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O Multiple investment projects:

L Each project can have: multiple attributes, several resource constraints,
project interdependencies,...

= One-time investment can be large, we have to assess risk

O In addition, exogenous uncertainties (which are not influenced by
the projects) e.g. macroeconomic developments

= Rate of industry growth: ”[Finnish forest] ... The growth target supports climate objectives and
creates opportunities for the use of wood resources”. —Business Finland

=  Raw material shortages: ”And right now, there just aren't enough of [microchips] to meet industry
demand. As a result, many popular products are in short supply”. - BBC

= Pandemics...
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Q Possible investment projects X° = {x1!, ... x™}
= One-time investments that require only initial budgeting

O Each project has an outcome in n disjoint scenarios Q = {sq, ..., S}
= Value of project x/ in scenario s; is x/(s;)

O Portfolio value in scenario s;
= X(s)) = ). _jc, ¥’ (si), where X = {X |X < X}
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O The probability of scenario s; is p;
= Scenario probabilities p = (py, ..., p,)T belong to the set

PO ={p e R p; 2 0,50, p; = 1)
O The expected value of portfolio X is E,[X] = Z?zlpiX(si)

O The optimization problem is thus:

J(q. <
max E, [u(x)] ZEEB‘%XAm{Z P (Z 7% <sl>) |Az < B}
z(X) € {0,1}™ is such that z;(X) = 1 iff xJ eXx

,, Aalto University
School of Science

MS-E2191 Graduate Seminar on Operations Research: “Introduction to Portfolio Decision Analysis and Efficiency Analysis”



The problem statement visualised

Expert estimates on actions’ scenario values and relative costs.

Jj  Action title Uncertain supply Wood has no Uncertain/ Molecule Nano-science All wood  Wild wood Strong Cost a;
of plantation use in energy volatile wood level high-tech has failed is certified markets environmental
wood production prices paper products dominate  regulation
¥(sy) X(s;) *(s3) X(s4) *(ss) *(sg) ¥(s7) ¥(sg)

1 CO2 technology (T) 0 4 0 0 4 0 0 7 25

2 Flexible production (O) 6 2 5 6 0 1 1 6 5

3 Less price sensitive (O) 0 4 0 4 4 4 0 0 1

4  Focus on South America (0) 1 0 0 0 5 1 0 1 5

5 Vertical integration (0) 7 2 6 5 5 6 0 1 2.5

6 Deinked pulp (0) 6 4 2 0 0 7 6 2 5

7  Erasable paper (T) 3 0 1 6 0 0 0 0 10

8  Production in China (0) 0 5 0 4 6 0 0 1 5

9  Multi-fibre units (T) 7 3 5 6 5 5 6 1 5

10 Bio refineries (0) 4 0 4 4 4 2 0 1 5

11 Smart papers (T) 0 3 2 2 0 0 0 0 10

12 Hybrid media (T) 3 3 3 5 2 0 0 1 10

13 Broad portfolio (O) 0 3 4 6 4 1 4 1 2.5

14 Small mills (O) 0 0 1 2 0 2 0 5 5

15 Fusions (S) 0 3 0 0 o 0 4 1 25

16 Secure raw material (S) 6 3 7 3 3 7 7 1 5

17 Technology company (S) 3 4 0 7 0 0 0 0 10

18 Traditional technology (T) 0 0 3 0 6 0 0 6 25

19 Adaptable production (O) 5 0 4 0 0 1 5 1 5

20 Mass-customisation (Q) 0 4 0 0 2 0 0 1 1

21 Mini-mills (O) 1 1 0 1 0 6 1 4 5

22 Brand paper (0) 0 2 0 0 0 0 0 0 1

23 Region portfolio (O) 0 0 0 = 6 1 6 3 25

24 Paper collection (S) 0 2 3 1 3 7 6 1 5y

Source: Liesio, J., & Salo, A. (2012). Scenario-based portfolio selection of investment projects with incomplete probability and utility information.
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Modelling incomplete information

0 Feasible probabilities P := {p € P°|4,p < B,}
= A, and B, are derived from statements about the scenario probabilities

» s, more probable thans, - p; = p,
> {s1,5,} less probable than {s3,s4,55} = p3 +ps +ps =p; + 2
> & < Di < E

O If multiple experts give different probability estimates, the set P can be
defined as the convex hull of the estimates
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Modelling incomplete information

A Feasible utilities U € U°, U° = {u: R - [0,1]|u(t) = u(t) vVt > t'}
= Elicitation of incomplete information is easier than standard elicitation:

If the uncertain option is preferred

.( 300 000 € > u(300) < 0.4u(1000)+0.6u(50)
40% 1000 000€ This is enough as any preference between alternatives
already implies constraints on the model.
60% 50 000 €

Thus, alternatives need not to be
adjusted until the DM is indifferent between the two

O Though, again the experts can give differing preferences
A The information setis S= P X U
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Definition. Portfolio X dominates X'with regard to information set
S =P xU,denoted X > X'if

Ey[u(X)] = E,[u(X)]V (p,u) €S and
E,[u(X)] > E,[u(X")] for some (p,u) €S

O Portfolio dominates another if
1. its expected utility is at least as high for all feasible scenario probabilities
and utility functions
2. there exist some scenario probabilities and a utility function for which it has
a strictly higher expected utility
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Theorem 1: Let P € P°, U < UY and choose portfolios X, X' € y.
Then

/. X >pxU X X >ext(P)><U X,,

I X >poyy X' © X(s) = X'(s;) Vie{l, .. n},

Where at least one of the inequalities in (ii) is strict for some i €

{L1...n}

O Portfolio dominance can be checked by comparing the expected utilities
at the extreme points of the set of feasible scenario probabilities

Q If no constraints on probabilities (P = P?), every extreme point occurs with
a probability of 1
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Computation of non-dominated portfolios

O First, we can discard all dominated portfolios and determine the set
Xy (P° x U%), because Xy(P x U) € Xy (P° x UY)

O Pareto-optimal solutions to the MOZOLP problem

max{Cz|Az < B,z € {0,1}™}
Z

Where C € R™™ with [C];; = xJ (s;) contains the projects’ scenario-
specific values.
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Computation of non-dominated portfolios

Q Second, with our information set S = P x U € P° x U, we can
determine the min. and max. expected utility differences for each pair
of portfolios X and X’ at each extreme point p € ext(P)

n

» pu(X(s;)) — zizlpiu(xl(si))

B, [u(0)] - Bplu(x)] = )
O Now, X >¢ X' iff:

1. min{E,[u(X)] — E,[u(X")]} =0V p € ext(P)

2. max {E,[u(X)] — E,[u(X")]} > O for some p € ext(P)
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Computation of non-dominated portfolios | st | s,
X(Sl') 5 3

d Consider a two-scenario problem: X'(s;) 2 5

= Constrain P = {p = (py,p,) € P° |p; € [0.4,0.5]}
> ext(P) = {(0.4,0.6), (0.5,0.5)}
= Setsorted valuesto ¥ = (2,35) & &t = u(?), 1 € [0,1]3,1; < Tj44

Now, at extreme point (0.4,0.6), the expected utility difference is:
Elu(X)] — E[u(X')] = 0.4u(5) + 0.6u(3) — 0.4u(2) — 0.6u(b)
= —0.4u(2) + 0.6u(3) — 0.2u(5)

For increasing utility functions, the above attains its minimum —0.2 at
2 = (0,0,1)T = X does not dominate X’
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Computation of non-dominated portfolios
L We can introduce additional constraints to restrict utility functions to be
concave:

ﬁ] - ﬁj—l S ﬁj+1 - ﬁ] R U(3) - U(Z) S U(S) - U(3)
D1 D1 D 3-2 - 5-3

— —2u(2)+3u@B)—uB)=0

Uj—

u@)=0,u5)=1 - u@3) = %

The expected utility difference is minimised when u(3) = %,(and maximised when u(3) = 1)

p =(0.4,06):E[lu(X)] — Elu(X")] = —0.4u(2) + 0.6u(3) — 0.2u(5) =0

p = (0505): E[u(X)] ~ Efu(X)] = ~05u(2) +05u(3) = =

- X dominates X’
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Computation of non-dominated portfolios

O Quick recap on what we just did:
1. Find non-dominated portfolios without any information on probabilities or
utilities
2. Use our information set to narrow down the set of non-dominated

portfolios
= We only need to look at the extreme points of the probability space!

3. Add constraints to our utility functions to express the risk preferences
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O Explore the possible future operation environments of the global
forest industry

O Experts estimated:
= 24 actions (possible investment projects)
= 8 different scenarios
= Cost of each action
= Value of each completed action in each scenario

O Portfolio cost is constrained < % (sum of all actions)
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Application

Expert estimates on actions’ scenario values and relative costs.

Jj  Action title Uncertain supply Wood has no Uncertain/ Molecule Nano-science All wood  Wild wood Strong Cost a;
of plantation use in energy volatile wood level high-tech has failed is certified markets environmental
wood production prices paper products dominate  regulation
¥(sy) X(s;) *(s3) X(s4) *(ss) *(sg) ¥(s7) ¥(sg)

1 CO2 technology (T) 0 4 0 0 4 0 0 7 25

2 Flexible production (O) 6 2 5 6 0 1 1 6 5

3 Less price sensitive (O) 0 4 0 4 4 4 0 0 1

4  Focus on South America (0) 1 0 0 0 5 1 0 1 5

5 Vertical integration (0) 7 2 6 5 5 6 0 1 2.5

6 Deinked pulp (0) 6 4 2 0 0 7 6 2 5

7  Erasable paper (T) 3 0 1 6 0 0 0 0 10

8  Production in China (0) 0 5 0 4 6 0 0 1 5

9  Multi-fibre units (T) 7 3 5 6 5 5 6 1 5

10 Bio refineries (0) 4 0 4 4 4 2 0 1 5

11 Smart papers (T) 0 3 2 2 0 0 0 0 10

12 Hybrid media (T) 3 3 3 5 2 0 0 1 10

13 Broad portfolio (O) 0 3 4 6 4 1 4 1 2.5

14 Small mills (O) 0 0 1 2 0 2 0 5 5

15 Fusions (S) 0 3 0 0 o 0 4 1 25

16 Secure raw material (S) 6 3 7 3 3 7 7 1 5

17 Technology company (S) 3 4 0 7 0 0 0 0 10

18 Traditional technology (T) 0 0 3 0 6 0 0 6 25

19 Adaptable production (O) 5 0 4 0 0 1 5 1 5

20 Mass-customisation (Q) 0 4 0 0 2 0 0 1 1

21 Mini-mills (O) 1 1 0 1 0 6 1 4 5

22 Brand paper (0) 0 2 0 0 0 0 0 0 1

23 Region portfolio (O) 0 0 0 3 6 1 6 3 25

24 Paper collection (S) 0 2 3 1 3 7 6 1 5y

Source: Liesi, J., & Salo, A. (2012). Scenario-based portfolio selection of investment projects with incomplete probability and utility information.
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Application

U Five different information sets were constructed using
= Rank ordering:
PR ={p € P°lps 2 p; 2 ps = Pg = Ps = Py = Ps = 1}
Incomplete rank ordering:
P’ ={p € P°lp;, = pi, 2 pi, 2 Piy V iq € {2,3},
i, €{48},i.€ {57},i,; € {61}}

=  Centroid set:

A

P = ZpEext(PR) p/n
= Linear utility {u;}
= Strictly increasing concave utility U4
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Application
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Source: Liesi, J., & Salo, A. (2012). Scenario-based portfolio selection of investment projects with incomplete probability and utility information.
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Summary

O The framework produces non-dominated portfolios with incomplete
iInformation on scenario probabilities and/or risk preferences

O Interactive exploration of non-dominated portfolios by adding more
elicited information

O Sensitive to point estimated probabilities
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dTask 1

= Describe briefly a decision making problem where you are faced with
eX0genous uncertainties.
» Slides 21-22 but way simpler, 3-5 investment projects (actions) and 3-5 scenarios
» Remember to explain why the scenarios could affect the actions

dTask 2

= List at least three (3) reasons why the framework should be used in project
portfolio selection
» There are multiple good reasons listed in the paper

Send the answers to johannes.makinen@aalto.fi
with title "MS-E2191 HW 11" by 29.10.2021 9.00
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Why do we need to check only the extreme points?

Theorem 1. Let P C P°, U C U? and choose portfolios X.X' € X.
Then

()X-pruX' <= Xo-extp)<uX’,
(ii)X>—,,oxUX' > X(si) = X’(S.‘) Vie {1 T n}.

where at least one of the inequalities in (ii) is strict for some
ie{l,...,n}.

Liesio, J., & Salo, A. (2012). Scenario-based portfolio selection of investment
projects with incomplete probability and utility information.

Proof of Theorem 1. Part (i) ‘<" Assume Xy p).0X Which
implies
E[u(X)] = EuX))Vp e {p',....p'}, ueU,

where {p',...,p'} = ext(P). Any p € Pis a linear combination of these
extreme points, ie, p=3_ ,%p* where o >0. For any
(pu)ePxU:

Ep[u(X)] - Eplu(X)] = > pi[u(X(s:) — u(X'(s))]
i=1

Y oupf [uX(si) - u(X'(s:))]

1 k=1

% 3 pi [uX(s) — u(X'(s))]

1 =1

I
M.,

=~
~ |

= Stk(ﬂ':pk [H(X)] g lEpk[u(X’)]) = 0!
k=1

since all terms of the sum are non-negative. Thus E,[u(X) =
Ep[u(X")] for all (p,u) € (P x U) and the inequality is strict for some
peext(P)c P and ue U, which implies X - p.yX.'=" Assume
X p.uX, which implies E,[u(X)] = E,[u(X’)] for all (p,u)e ext
(P) x U, since ext(P) C P. Furthermore, exists pe P, p =Y, ,%p~,
such that 0 < Ey[u(X)] - Ep[u(X")] = X4, ot (Epe [u(X)] = Epe [u(X")]).
Thus Eu[u(X)] > Ex[u(X')] for some p“eext(P) which implies
X=ext(pyxu X'-

Part (ii) Since the extreme points {p',...,p"} of P° are of the form
pi =1, pi =0Vj #1i, i) implies that dominance X oy, X' holds if
and onl}y if u(X(s) = u(X'(s))vie(l,...,n}, ueU (with the
inequality strict for some i and u). Since U C U° contains only
increasing utility functions (and at least one strictly increasing) the
condition is equal to X(s;) = X'(s;)Vie {1,...,n} with a strict
inequality for at least one i. O

,, Aalto University
School of Science

MS-E2191 Graduate Seminar on Operations Research

22.10.2021
28

: “Introduction to Portfolio Decision Analysis and Efficiency Analysis”



