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Notation

K DMUs
M Inputs
N Outputs
𝒙𝒌 = 𝒙𝟏, 𝒙𝟐, … , 𝒙𝒎 Vector of inputs for DMUk

𝒚𝒌 = 𝒚𝟏, 𝒚𝟐 , … , 𝒚𝒏 Vector of outputs for DMUk

𝒗 = 𝒗𝟏, 𝒗𝟐 , … , 𝒗𝒎 Weight vector for the inputs
𝒖 = 𝒖𝟏, 𝒖𝟐 , … , 𝒖𝒏 Weight vector for the outputs
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CCR-DEA

Maximize the efficiency for each DMU by choosing the most
favourable input and output weights.

The efficiency of DMUk is calculated as so:

𝑬𝒌 𝒖, 𝒗 =
𝒐𝒖𝒕𝒑𝒖𝒕
𝒊𝒏𝒑𝒖𝒕

=
𝒖𝑻𝒚𝒌

𝒗𝑻𝒙𝒌
=

∑ 𝒗𝒊𝒚𝒊𝒌
𝒏
𝒊=𝟏

∑ 𝒖𝒊𝒙𝒊𝒌
𝒎
𝒊=𝟏
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Shortcomings of CCR-DEA

• Other combinations of input/output weights are neglected
 Relevant preference information is lost

• Method is sensitive to outliers
 An outlier DMU can change the efficient frontier drastically

• Requires a large number of DMUs to form the efficient frontier
accurately

Salo and Punkka (2011)
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Ratio-based efficiency analysis (REA)

• Pairwise comparisons between DMUs using ALL feasible sets
of weights

• Important concepts:
 Ranking intervals
 Efficiency dominance
 Efficiency bounds
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Ranking intervals

• DMUs are ranked by their efficiency scores for all feasible
weights

• What are the best and worst ranks a given DMU can get when
the weights are varied?
 Can be solved with linear optimization

Insert presentation date
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𝑬𝒌 𝒖, 𝒗 =
𝒖𝑻𝒚𝒌
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Ranking intervals

• 4 DMUs, one input, two outputs
• Output weights u1 u2 are varied
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u1 = 0
u2 = 1

u1 = 1
u2 = 0

E

E1

E2

E3

E4

DMU 1 2 3 4
Max rank 1 1 3 2
Min rank 3 2 4 4
Interval [1,3] [1,2] [3,4] [2,4]

A1
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Ranking intervals

• Additional preference information
narrows the intervals
• If u1 < u2 we are in the blue region
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Ranking intervals
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u1 = 0
u2 = 1

u1 = 1
u2 = 0

E

E1

E2

E3

E4

DMU 1 2 3 4
Max rank 1 2 3 3
Min rank 1 2 4 4
Interval [1,1] [2,2] [3,4] [3,4]
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Ranking intervals
𝒓𝒌

𝒎𝒊𝒏:

𝒎𝒊𝒏𝒙,𝒚,𝒛 𝟏 + 𝒛𝒍
𝒍≠𝒌

𝒖𝒏𝒚𝒏𝒍 ≤ 𝒗𝒎𝒙𝒎𝒍 + 𝑪𝒛𝒍
𝒎𝒏

                                   𝒍 ∈ 𝟏, … , 𝒌 , 𝐥 ≠ 𝒌

𝒖𝒏𝒚𝒏𝒌 = 𝒗𝒎𝒙𝒎𝒌
𝒎𝒏

𝒛𝒍 ∈ 𝟎, 𝟏 , 𝒍 ≠ 𝒌
𝒖, 𝒗 ∈ 𝑺𝒖, 𝑺𝒗
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𝒓𝒌
𝒎𝒂𝒙:

𝒎𝒂𝒙𝒙,𝒚,𝒛 𝟏 + 𝒛𝒍
𝒍≠𝒌

𝒗𝒎𝒙𝒎𝒍 ≤ 𝒖𝒏𝒚𝒏𝒍 + 𝑪 𝟏 − 𝒛𝒍
𝒎𝒏

                                   𝒍 ∈ 𝟏, … , 𝒌 , 𝐥 ≠ 𝒌

𝒖𝒏𝒚𝒏𝒌 = 𝒗𝒎𝒙𝒎𝒌
𝒎𝒏

𝒛𝒍 ∈ 𝟎, 𝟏 , 𝒍 ≠ 𝒌
𝒖, 𝒗 ∈ 𝑺𝒖, 𝑺𝒗
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Efficiency dominance

• DMUk dominates DMUl if

1. Ek(u,v) ≥ El(u,v) for all feasible u
and v

2. Ek(u,v) > El(u,v) for some feasible u
and v
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u1 = 0
u2 = 1

u1 = 1
u2 = 0

E

E1

E2

E3

E4

DMU2 dominates DMU3 and DMU4
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Efficiency dominance

• The pairwise dominance relation is defined as so

𝑫𝒌,𝒍 𝐮, 𝐯 =
𝑬𝒌(𝒖, 𝒗)
𝑬𝒍(𝒖, 𝒗)

• If 𝒎𝒊𝒏 𝑫𝒌,𝒍 𝒖, 𝒗 ≥ 𝟏 and 𝒎𝒂𝒙 𝑫𝒌,𝒍(𝒖, 𝒗) > 𝟏, DMUk dominates
DMUl

• Can be solved with linear programming
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Efficiency dominance
𝒎𝒊𝒏𝒖,𝒗 𝒖𝒏𝒚𝒏𝒌

𝒏
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𝒖𝒏
𝒏

𝒚𝒏𝒍 = 𝒗𝒎𝒙𝒎𝒍
𝒎

𝒗𝒎
𝒎

𝒙𝒎𝒌 = 𝟏

𝒖, 𝒗 ∈ 𝑺𝒖, 𝑺𝒗

𝑫𝒌,𝒍 𝒖, 𝒗 =
𝑬𝒌 𝒖, 𝒗
𝑬𝒍 𝒖, 𝒗

=
∑ 𝒖𝒏𝒚𝒏𝒌𝒏

∑ 𝒗𝒎𝒎 𝒙𝒎𝒌
/

∑ 𝒖𝒏𝒏 𝒚𝒏𝒍
∑ 𝒗𝒎𝒎 𝒙𝒎𝒍

If the solution is exactly 1, the
same problem is maximized. If
that solution is >1, we have
dominance.
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Efficiency bounds

• How efficient can a given DMU be
with respect to the most (E*) and
least (E0) efficient DMUs?

• Another optimization problem over
u,v.

Insert presentation date
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u1 = 0
u2 = 1

u1 = 1
u2 = 0

E

E1

E2

E3

E4

E*

E0
E2∈ 𝟎. 𝟔, 𝟏. 𝟎 E*
E2∈ 𝟏. 𝟑, 𝟏. 𝟖 E0
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Efficiency bounds
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𝑫𝒌,𝑳 𝒖, 𝒗 =
𝑬𝒌 𝒖, 𝒗

𝒎𝒂𝒙𝒍∈𝑳𝑬𝒍(𝒖, 𝒗)
𝑫𝒌,𝑳 𝒖, 𝒗 =

𝑬𝒌 𝒖, 𝒗
𝒎𝒊𝒏𝒍∈𝑳𝑬𝒍(𝒖, 𝒗)

𝑫𝒌,𝑳:

𝒎𝒂𝒙𝒖,𝒗 𝒖𝒏𝒚𝒏𝒌
𝒏

𝒗𝒎𝒙𝒎𝒌 = 𝟏, 𝒖, 𝒗 ∈ 𝑺𝒖, 𝑺𝒗
𝒎

𝒖𝒏𝒚𝒏𝒍 ≤ 𝒗𝒎𝒙𝒎𝒍
𝒎

, 𝒍 ∈ 𝑳
𝒏

𝑫𝒌,,𝑳 :

𝒎𝒊𝒏𝒖,𝒗 𝒖𝒏𝒚𝒏𝒌
𝒏

𝒗𝒎𝒙𝒎𝒌 = 𝟏, 𝒖, 𝒗 ∈ 𝑺𝒖, 𝑺𝒗
𝒎

𝒖𝒏𝒚𝒏𝒍 ≤ 𝒗𝒎𝒙𝒎𝒍
𝒎

, 𝒍 ∈ 𝑳
𝒏



MS-E2191 Graduate Seminar on Operations Research: “Introduction to Portfolio Decision Analysis and Efficiency Analysis”

Efficiency bounds

Recall:

In this case

Insert presentation date
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u1 = 0
u2 = 1

u1 = 1
u2 = 0

E

E1

E2

E3

E4

E*

E0

∈ 𝟏. 𝟑, 𝟏. 𝟖 E0

E2∈ 𝟎. 𝟔, 𝟏. 𝟎 E*
E2

𝑫𝟐,𝑳 = 𝟏. 𝟎 𝑫𝟐,𝑳 = 𝟎. 𝟔

𝑫𝟐,𝑳 = 𝟏. 𝟖 𝑫𝟐,𝑳 = 𝟏. 𝟑
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Applying REA to Scottish
Health Boards

Schang et. al. (2016)
Insert presentation date
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Application
• Health care quality of the 14 boards are compared
• Inputs and outputs are normalized to [0,1] intervals.
• Difficulties in defining weights → Need for robust ranking

methods, aka. REA

Inputs Outputs
- Resident population - Over 18 week wait from referral to treatment
- Number of occupied bed days (OBD)    - Longer than 4 hour wait in A&E

- Emergency admission
- Delayed discharge
- C.difficile infection
- MRSA/MSSA infection
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Application
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Application

• Ranking intervals and dominances were solved with three
different sets of weights. Input variables were unrestricted in
each scenario.

 Set 1: No weight restrictions
 Set 2: Ordinal weights restrictions
 Set 3: Ordinal and proportional weight restrictions
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No weighting – Ranking intervals
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Ordinal weighting

DMs were asked to rank the outputs from worst to least bad

1. an MRSA/MSSA infection
2. an emergengy admission
3. a C.difficile infection
4. longer than 18 week wait from referral to treatment
5. longer than 4 hour wait in A&E
6. a delayed discharge
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Ordinal weighting – Rank intervals
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Proportional weighting

” Avoiding an event of the worst healthcare quality measure
cannot be more than ten times as valuable as avoiding an event
of the least bad quality measure”

𝒖𝒏 ≥ 𝟎. 𝟏 ∀ 𝒏
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“Avoiding C.difficile infection must be at least ¼ as
valuable as avoiding MRSA/MSSA infection”

𝒖𝟑 ≥
𝟏
𝟒

𝒖𝟏
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Ordinal & Proportional weighting –
Rank intervals
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Ordinal & Proportional weighing -
Dominances
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Homework

Are the following statements true or false? Justify your
answers.

a) DMUk can not dominate DMUl if their ranking intervals overlap.
b) If DMUk is dominated by n DMUs. The highest rank DMUk can possibly

have for some u,v is n+1.
c) It always holds that 𝑫𝒌,𝑳 ≤ 𝑫𝒌,𝑳

d) There can not be any dominances if weights are non-restricted.
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Send the answers to lauri.vaara@aalto.fi
DL: 26.11 at 9:00
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