A”

Aalto University
School of Science

Other DEA-models and cross
efficiency concept

Viljami Uusihdrkala
Presentation 15
12t November 2021

MS-E2191 Graduate Seminar on Operations Research
Fall 2021

The document can be stored and made available to the public on the open internet pages of Aalto University. All other rights are reserved.



Content

» Cross efficiency concept

* Other DEA-models
« BCC model
« Additive model
« SBM model

,, Aalto University
School of Science 12.11.2021
2

MS-E2191 Graduate Seminar on Operations Research: “Introduction to Portfolio Decision Analysis and Efficiency Analysis”



Cross efficiency concept
Recap of the CCR DEA-model

« DMU k finds weights v,, u, that maximizes its efficiency 6,
. u . .
max . Gk — Zz i/
Vg, Uk Zz Vi Lk

D i Vkijs

Vi, U > 0

S.t. Viel,...n

 Now a "maverick” DMU can attain high efficiency 6
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Cross efficiency concept
Peer-appraisal

* We can also evaluate another DMU s by using the optimal weights
for DMU k

» This concept is called peer-appraisal
* The resulting value is called cross efficiency, E;

ks —
Zi UkiLsq
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Cross efficiency concept
Matrix of cross efficiencies

Rating Rated DMU Averaged

« We can gather all cross WD | 2 3 : 5 e ||
efficiencies into matrix L T L I
2 | By E22 E2s 27 Ezs Ex | A2
* Note that Ekk = ek 3 | Ea Ex E3s Eas Ess Ex | Aq
» Ey also called simple efficiency 4 |En Es Ess Eas  Eus E | Ad
. 5 |E E E E E E Ag
- Averaged appraisal by peers |~ ™ 0
for k is obtained by . - . o s e
Averaged appraisal by peers (peer appraisal)
s#k
9 Aalto University Table source: Doyle, J., Green, R., 1994. Efficiency and Cross-
A School of Science efficiency in DEA: Derivations, Meanings and Uses, Journal of the 12.11.2021
Operational Research Society 45/5, s. 567-578. 5

MS-E2191 Graduate Seminar on Operations Research: “Introduction to Portfolio Decision Analysis and Efficiency Analysis”



Cross efficiency concept ¢, =1/ 1) > Eq
Uses of cross efficiency s#k

« The averaged peer appraisal, e, can be used to assess DMU k in more
objective way

« A DMU that achieves high peer appraisal is considered as a good overall
performer

« A DMU that rates itself high (Ex), but has low peer appraisal (ey) is
considered a “maverick” DMU

« A Maverick index M, can be used to effectively distinguish niche performers
among the DMUs of interest.

My = (Exr — ex)/ex
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Cross efficiency concept
Uses of cross efficiency

* In CCR DEA there can be multiple sets of weights, v,, u,
e The LP algorithm can stop at any of these weights

« We can define a secondary goal for DEA to minimize the averaged
appraisal of peers for k, A, to select best optimal weights for k

« This formulation is called aggressive method
« A benevolent method would maximize A,

Ap=1/(n—1))  Ey,

s#*k
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Cross efficiency concept
Aggressive CCR using cross efficiency

« Step 1: Calculate E; = 6;for every DMU je 1...n

« Step 2: D
min. (n—1)Ay =3 Ep=3 D s UkiYsi
Vi, Uk S#k S#k ZZ ,Ukzxsz

st, By, = Zi™ilsi oy
Zi VkiT sq

* Now the weights v,, u, are deterministic and best for k
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Cross efficiency concept
Summary

« Cross efficiency as a concept is not used very widely in applications
« However, cross efficiency can provide powerful tools

« Cross efficiency is a great tool for spotting maverick DMUs

« Cross efficiency provides more objective measure for efficiency

» Cross efficiency can be used to set a secondary goal for CCR to
obtain deterministic weights
« Cross efficiency does all this while maintaining the “hands off” quality
of DEA
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Other DEA-models




Other DEA-models
Recap of the CCR DEA-model

» We have the primal (multiplier) and dual (envelopment) form of the model

Primal Dual
L 5
s.t. vz =1 ‘ s.t. fOxp > XA
uY < vX YA =y
u,v>0 A=
J NGt o100
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Other DEA-models
Motivation for other DEA methods

« CCR assumes constant returns-to-scale, that is, if (x,y) is CCR-
efficient, then (tx,ty) is also CCR-efficient

« This assumption does not hold in all applications

«  We modify this assumption to introduce the possibility of variable
returns-to-scale by adding a constraint to CCR that makes the
efficient frontier convex

Y A=1, 420, V)

j=1
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Other DEA-mMmodels
BCC model

Adding the convexity constraint to
CCR we get the BCC model (Banker,
Charnes and Cooper)

On the right is the input-oriented BCC
model

Like CCR, BCC measures radial
efficiency 0z from the origin

Convex efficient frontier
Variable returns-to-scale

min
65,

S.t.

0

Opx, > XA\
YA >y,
el =1
A>0
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Other DEA-models X=(2 3 5 4)
BCC model, Example ’
+ BCC-efficiency for D (4,3) Y = (1 4 6 3)

min 0Opg

0.\

s.t. 40p > 2\1 + 32 + 53+ 4\ :— I_nl_l’l_ EB _____
1A1 +4A2 + 63 +3X4 > 3 | e
)\1+)\2—|—)\3+)\4=1 : St eBmk>XA
)\17)\27)‘37)\4 ZO I YA 2 Y

l
« Solutionis | eX =
9k, = 0167, X = 0,33, M = 067, M= =0 A>0
AP i,
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Other DEA-models
BCC model, Properties

« Due to the stricter convexity constraint, 85z is higher for D in
BCC than in CCR case

* Generally, the CCR-efficiency does not exceed BCC-efficiency

« Theorem: ADMU k is BCC-efficient if it satisfies:
1. Og*=1
2. s7"=o0and s = 0 (obtained by the two-phase method)
 Theorem: A DMU that has a minimum input value for any input
item, or a maximum output value for any output item, is BCC-
efficient
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Other DEA-mMmodels

From technical efficiency to mix efficiency
« With CCR and BCC models we have -

measured “technical efficiency” or “radial § G
efficiency” ]
»  Proportions from origin technical
0* OD 267 e
5=op - a2 Y 2 J mix
* Need to define orientation (input or output T E .\.
oriented) N
« We move on to measuring mix efficiency i D
directly 0 . — ; ;
«  Proportions are not fixed ' Inputt |
« Input and output side simultaneously
§9 Aalto University Figure source: Cooper, W. W., Seiford, L. M., Tone, K., 2006: Introduction
A School of Science to Data Envelopment Analysis and Its Uses - With DEA-Solver Software 12.11.2021
and References, Springer Science+Business Media, New York. 16
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Other DEA-mMmodels

Additive model
- The Additive model maximizes ~ max 2= es -+ es’

iInput excesses and output A,87,87F

shortfalls simultaneously st. s =axp — XA
 The same production possibility

set with BCC st=YA—-y,
« Efficiency z measures mix

e =1

efficiency and is not units

Invariant | A>0.s" >0, gt >
« Theorem: DMU k is ADD-

efficient if and only if s~ =0 and

st =
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Other DEA-mMmodels
Additive model

« The Additive model arrives to a
point in efficient frontier that is
most distant from D

* The solution for D is
g =158 =1,
Y=l = =20

« D would be projected on to B

« Theorem: DMU k is ADD-
efficient if and only if it is BCC-

efficient
§9 Aalto University Figure source: Cooper, W. W., Seiford, L. M., Tone, K., 2006: Introduction
A School of Science to Data Envelopment Analysis and Its Uses - With DEA-Solver Software 12.11.2021

and References, Springer Science+Business Media, New York. 18
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Other DEA-models
Additive model, Property

* In some applications we would like to

allow for negative data v’ y
« Additive model is translation i 5
invariant
« A DEA problem is translation |
invariant, if translating input and/or .
data results in a new problem that ]
has the same optimal solution (for |
envelopment form) T .
* Note that input-oriented BCC model -
is translation invariant with respect to ¢
outputs
J9 Aalto University Figure source: Cooper, W. W., Seiford, L. M., Tone, K., 2006: Introduction
A School of Science to Data Envelopment Analysis and Its Uses - With DEA-Solver Software 12.11.2021
and References, Springer Science+Business Media, New York. 19
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Other DEA-models
Introduction to SBM

« Finally, we would like a DEA-model that
» Reflects all inefficiencies (technical and mix)
» Has a single efficiency score
» Considers both input and output side simultaneously
* Isunits invariant

* For these reasons, we augment the Additive model by introducing
an efficiency score called the Slacks-Based Measure of
efficiency (SBM)

,, Aalto University
School of Science 12.11.2021
20

MS-E2191 Graduate Seminar on Operations Research: “Introduction to Portfolio Decision Analysis and Efficiency Analysis”



Other DEA-mModels
=By - L=t 5, T
1+ %Zi:157—f/yrk

« SBM p can be interpreted as the ratio of mean input and output
miXx inefficiencies
« p has the following properties

0

* The measure is units invariant
« The measure is monotone decreasing in each input and output slack

-  We would like this ratio p to be minimized
*  SBM model
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Other DEA-mMmodels

SBM model
- SBM model ig the Add!ti\./e.mo_del | 11— LS m sy [z
augmented with the minimization min = p = T
Ofp A,S_,S_i_ 1 + g ZT:]. Sr /yrk
« The resulting model is a fractional st. 8T =x — XA
bl
problem | ST=YA—y,
« SBM has the properties we hoped
for ex=1

e Furthermore,0<p<1

« However, SBM is not translation
invariant

A>0,8 >0,s">0
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Other DEA-mMmodels

SBM model
« Theorem: DMU k is SBM-efficient — LS ST
if and only if p* = 1 (slacks = 0) Jmin - p= m o=l ;
« The solution for D is ks s 2ur=1 57 [Yrk
sTr=1s"=1, s.t. 8 =@, — XA
M= 100 =N =R =10, st=YA—y,
1—1-1/4
pr=—1 /4 _ 056 e =
L-tog ¢ 1/3 B "
 Theorem: The optimal SBM p* is A>0,s 20,8720

not greater than the optimal CCR 06*
(SBM accounts for all inefficiencies)
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Other DEA-models
Choosing the right DEA-model

« There are multiple DEA-models that excel in different
situations
« Choosing the right model might involve considering
« Input or output oriented or both?
« Shape of the efficient frontier, returns-to-scale?
» Technical efficiency or mix efficiency or both?
* Negative data? Translation invariance
* Units invariance?

« Often it is advisable to compare different models
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 Cooper, W. W., Seiford, L. M., Tone, K., 2006:
Introduction to Data Envelopment Analysis and Its Uses
- With DEA-Solver Software and References, Springer
Science+Business Media, New York.

* Doyle, J., Green, R., 1994. Efficiency and Cross-
efficiency in DEA: Derivations, Meanings and Uses,

Journal of the Operational Research Society 45/5, s.
567-578.
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Homework | x=(2 35 4),
Output-oriented BCC-model ! :
Y=(14563) |

* In output-oriented BCC-model we maximizethe L = = = = = = = = == = =
outputs while using no more than the observed [~~~ — "~ — — © — — © !
amount of any input I f?r;ai( "B :

- Task 1: Solve the output-oriented BCC efficiency ! ’ I
for DMU D froin the whiteboard example : st. o > X\

« Notethat ng > 1 | I

+ Task 2: Solve the same problem for DMU D ! YA >ng Yy :
when the input values are subtracted by 3 1 o ,

» Thatis, X—Z(—l 0 2 1) : ex = |

« Task 3: Briefly comment on the results | |
« Submit to viljami.uusiharkala@aalto.fi by 9.00 I A> 0 :

19.11.2021 e e e e e e e e e -
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Appendix

Properties of DEA-models

Model CCR-I CCR-O BCC-I BCC-O ADD SBM
Data X Semi-p Semi-p  Semi-p Free Free Semi-p
Y Free Free Free Semi-p  Free Free
Trans. X No No No Yes Yes® No
Invariance Y No No Yes No Yes® No
Units invariance Yes Yes Yes Yes No Yes
0" 0, 1] 0, 1] (0, 1] (0, 1] No 0, 1]
Tech. or Mix Tech. Tech. Tech. Tech. Mix Mix
Returns to Scale CRS CRS VRS VRS C(V)RS® C(V)RS

%: The Additive model is translation invariant only when the convexity constraint is added.

b

convexity constraint is included.

: C(V)RS means Constant or Variable returns to scale according to whether or not the

,, Aalto University
School of Science

Table source: Cooper, W. W., Seiford, L. M., Tone, K., 2006: Introduction
to Data Envelopment Analysis and Its Uses - With DEA-Solver Software
and References, Springer Science+Business Media, New York.
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Appendix

Linear formulation of SBM

« Define : Lt
e win  r=e- 1S5/
S™ =ts, t,8— .S+ A m <

ST =tst I\ gt
) 3. 1=t+ — o ;
S +8; r/yk

S =t — XA

A>08 =0, 8" >0.4 >0
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