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Previously

Nonadditive portfolio value functions:
• Depends on the number of included projects

• Attribute specific value function 𝑣𝑖(𝑥𝑗𝑖)

• Strictly increasing weighting function 

𝑤𝑖 1 ,… ,𝑤𝑖 𝑚 ,𝑤𝑖 0 = 0

=> Additive multilinear value function:

Decision making under uncertainty:
• The project outcome is not certain

• There were probabilities between outcomes

• Replace value function 𝑣(𝑥) with utility 

function 𝑢 𝑥

• Expected utility theory

Liesiö, 2014 Today we will combine these
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Notation
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Variable Description

𝑚 Number of projects

𝑛 Number of attributes in projects

𝑥𝑗 Deterministic project, 𝑗 ∈ {1,𝑚}

෤𝑥𝑗 Nondeterministic project, 𝑗 ∈ {1,𝑚}

𝑥 = (𝑥1, … , 𝑥𝑚) Set of projects, portfolio

𝑦 = (𝑦1, … , 𝑦𝑛) Outcome of project

𝑦0 = (𝑦1
0, … , 𝑦𝑛

1) The least preferred outcome of project

𝑦∗ = (𝑦1
∗, … , 𝑦𝑛

∗) The most preferred outcome of project
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Example

• Healthcare resource allocation problem

• Each project is uncertain and has certain cost

• Attributes:

• Health benefits

• Health inequality reduction

Each project has uncertain outcome!

05.11.2021
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Liesiö and Vilkkumaa, 2021

Airoldi et al., 2011
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Assumptions 1 & 2

Assumption 1: Preferences are independent from project indexing:

𝑥1, 𝑥2, … , 𝑥𝑗−1, 𝑥𝑗 , 𝑥𝑗+1, … ~ 𝑥𝑗 , 𝑥2, … , 𝑥𝑗−1, 𝑥1, 𝑥𝑗+1, …

Assumption 2: Preferences for uncertain project outcomes do not depend on the deterministic outcomes 

of the other projects:

෤𝑥1, 𝑥2, 𝑥3, … ≽ ෤𝑥1
′ , 𝑥2, 𝑥3, … ⇒ ෤𝑥1, 𝑥2

′ , 𝑥3
′ , … ≽ ෤𝑥1

′ , 𝑥2
′ , 𝑥3

′ , …

05.11.2021
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Multilinear Utility Function

Theorem 2 (Liesiö and Vilkkumaa, 2021): The assumptions 1 & 2 are satisfied if and only if the portfolio 

utility function 𝑈 ∶ 𝑋 → ℝ is multilinear:

05.11.2021
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𝜆(𝑘) Weight function

𝐽 Subset of chosen portfolio

𝐽
Number of included projects 

in the subset

𝑢(𝑥𝑗) Utility function

𝑢 𝑦 = 𝑈(𝑦, 𝑦0, … , 𝑦0)

𝜆 0 = 𝑈 𝑦0, … , 𝑦0 = 0

𝜆 1 = 𝑈 𝑦∗, 𝑦0, … , 𝑦0 = 1

𝜆 𝑘 = 𝑈 𝑦∗, … , 𝑦∗

𝑘

, 𝑦0, … , 𝑦0
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Numerical example
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Project 𝒖(𝒙𝒋)

𝑥1 0.2

𝑥2 0.3

𝑥3 0.5

𝑱 𝝀(𝒌)

1 1.00

2 1.25

3 1.50

𝑈 𝑥1, 𝑥2 = 1 ∗ 0.2 ∗ 1 − 0.3 + 1 ∗ 0.3 ∗ 1 − 0.2 + 1.25 ∗ 0.3 ∗ 0.2
= 0.455

𝑈 𝑥1, 𝑥2, 𝑥3 = 1 ∗ 0.2 ∗ 0.7 ∗ 0.5 + 1 ∗ 0.3 ∗ 0.8 ∗ 0.5 + 1 ∗ 0.5 ∗ 0.7 ∗ 0.8
+ 1.25 ∗ 0.2 ∗ 0.3 ∗ 0.5 + 1.25 ∗ 0.2 ∗ 0.5 ∗ 0.7
+ 1.25 ∗ 0.3 ∗ 0.5 ∗ 0.8 + 1.5 ∗ 0.2 ∗ 0.3 ∗ 0.5

= 0.79

𝑈 𝑥1 = 1 ∗ 0.2 = 0.2
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Different 𝝀 values

The value of multilinear utility function changes with respect to 𝜆

05.11.2021
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Liesiö and Vilkkumaa, 2021
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Preference elicitation: Approach 1

DM will be asked to compare two portfolios with different types, deterministic 

and uncertain:

𝑥 = 𝑦∗, … , 𝑦∗

𝑘

, 𝑦0, … , 𝑦0

෤𝑥 =

𝑦∗, … , 𝑦∗

𝑘−1

, 𝑦0, … , 𝑦0 , with probability 1 − 𝑝

𝑦∗, … , 𝑦∗

𝑘+1

, 𝑦0, … , 𝑦0 , with probability 𝑝

for 𝑘 ∈ {1,… ,𝑚 − 1}

What is the probability 𝑝 that DM is indifferent in between these portfolios?

05.11.2021
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Preference elicitation: Approach 1

We can evaluate expected utilities 𝔼[𝑢 𝑥 ] and 𝔼 𝑢 ෤𝑥 for 𝑘 ∈ {1,… ,𝑚 − 1}.

𝔼 𝑢 𝑥 = 𝔼 𝑢 ෤𝑥
𝑈 𝑦∗, … , 𝑦∗

𝑘

, 𝑦0, … , 𝑦0 = 1 − 𝑝 𝑈 𝑦∗, … , 𝑦∗

𝑘−1

, 𝑦0, … , 𝑦0 + 𝑝𝑈 𝑦∗, … , 𝑦∗

𝑘+1

, 𝑦0, … , 𝑦0

⟺ 𝜆 𝑘 = 1 − 𝑝 𝜆 𝑘 − 1 + 𝑝𝜆 𝑘 + 1

⟺ 𝜆 𝑘 + 1 =
1

𝑝
− 1 𝜆 𝑘 − 𝜆(𝑘 − 1) + 𝜆 𝑘

We know 𝜆 0 = 0 and 𝜆 1 = 1.

⟹ We have 𝑚 − 1 variables and equations

05.11.2021
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Preference elicitation: Approach 2

• Bisection-type preference elicitation

• Basic idea: The DM is asked to define the probability 𝑝 such that

ሶ𝑥𝑘~𝑝 ሶ𝑥𝑘 + 1 − 𝑝 ሶ𝑥𝑘, 𝑘 = (𝑘 + 𝑘)/2 , 𝑘, 𝑘 ∈ {0,… ,𝑚}

ሶ𝑥𝑘 = (𝑦+, … , 𝑦+

𝑘

, 𝑦−, … , 𝑦−)

ሶ𝑥𝑘 = (𝑦+, … , 𝑦+

𝑘

, 𝑦−, … , 𝑦−)

ሶ𝑥𝑘 = (𝑦+, … , 𝑦+

𝑘

, 𝑦−, … , 𝑦−)

𝑦0 ≺ 𝑦− ≼ 𝑦+ ≺ 𝑦∗

05.11.2021
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Preference elicitation: Approach 2

ሶ𝑥𝑘~𝑝 ሶ𝑥𝑘 + 1 − 𝑝 ሶ𝑥𝑘, 𝑘 = (𝑘 + 𝑘)/2

First compare ሶ𝑥0 = (𝑦−, … , 𝑦−) ∼ 𝑝𝑥∗ + 1 − 𝑝 𝑥0

Second compare ሶ𝑥𝑚 = (𝑦+, … , 𝑦+) ∼ 𝑝𝑥∗ + 1 − 𝑝 𝑥0

• Third 𝑘 = 𝑚, 𝑘 = 0

• Fourth 𝑘 = 𝑚/2 , 𝑘 = 0

• Fifth 𝑘 = 𝑚, 𝑘 = 𝑚/2 , and so on…

Each statement gives 𝜆 0 ,… , 𝜆(𝑚)

05.11.2021
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Liesiö and Vilkkumaa, 2021
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Assumption 3

Assumption 3: Portfolios 𝑥 and ෤𝑥 are equally

preferred for any 𝑘 = 2,… ,𝑚 :

𝑥 = 𝑦∗, … , 𝑦∗

𝑘

, 𝑦0, … , 𝑦0

෤𝑥 =

𝑦∗, … , 𝑦∗

𝑘−1

, 𝑦0, … , 𝑦0 , with probability 0.5

𝑦∗, … , 𝑦∗

𝑘+1

, 𝑦0, … , 𝑦0 , with probability 0.5

05.11.2021
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Theorem 2 (Liesiö and Vilkkumaa, 2021): 

Assumptions 1, 2 and 3 hold if and only if 

portfolio utility function is additive:

𝑈 𝑥 = ෍

𝑗=1

𝑚

𝑢(𝑥𝑗)

With assumptions 1-3 we have additive 

independence assumed
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Assumption 4

Theorem 3 (Liesiö and Vilkkumaa, 2021): 

Assumptions 1, 2 and 4 hold if and only if 

portfolio utility function is multiplicative:

𝑈 𝑥 =
1

𝜃
ෑ

𝑗=1

𝑚

1 + 𝜃𝑢 𝑥𝑗 −
1

𝜃

Where 𝜃 =
1

𝑝∗
− 2, 𝜃 ∈ −1, 0 ∪ 0,∞

Assumption 4: There exists 𝑝∗ ∈ (0,
1

2
) ∪ (

1

2
, 1) such 

that portfolios 𝑥 and ෤𝑥 are equally preferred for any 

𝑘 = 2,… ,𝑚 :

𝑥 = 𝑦∗, … , 𝑦∗

𝑘

, 𝑦0, … , 𝑦0

෤𝑥 =

𝑦∗, … , 𝑦∗

𝑘−1

, 𝑦0, … , 𝑦0 , with probability 𝑝∗

𝑦∗, … , 𝑦∗

𝑘+1

, 𝑦0, … , 𝑦0 , with probability 1 − 𝑝∗
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Example

• Healthcare resource allocation 

solved with three portfolio utility 

functions

• Budget from 0 k£ to 5505 k£

• How different portfolio utility 

functions choose included 

projects?

Liesiö and Vilkkumaa, 2021
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Summary

• Multiattribute utility functions for uncertain project outcomes

• Multilinear utility function 

• Eliciting the weights 𝜆

• Special cases: additive and multiplicative utility functions 

• Maximizing the expected utility

05.11.2021
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Homework

1. Describe your own portfolio decision problem that has uncertain 

projects (projects, attributes, goal of the portfolio).

2. What are advantages and disadvantages of preference elicitation 

approach 1?

3. What are advantages and disadvantages of preference elicitation 

approach 2?

Send the homework to matias.peltoketo(at)aalto.fi by 9am on 10th of 

November with title “Homework 12”.
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