikWABI1gbaWDb/RDrsR+kyfwprdQu5wO77FSdBdA6cXNShhzNgf3VH0YkCanQhGOleq4Tay/FUjPC6bzUTxSNMZngEe0ZKnBIlZcuks/RhVGGKIikeUKjhfp7I8WhUrPQN5NZTrXqZeJ/Xi/RwY2XMhEnmgqyPBQkHOkIZTWgIZOUaD4zBBPJTFZExlhiok1ZJVOCu/rlddKuVd169eqhXm7c5nUU4QzOoQIuXEMD7qEJLSAwhWd4hTcrtV6sd+tjOVqw8p1T+APr8wc8UJNn</latexit>

z1

<latexit sha1_base64="Tw/62a7PVGsE9VYZWA7rt3p0+k4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWMG2hDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxdBnsYhVO6QaBZfoG24EthOFNAoFtsLx7cxvPaLSPJYPZpJgENGh5APOqLGS/9TLvGmvXHGr7hxklXg5qUCORq/81e3HLI1QGiao1h3PTUyQUWU4EzgtdVONCWVjOsSOpZJGqINsfuyUnFmlTwaxsiUNmau/JzIaaT2JQtsZUTPSy95M/M/rpGZwFWRcJqlByRaLBqkgJiazz0mfK2RGTCyhTHF7K2EjqigzNp+SDcFbfnmVNC+qXq16fV+r1G/yOIpwAqdwDh5cQh3uoAE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ANc2jro=</latexit>

z 2<latexit sha1_base64="L8DlB0Cl1BvcEYg/7rRkNmLeQzg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisYFqhDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxdBnsYjVQ0g1Ci7RN9wIfEgU0igU2A7HNzO//YhK81jem0mCQUSHkg84o8ZK/lMvq0175Ypbdecgq8TLSQVyNHvlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWDyyDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpFWrevXq1V290rjO4yjCCZzCOXhwAQ24hSb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8Adi7jrs=</latexit> z(i) =
�
z(i)1 , z(i)2

�T

<latexit sha1_base64="MdoVBv/pf2gaQn2Ex/Wtya+0WS8=">AAACIXicbVBLSwMxGMzWV62vVY9egkVoQcpuKVgPQtGLxwp9QXdbsmm2Dc0+SLJCu+xf8eJf8eJBkd7EP2O2LaKtA4HJzPeRzDgho0IaxqeW2djc2t7J7ub29g8Oj/Tjk5YIIo5JEwcs4B0HCcKoT5qSSkY6ISfIcxhpO+O71G8/Ei5o4DfkJCS2h4Y+dSlGUkl9vWp5SI4cN54mvbhAiwm8gZZDh4Xp4tqPzeTyh5eT1Cv24kbS1/NGyZgDrhNzSfJgiXpfn1mDAEce8SVmSIiuaYTSjhGXFDOS5KxIkBDhMRqSrqI+8oiw43nCBF4oZQDdgKvjSzhXf2/EyBNi4jlqMs0jVr1U/M/rRtKt2jH1w0gSHy8eciMGZQDTuuCAcoIlmyiCMKfqrxCPEEdYqlJzqgRzNfI6aZVLZqV0/VDJ126XdWTBGTgHBWCCK1AD96AOmgCDJ/AC3sC79qy9ah/abDGa0ZY7p+APtK9velyjHA==</latexit>

2524.3.2021



Computational Complexity 

choose (learn) W and R to minimize reconstruction error   

raw feature

tunable map W

short 
feature vector 

reconstruction 

tunable map R

x

<latexit sha1_base64="WHVAHPzrZdjE0jnRU9jMkSMk9QE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APbUjLpnTY0kxmSjFiG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt659WLu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucP/9GRJA==</latexit>

z

<latexit sha1_base64="d5psrkGugUrZ4GN+oIvGfFi3aC0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APbUjLpnTY0kxmSjFCH/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt659WLu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPAuqRJg==</latexit>

PCA requires eigenvalue decomposition of “n x n” matrix! 

bz

<latexit sha1_base64="zo6cgNf5s8a7uWYj4L8t/Hv7pqQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUmkoO6KblxWsA9oQ5lMbtqhk0mYmShtCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjhczKpVtfxulldW19Y3yZmVre2d3z9w/aMsoEQRaJGKR6HpYAqMcWooqBt1YAA49Bh1vfJP7nQcQkkb8Xk1icEM85DSgBCstDcyj/iP1YYRV2g+xGnlBOs2ygVm1a/YM1jJxClJFBZoD86vvRyQJgSvCsJQ9x46Vm2KhKGGQVfqJhBiTMR5CT1OOQ5BuOkufWada8a0gEvpxZc3U3xspDqWchJ6ezCPKRS8X//N6iQou3ZTyOFHAyfxQkDBLRVZeheVTAUSxiSaYCKqzWmSEBSZKF1bRJTiLX14m7fOaU69d3dWrjeuijjI6RifoDDnoAjXQLWqiFiJoip7RK3oznowX4934mI+WjGLnEP2B8fkDksSV+Q==</latexit>

z� bz

<latexit sha1_base64="RHm9b4HYcUK02mhfT1FT1sPxUTU=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwY0mkoO6KblxWsA9oQplMJu3QySTMTJQasnbjr7hxoYhbv8Cdf+OkDaitBy4czrmXe+/xYkalsqwvo7SwuLS8Ul6trK1vbG6Z2zttGSUCkxaOWCS6HpKEUU5aiipGurEgKPQY6Xijy9zv3BIhacRv1DgmbogGnAYUI6WlvrnvhEgNvSC9z+AxdO6oT4ZIpT9q1jerVs2aAM4TuyBVUKDZNz8dP8JJSLjCDEnZs61YuSkSimJGsoqTSBIjPEID0tOUo5BIN528ksFDrfgwiIQuruBE/T2RolDKcejpzvxEOevl4n9eL1HBmZtSHieKcDxdFCQMqgjmuUCfCoIVG2uCsKD6VoiHSCCsdHoVHYI9+/I8aZ/U7Hrt/LpebVwUcZTBHjgAR8AGp6ABrkATtAAGD+AJvIBX49F4Nt6M92lryShmdsEfGB/fCiWbKA==</latexit>

2624.3.2021

n



How to choose n’ ? 

2724.3.2021

ℇ 𝑛) = min
𝐖∈ℝ!"×!

𝐑∈ℝ!×!"

ℇ 𝐖,𝐑

• PCA requires number n’ of learned features as input

• n’=2 for visualization (scatter plot)
• chose n’ to balance compression with optimal 

reconstruction error



Elbow Method

2824.3.2021

ℇ 𝑛)

𝑛)

1 2 n….

optimal reconstruction error when 
using PCA to learn single feature (n’=1)

… PCA to learn two features (n’=2)



Variations of PCA

• robust PCA: uses a different measure of reconstruction error 

• probabilistic PCA: uses a statistical model for data points 

• sparse PCA: new features depend on few raw features

2924.3.2021



Robust PCA
ra

w
 fe

at
ur

e
u(1)

<latexit sha1_base64="1essMV5IlbQilcrhmVCsi0d7Grs=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS0WXRjcsK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucv9zpRKxSLxqGcx9UI8EixgBGsjDWy7H2I99oM0yZ7SqnuRDeyKU3PmQKvELUgFCjQH9ld/GJEkpEITjpXquU6svRRLzQinWbmfKBpjMsEj2jNU4JAqL50nz9C5UYYoiKR5QqO5+nsjxaFSs9A3k3lOtezl4n9eL9HBjZcyESeaCrI4FCQc6QjlNaAhk5RoPjMEE8lMVkTGWGKiTVllU4K7/OVV0r6sufXa1UO90rgt6ijBKZxBFVy4hgbcQxNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHzrKk2Y=</latexit>

u(2)

<latexit sha1_base64="hSM+gsVJM8sI/iVt5NM0L1umW9s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyUpFV0W3bisYB/QxjKZTtqhk0mYmRRK6J+4caGIW//EnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw6P7OOTtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yV3md6ZUKhaJRz2LqRfikWABI1gbaWDb/RDrsR+kyfwprdQu5wO77FSdBdA6cXNShhzNgf3VH0YkCanQhGOleq4Tay/FUjPC6bzUTxSNMZngEe0ZKnBIlZcuks/RhVGGKIikeUKjhfp7I8WhUrPQN5NZTrXqZeJ/Xi/RwY2XMhEnmgqyPBQkHOkIZTWgIZOUaD4zBBPJTFZExlhiok1ZJVOCu/rlddKuVd169eqhXm7c5nUU4QzOoQIuXEMD7qEJLSAwhWd4hTcrtV6sd+tjOVqw8p1T+APr8wc8UJNn</latexit>

z1

<latexit sha1_base64="Tw/62a7PVGsE9VYZWA7rt3p0+k4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWMG2hDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxdBnsYhVO6QaBZfoG24EthOFNAoFtsLx7cxvPaLSPJYPZpJgENGh5APOqLGS/9TLvGmvXHGr7hxklXg5qUCORq/81e3HLI1QGiao1h3PTUyQUWU4EzgtdVONCWVjOsSOpZJGqINsfuyUnFmlTwaxsiUNmau/JzIaaT2JQtsZUTPSy95M/M/rpGZwFWRcJqlByRaLBqkgJiazz0mfK2RGTCyhTHF7K2EjqigzNp+SDcFbfnmVNC+qXq16fV+r1G/yOIpwAqdwDh5cQh3uoAE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ANc2jro=</latexit>

z 2<latexit sha1_base64="L8DlB0Cl1BvcEYg/7rRkNmLeQzg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisYFqhDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxdBnsYjVQ0g1Ci7RN9wIfEgU0igU2A7HNzO//YhK81jem0mCQUSHkg84o8ZK/lMvq0175Ypbdecgq8TLSQVyNHvlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWDyyDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpFWrevXq1V290rjO4yjCCZzCOXhwAQ24hSb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8Adi7jrs=</latexit> z(i) =
�
z(i)1 , z(i)2

�T

<latexit sha1_base64="MdoVBv/pf2gaQn2Ex/Wtya+0WS8=">AAACIXicbVBLSwMxGMzWV62vVY9egkVoQcpuKVgPQtGLxwp9QXdbsmm2Dc0+SLJCu+xf8eJf8eJBkd7EP2O2LaKtA4HJzPeRzDgho0IaxqeW2djc2t7J7ub29g8Oj/Tjk5YIIo5JEwcs4B0HCcKoT5qSSkY6ISfIcxhpO+O71G8/Ei5o4DfkJCS2h4Y+dSlGUkl9vWp5SI4cN54mvbhAiwm8gZZDh4Xp4tqPzeTyh5eT1Cv24kbS1/NGyZgDrhNzSfJgiXpfn1mDAEce8SVmSIiuaYTSjhGXFDOS5KxIkBDhMRqSrqI+8oiw43nCBF4oZQDdgKvjSzhXf2/EyBNi4jlqMs0jVr1U/M/rRtKt2jH1w0gSHy8eciMGZQDTuuCAcoIlmyiCMKfqrxCPEEdYqlJzqgRzNfI6aZVLZqV0/VDJ126XdWTBGTgHBWCCK1AD96AOmgCDJ/AC3sC79qy9ah/abDGa0ZY7p+APtK9velyjHA==</latexit>

“outlier”

3024.3.2021



Probabilistic PCA
ra

w
 fe

at
ur

e
u(1)

<latexit sha1_base64="1essMV5IlbQilcrhmVCsi0d7Grs=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS0WXRjcsK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucv9zpRKxSLxqGcx9UI8EixgBGsjDWy7H2I99oM0yZ7SqnuRDeyKU3PmQKvELUgFCjQH9ld/GJEkpEITjpXquU6svRRLzQinWbmfKBpjMsEj2jNU4JAqL50nz9C5UYYoiKR5QqO5+nsjxaFSs9A3k3lOtezl4n9eL9HBjZcyESeaCrI4FCQc6QjlNaAhk5RoPjMEE8lMVkTGWGKiTVllU4K7/OVV0r6sufXa1UO90rgt6ijBKZxBFVy4hgbcQxNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHzrKk2Y=</latexit>

u(2)

<latexit sha1_base64="hSM+gsVJM8sI/iVt5NM0L1umW9s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyUpFV0W3bisYB/QxjKZTtqhk0mYmRRK6J+4caGIW//EnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw6P7OOTtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yV3md6ZUKhaJRz2LqRfikWABI1gbaWDb/RDrsR+kyfwprdQu5wO77FSdBdA6cXNShhzNgf3VH0YkCanQhGOleq4Tay/FUjPC6bzUTxSNMZngEe0ZKnBIlZcuks/RhVGGKIikeUKjhfp7I8WhUrPQN5NZTrXqZeJ/Xi/RwY2XMhEnmgqyPBQkHOkIZTWgIZOUaD4zBBPJTFZExlhiok1ZJVOCu/rlddKuVd169eqhXm7c5nUU4QzOoQIuXEMD7qEJLSAwhWd4hTcrtV6sd+tjOVqw8p1T+APr8wc8UJNn</latexit>

z1

<latexit sha1_base64="Tw/62a7PVGsE9VYZWA7rt3p0+k4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWMG2hDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxdBnsYhVO6QaBZfoG24EthOFNAoFtsLx7cxvPaLSPJYPZpJgENGh5APOqLGS/9TLvGmvXHGr7hxklXg5qUCORq/81e3HLI1QGiao1h3PTUyQUWU4EzgtdVONCWVjOsSOpZJGqINsfuyUnFmlTwaxsiUNmau/JzIaaT2JQtsZUTPSy95M/M/rpGZwFWRcJqlByRaLBqkgJiazz0mfK2RGTCyhTHF7K2EjqigzNp+SDcFbfnmVNC+qXq16fV+r1G/yOIpwAqdwDh5cQh3uoAE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ANc2jro=</latexit>

z 2<latexit sha1_base64="L8DlB0Cl1BvcEYg/7rRkNmLeQzg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisYFqhDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxdBnsYjVQ0g1Ci7RN9wIfEgU0igU2A7HNzO//YhK81jem0mCQUSHkg84o8ZK/lMvq0175Ypbdecgq8TLSQVyNHvlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWDyyDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpFWrevXq1V290rjO4yjCCZzCOXhwAQ24hSb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8Adi7jrs=</latexit>

z(i) =
�
z(i)1 , z(i)2

�T

<latexit sha1_base64="MdoVBv/pf2gaQn2Ex/Wtya+0WS8=">AAACIXicbVBLSwMxGMzWV62vVY9egkVoQcpuKVgPQtGLxwp9QXdbsmm2Dc0+SLJCu+xf8eJf8eJBkd7EP2O2LaKtA4HJzPeRzDgho0IaxqeW2djc2t7J7ub29g8Oj/Tjk5YIIo5JEwcs4B0HCcKoT5qSSkY6ISfIcxhpO+O71G8/Ei5o4DfkJCS2h4Y+dSlGUkl9vWp5SI4cN54mvbhAiwm8gZZDh4Xp4tqPzeTyh5eT1Cv24kbS1/NGyZgDrhNzSfJgiXpfn1mDAEce8SVmSIiuaYTSjhGXFDOS5KxIkBDhMRqSrqI+8oiw43nCBF4oZQDdgKvjSzhXf2/EyBNi4jlqMs0jVr1U/M/rRtKt2jH1w0gSHy8eciMGZQDTuuCAcoIlmyiCMKfqrxCPEEdYqlJzqgRzNfI6aZVLZqV0/VDJ126XdWTBGTgHBWCCK1AD96AOmgCDJ/AC3sC79qy9ah/abDGa0ZY7p+APtK9velyjHA==</latexit>

interpret data points as realizations 
of a Gaussian random vectors

3124.3.2021



PCA as Pre-Processing

• PCA delivers a compression matrix W 

• replace (long) raw features z with shorter features x =Wz

• apply regression/classification methods to new features x 

• CAUTION: PCA ignores label information! 

xWz Classification/Regression
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PCA Ignores Labels !

raw feature

ra
w

 fe
at

ur
e

u(1)

<latexit sha1_base64="1essMV5IlbQilcrhmVCsi0d7Grs=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS0WXRjcsK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/ucv9zpRKxSLxqGcx9UI8EixgBGsjDWy7H2I99oM0yZ7SqnuRDeyKU3PmQKvELUgFCjQH9ld/GJEkpEITjpXquU6svRRLzQinWbmfKBpjMsEj2jNU4JAqL50nz9C5UYYoiKR5QqO5+nsjxaFSs9A3k3lOtezl4n9eL9HBjZcyESeaCrI4FCQc6QjlNaAhk5RoPjMEE8lMVkTGWGKiTVllU4K7/OVV0r6sufXa1UO90rgt6ijBKZxBFVy4hgbcQxNaQGAKz/AKb1ZqvVjv1sdidM0qdk7gD6zPHzrKk2Y=</latexit>

u(2)

<latexit sha1_base64="hSM+gsVJM8sI/iVt5NM0L1umW9s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyUpFV0W3bisYB/QxjKZTtqhk0mYmRRK6J+4caGIW//EnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw6P7OOTtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yV3md6ZUKhaJRz2LqRfikWABI1gbaWDb/RDrsR+kyfwprdQu5wO77FSdBdA6cXNShhzNgf3VH0YkCanQhGOleq4Tay/FUjPC6bzUTxSNMZngEe0ZKnBIlZcuks/RhVGGKIikeUKjhfp7I8WhUrPQN5NZTrXqZeJ/Xi/RwY2XMhEnmgqyPBQkHOkIZTWgIZOUaD4zBBPJTFZExlhiok1ZJVOCu/rlddKuVd169eqhXm7c5nUU4QzOoQIuXEMD7qEJLSAwhWd4hTcrtV6sd+tjOVqw8p1T+APr8wc8UJNn</latexit>

binary label values and

z1

<latexit sha1_base64="Tw/62a7PVGsE9VYZWA7rt3p0+k4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWMG2hDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxdBnsYhVO6QaBZfoG24EthOFNAoFtsLx7cxvPaLSPJYPZpJgENGh5APOqLGS/9TLvGmvXHGr7hxklXg5qUCORq/81e3HLI1QGiao1h3PTUyQUWU4EzgtdVONCWVjOsSOpZJGqINsfuyUnFmlTwaxsiUNmau/JzIaaT2JQtsZUTPSy95M/M/rpGZwFWRcJqlByRaLBqkgJiazz0mfK2RGTCyhTHF7K2EjqigzNp+SDcFbfnmVNC+qXq16fV+r1G/yOIpwAqdwDh5cQh3uoAE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ANc2jro=</latexit>

z 2<latexit sha1_base64="L8DlB0Cl1BvcEYg/7rRkNmLeQzg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisYFqhDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxdBnsYjVQ0g1Ci7RN9wIfEgU0igU2A7HNzO//YhK81jem0mCQUSHkg84o8ZK/lMvq0175Ypbdecgq8TLSQVyNHvlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWDyyDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpFWrevXq1V290rjO4yjCCZzCOXhwAQ24hSb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8Adi7jrs=</latexit>

z(i) =
�
z(i)1 , z(i)2

�T

<latexit sha1_base64="MdoVBv/pf2gaQn2Ex/Wtya+0WS8=">AAACIXicbVBLSwMxGMzWV62vVY9egkVoQcpuKVgPQtGLxwp9QXdbsmm2Dc0+SLJCu+xf8eJf8eJBkd7EP2O2LaKtA4HJzPeRzDgho0IaxqeW2djc2t7J7ub29g8Oj/Tjk5YIIo5JEwcs4B0HCcKoT5qSSkY6ISfIcxhpO+O71G8/Ei5o4DfkJCS2h4Y+dSlGUkl9vWp5SI4cN54mvbhAiwm8gZZDh4Xp4tqPzeTyh5eT1Cv24kbS1/NGyZgDrhNzSfJgiXpfn1mDAEce8SVmSIiuaYTSjhGXFDOS5KxIkBDhMRqSrqI+8oiw43nCBF4oZQDdgKvjSzhXf2/EyBNi4jlqMs0jVr1U/M/rRtKt2jH1w0gSHy8eciMGZQDTuuCAcoIlmyiCMKfqrxCPEEdYqlJzqgRzNfI6aZVLZqV0/VDJ126XdWTBGTgHBWCCK1AD96AOmgCDJ/AC3sC79qy9ah/abDGa0ZY7p+APtK9velyjHA==</latexit>
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Fisher’s Linear Discriminant

x 

ra
w

 fe
at

ur
e

z1

<latexit sha1_base64="Tw/62a7PVGsE9VYZWA7rt3p0+k4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWMG2hDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpo5TxdBnsYhVO6QaBZfoG24EthOFNAoFtsLx7cxvPaLSPJYPZpJgENGh5APOqLGS/9TLvGmvXHGr7hxklXg5qUCORq/81e3HLI1QGiao1h3PTUyQUWU4EzgtdVONCWVjOsSOpZJGqINsfuyUnFmlTwaxsiUNmau/JzIaaT2JQtsZUTPSy95M/M/rpGZwFWRcJqlByRaLBqkgJiazz0mfK2RGTCyhTHF7K2EjqigzNp+SDcFbfnmVNC+qXq16fV+r1G/yOIpwAqdwDh5cQh3uoAE+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ANc2jro=</latexit>

z 2<latexit sha1_base64="L8DlB0Cl1BvcEYg/7rRkNmLeQzg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXisYFqhDWWznbZLN5uwuxFq6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxdBnsYjVQ0g1Ci7RN9wIfEgU0igU2A7HNzO//YhK81jem0mCQUSHkg84o8ZK/lMvq0175Ypbdecgq8TLSQVyNHvlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWDyyDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpFWrevXq1V290rjO4yjCCZzCOXhwAQ24hSb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8Adi7jrs=</latexit>

3424.3.2021

choose direction w to maximize 
distance between class means 

raw feature

x = 𝐰.𝐳
w



Random Projections
• consider random projection x= W z 

• entries of matrix W are randomly chosen

• no learning/tuning of W required!

• in many settings, works surprisingly well 

• known as compressed sensing
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So What?
• feature learning methods determine relevant features

• learning two features allows to scatter plot !

•optimal linear feature learning = PCA

•PCA ignores label information!

• random projections as computationally light alternative 
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Questions? 
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