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Learning Goals: 
• know about notion of expected loss or risk 
• know that average loss approximates risk 
• know about empirical risk minimization
• be aware of design choices data/model/loss and 

their effect on ERM methods
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What is ML About ? 

fit models to data to make 

predictions or forecasts ! 
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Data. Model. Loss.

data: set of datapoints (x,y)

model: set of hypothesis maps h(.)

loss: quality measure L((x,y),h)
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Data 
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Data. 
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stack feature vecs into matrix 

stack labels into vector 
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!𝑦 = ℎ(𝑥)

feature x

label y

!𝑦 = ℎ!(𝑥)

𝑥("), 𝑦(")

𝑥($), 𝑦($)
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Machine Learning. 
find hypothesis in model that incurs 

smallest loss when predicting label of 

any datapoint 
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What is Any Datapoint?
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label y

interpret data points as 
realizations of i.i.d. random 
variables with prob. distr. p(x,y)

define loss incurred for any 
data point as expected loss  

observed datapoints 
“new” datapoint 

feature x

p(x,y)
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Expected Loss or Risk 
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note: to compute this expectation 
we need to know the probability distribution 
p(x,y) of datapoints (x,y)
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Empirical Risk  
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IDEA: approximate expected loss by average 
loss on some datapoints (training set) 

with the average loss or empirical risk 
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Empirical Risk Minimization 

CS-C3240 Machine Learning (A. Jung) 121/12/22



Empirical Risk Minimization 
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hypothesis h

<latexit sha1_base64="7R/VfWzqJV45KyPVdfS6vZgYUIE=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy0emDgcM69zLknTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6l/vdR6YNV/IBZwkLYjKWPOKUoJX6g5jghBKRNefDas2rewu4f4lfkBoUaA2rn4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3TOrjNxIafskugv150ZGYmNmcWgn84hm1cvF/7x+itFNkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968l/Suaj7V3X//rLWuC3qKMMJnMI5+HANDWhCC9pAQcETvMCrg86z8+a8L0dLTrFzDL/gfHwDfOmRZA==</latexit>

H
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ERM for Parametrized Models

CS-C3240 Machine Learning (A. Jung) 14

loss incurred by h(.) 
for i-th data point 

average loss or 
empirical risk

learnt (optimal) parameter vector
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ERM for Param. Models
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params w
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H
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Design Choices in ERM
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params w

<latexit sha1_base64="7R/VfWzqJV45KyPVdfS6vZgYUIE=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy0emDgcM69zLknTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6l/vdR6YNV/IBZwkLYjKWPOKUoJX6g5jghBKRNefDas2rewu4f4lfkBoUaA2rn4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3TOrjNxIafskugv150ZGYmNmcWgn84hm1cvF/7x+itFNkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968l/Suaj7V3X//rLWuC3qKMMJnMI5+HANDWhCC9pAQcETvMCrg86z8+a8L0dLTrFzDL/gfHwDfOmRZA==</latexit>

H

data

loss

model
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Design Choice: 
Model and Data
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Linear Regression 

CS-C3240 Machine Learning (A. Jung) 18

• datapoints characterized by feature vector and 
numeric label
• model consists of linear hypothesis maps 

• squared error loss 
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Linear Regression

features x

y

𝒙("), 𝑦(")

$𝑦(")
(𝑦(") − $𝑦("))$

<latexit sha1_base64="Wq7HsIa1szLzjpmXOtvvVdFxQBo=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURUTdC0Y3LCn1BG8tkOmmHTiZhZqKWkG9w46+4caGIW1fu/BsnbURtPTBw5px7ufceN2RUKsv6NHILi0vLK/nVwtr6xuaWub3TlEEkMGnggAWi7SJJGOWkoahipB0KgnyXkZY7ukj91g0Rkga8rsYhcXw04NSjGCkt9czysNT1kRq6XnyXlOEZ/P7dJtdxPYE/Zs8sWhVrAjhP7IwUQYZaz/zo9gMc+YQrzJCUHdsKlRMjoShmJCl0I0lChEdoQDqacuQT6cSTkxJ4oJU+9AKhH1dwov7uiJEv5dh3dWW6oZz1UvE/rxMp79SJKQ8jRTieDvIiBlUA03xgnwqCFRtrgrCgeleIh0ggrHSKBR2CPXvyPGkeVuzjin11VKyeZ3HkwR7YByVggxNQBZegBhoAg3vwCJ7Bi/FgPBmvxtu0NGdkPbvgD4z3L3vCngQ=</latexit>

h(x) = wTx

choose parameter/weight vector w to 
minimize average squared error loss
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ERM for Linear Regression

w
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Linear Regression in Python

CS-C3240 Machine Learning (A. Jung) 211/12/22



params w

<latexit sha1_base64="7R/VfWzqJV45KyPVdfS6vZgYUIE=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy0emDgcM69zLknTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6l/vdR6YNV/IBZwkLYjKWPOKUoJX6g5jghBKRNefDas2rewu4f4lfkBoUaA2rn4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3TOrjNxIafskugv150ZGYmNmcWgn84hm1cvF/7x+itFNkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968l/Suaj7V3X//rLWuC3qKMMJnMI5+HANDWhCC9pAQcETvMCrg86z8+a8L0dLTrFzDL/gfHwDfOmRZA==</latexit>

H
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Upgrade Linear Model with new Features ! 
• consider data points with single numeric feature x

• construct new features 𝑥!, … , 𝑥"

• 𝑥# = %1 𝑓𝑜𝑟
#$!
"
≤ 𝑥 ≤ #

"
0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑜𝑡ℎ𝑒𝑟 𝑥.

x

1j/n(j-1)/n

𝜙#(𝑥)

1
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<latexit sha1_base64="w+xVLGUMgXtutmjwoWtqtBewirc="></latexit>0

BBB@

x1 = �1(x)
x2 = �2(x)

...
xn = �n(x)

1

CCCA



You Can Do Anything with Linear Predictors! 
•h(x) is linear in new features but non-linear in raw feature x!

x

1j/n(j-1)/n

ℎ 𝑥!, … , 𝑥" =)
#%!

"

𝑤#𝑥#

𝑤%
𝑤%&'

(j-2)/n
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Polynomial Regression
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Polynomial Regression
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from notebook of TA George 
https://github.com/alexjungaalto/cs-c3240spring2022/blob/main/George_Demo_PolynomialRegression.ipynb



Polynomial Regression=
Lin. Reg. with Feature Transform.

single 
feature x

feature map 
<latexit sha1_base64="w+xVLGUMgXtutmjwoWtqtBewirc="></latexit>0

BBB@

x1 = �1(x)
x2 = �2(x)

...
xn = �n(x)

1

CCCA

linear map 
<latexit sha1_base64="QByk8E4sf5ARWXdYIs5RfPbnPpI=">AAACHnicbVDLSgMxFM3UV62vUZdugkVwVWbE16ZQdOOyQl/QjkMmzbTRTGZIMrZlmC9x46+4caGI4Er/xkxbQVsPJJyccy+593gRo1JZ1peRW1hcWl7JrxbW1jc2t8ztnYYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0vbvLzG/eEyFpyGtqFBEnQD1OfYqR0pJrnnQCpPqenwzSm6SW/ryGKSzDjowDN7kt29riKRxonsJhdrtm0SpZY8B5Yk9JEUxRdc2PTjfEcUC4wgxJ2batSDkJEopiRtJCJ5YkQvgO9UhbU44CIp1kvF4KD7TShX4o9OEKjtXfHQkKpBwFnq7MxpezXib+57Vj5Z87CeVRrAjHk4/8mEEVwiwr2KWCYMVGmiAsqJ4V4j4SCCudaEGHYM+uPE8aRyX7tGRfHxcrF9M48mAP7INDYIMzUAFXoArqAIMH8ARewKvxaDwbb8b7pDRnTHt2wR8Yn98mOqO6</latexit>

wTx =
nX

j=1

wjxj

<latexit sha1_base64="ESclxXkBHfRsUUC/x6jVpUxPxkc=">AAACEHicbZC7TsMwFIadcivlVmBksagQZakShIClUgULY5HoRWpK5LhuY2o7ke0AVZRHYOFVWBhAiJWRjbfBaTtA4ZcsffrPOTo+vx8xqrRtf1m5ufmFxaX8cmFldW19o7i51VRhLDFp4JCFsu0jRRgVpKGpZqQdSYK4z0jLH55n9dYtkYqG4kqPItLlaCBon2KkjeUV94Py/QGsQlfF3Etuqk56nYgU3hlOoRsFNAPT4hVLdsUeC/4FZwolMFXdK366vRDHnAiNGVKq49iR7iZIaooZSQturEiE8BANSMegQJyobjI+KIV7xunBfijNExqO3Z8TCeJKjbhvOjnSgZqtZeZ/tU6s+6fdhIoo1kTgyaJ+zKAOYZYO7FFJsGYjAwhLav4KcYAkwtpkWDAhOLMn/4XmYcU5rjiXR6Xa2TSOPNgBu6AMHHACauAC1EEDYPAAnsALeLUerWfrzXqftOas6cw2+CXr4xtNb5wo</latexit>

h(x) =
nX

j=1

wj�j(x)
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Polynomial Features
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we can use anything as features that can be computed or measured easily ! 



params 
w

<latexit sha1_base64="GIrr9B9rx0sKIfrCSkzFuCOOiJE=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE1GXRTZcV7APaWCbTaTt0MgkzE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWeOH3GmtON8Wyura+sbm4Wt4vbO7t6+XTpoqTCWhDZJyEPZ8bGinAna1Exz2okkxYHPaduf3GR++4FKxUJxp6cR9QI8EmzICNZG6tulXoD1mGCe1NP7pOKepn277FSdGdAycXNShhyNvv3VG4QkDqjQhGOluq4TaS/BUjPCaVrsxYpGmEzwiHYNFTigyktm0VN0YpQBGobSPKHRTP29keBAqWngm8ksqFr0MvE/rxvr4ZWXMBHFmgoyPzSMOdIhynpAAyYp0XxqCCaSmayIjLHERJu2iqYEd/HLy6R1VnUvqu7tebl2nddRgCM4hgq4cAk1qEMDmkDgEZ7hFd6sJ+vFerc+5qMrVr5zCH9gff4Ave+TqQ==</latexit>

H
(1)

<latexit sha1_base64="I6vSX02adT3SbyUPscZZsl18qBM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkpSRF0W3XRZwT6gjWUynbRDJw9mJkqJ+RQ3LhRx65e482+ctFlo64GBwzn3cs8cN+JMKsv6Ngpr6xubW8Xt0s7u3v6BWT7syDAWhLZJyEPRc7GknAW0rZjitBcJin2X0647vcn87gMVkoXBnZpF1PHxOGAeI1hpaWiWBz5WE4J50kzvk2r9LB2aFatmzYFWiZ2TCuRoDc2vwSgksU8DRTiWsm9bkXISLBQjnKalQSxphMkUj2lf0wD7VDrJPHqKTrUyQl4o9AsUmqu/NxLsSznzXT2ZBZXLXib+5/Vj5V05CQuiWNGALA55MUcqRFkPaMQEJYrPNMFEMJ0VkQkWmCjdVkmXYC9/eZV06jX7ombfnlca13kdRTiGE6iCDZfQgCa0oA0EHuEZXuHNeDJejHfjYzFaMPKdI/gD4/MHv3WTqg==</latexit>

H
(2)

<latexit sha1_base64="DR49Z4mWrZA3ZYgpO3YSO0gDocE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkqioi6LbrqsYB/QxjKZTtqhkwczE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWeOG3EmlWV9G4WV1bX1jeJmaWt7Z3fPLO+3ZRgLQlsk5KHoulhSzgLaUkxx2o0Exb7Laced3GR+54EKycLgTk0j6vh4FDCPEay0NDDLfR+rMcE8aaT3SfXsJB2YFatmzYCWiZ2TCuRoDsyv/jAksU8DRTiWsmdbkXISLBQjnKalfixphMkEj2hP0wD7VDrJLHqKjrUyRF4o9AsUmqm/NxLsSzn1XT2ZBZWLXib+5/Vi5V05CQuiWNGAzA95MUcqRFkPaMgEJYpPNcFEMJ0VkTEWmCjdVkmXYC9+eZm0T2v2Rc2+Pa/Ur/M6inAIR1AFGy6hDg1oQgsIPMIzvMKb8WS8GO/Gx3y0YOQ7B/AHxucPwPuTqw==</latexit>

H
(3)

which model is best ?
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Design Choice: 
Loss Function 
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Measuring Error Size via Loss Functions

prediction error !𝑦 − 𝑦

loss ℒ

loss function is design choice !
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The Squared Error Loss

prediction error !𝑦 − 𝑦

ℒ := !𝑦 − 𝑦 !
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Squared Error Loss Sensitive to Outliers

x

y
h(x) = w*x+b

𝑥("), 𝑦(")

$𝑦(")

𝑦(") − $𝑦(")

min. squared error loss forces predictor towards outlier 

“outlier” 
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Train Linear Model on “Clean Data”

x

y h(x) = w*x+b
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Training Set with a SINGLE OUTLIER !

x

y

h(x) = w*x+b
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How to make learning robust 
against presence of few outliers in 
training set ? 
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The Absolute Error Loss

prediction error !𝑦 − 𝑦

L := !𝑦 − 𝑦
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!𝑦 = ℎ(𝑥)



Absolute Error Loss Robust to Outliers

x

y h(x) = w*x+b

𝑥("), 𝑦(")

$𝑦(")

𝑦(") − $𝑦(")

absolute error “tolerates” few outliers 

“outlier” 
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Huber Loss 

prediction error !𝑦 − 𝑦

squared error loss

absolute error loss
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Fitting Linear Predictor with Huber Loss 

x

y h(x) = w*x+b

𝑥("), 𝑦(")

$𝑦(")

𝑦(") − $𝑦(")

“outlier” 

squared error loss

CS-C3240 Machine Learning (A. Jung) 401/12/22



Train Linear Model on “Clean Data”

x

y h(x) = w*x+b
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Training Set with a SINGLE OUTLIER !

x

y
h(x) = w*x+b
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Huber vs. Squared Error Loss

Squared Error

• cvx and diff.able
•minimized via simple 

gradient descent
• sensitive to outliers

Huber

• cvx and non-diff.
• requires more advanced opt. 

methods
• robust against outliers
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Summary 
•ultimate quality measure: expected loss or risk

• approximate risk by average loss (empirical risk)

•many ML methods are instances of ERM

• three design choices of ERM: data, model and loss

•ERM can fail if empirical risk deviates from risk 
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What’s Next ?  

•work on assignment A1 on https://jupyter.cs.aalto.fi/

• review Stage 1 of ML Project (Section “ML Project”)

•next Lecture on Mo. 17.01.2022 on Classification
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