29. Laplace "

29.1. Definition.of the Laplace Transform
One-dimensional Laplace Transform

WLl SO=Z(FO)=[ i

F(t):is a function of the real variablef and sis s
complex verigble. F(t)is called the original func-
tion and f(s) is called the image function. If the
integral in’ 29.1.1 converges for a real s=s, i.e.,

e ) "
lim f " e—utF(t)dt
A0 .J A
Biw

emst_s then it converges. for all s with %5 >s,, and .
the image function is o single valued unalyt,lc

Transforms
function of s in the half-plane ‘Fs >3,
Two-dimensional Laplace Transform
29.1.2 ‘
fousi=2 ()= [ e oy

Definition of the Unit Step Function
0 (t<0)
ut)=4 %
1

(t=0)
(t>0)
In the following tables the factor u(¢) is to be
understood as multiplying the original function
F(t). }

29.1.3

29.2. Operations for the Laplace Transform*

Original Function F{f) Image Funclion f(s)
29.2.1 F) [ emra
Iniversion Formula °
'29.2.2 I ity o
é—ﬂ'—?: -l e}:f(s)ds f(s)
Linearity Property
29.2.3 AF()+BG(t) Af (s)4+Bg(s)
Differentiation
29.2.4 F(t) 8f (s)—F(+40)
20.2.3 Fo P =IO~ (H0)— . .. —F"=O(40)
Integration e
w26 [ Ferar Lo s
0 8 /
2 v.2‘7 ‘ r -
e [ Povarar L1®
0Jo 8
Conyolution (Faltung) Theorem
[ Ft—nFir=For, FE®)
- Differentiation
29,2.9 o tF(t) 78
29.2,10 (=1)™E(t) F7 ()

1 Adapted. tgy' p"ermlssion from R. V. Churchill, Operationial mathematics; 2d ed., McGraw-Hill Book. Co., Ing,, New

Yark, N.Y:,
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Original’ Function F(l) I'mage Functionf(s)
lnte'g'ration
29.2.11 % Ft) f(z)dz
Llnear Transformanon
29.2.12 e FXt) f(s—a)
29.2.13 lr (i) ©>0) Fes)
w214 Lewr(l) @0 Fles—b)
Translation
29.2.15  F(t=bu@—b) (>0 e~ "f(s)
Periodic:Functions .
29.2.16 F(t+a)=F(2) J, eeroa
1 == e —-a3
“ bt 1
29,217 F(i+a)=—F(t) f £rIEG e
' 14-e™
Half-Wave Rectification of F(t) in 29.2.17 !
20218 F) 3 (=1 ult—na) L
=0 —p
Full-Wave Rectification of F(2) in 29.2.17
29.2.19 |F (1)) f(&)-coth %
- Heaviside Expansion Theorém
292,20 3 2@) P) o (5—a) (=) . . . (5—a
”Zl Q'(ﬂm) € Q(S) Q(S) (6‘ a‘!) (5 a'f.’) . (5 a; )
p(s) o polynomial of degree<im
29.2.21 ot EP"""’(G) gt (e

= ) w1l (s—a)"
2(s) a polynomial of degree<(r
29.3, Table of Laplace Transforms®?

For a comprehensive table of Laplace and other integral transforms scc {26.9].  For 4 table of: two-
dimensionsal Laplace transforms:see [29.11).

f(s) ity
29.3.1 = i
29.3.2 & "

8

? The numbers in bold type in the f(s) and F(4) columns indicate the chapters in which thy propertics of the respeetive
higher mathematical functions are given, '
7 Adapted by permission from R. 'V, Churchill, Operational mathematics, 2d. ed.; MeGraw-Hill Book Co,; Lne:, New
York, N, Y., 1958:
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29.3.3

29.3.4

29.3.5

29.3.6

29.3.7

'29,3.8

29.3.9

20.3.10

20,311

29.3,12

29.3.13

29.3.14

29.3.15

29 o3 t16

29.3.17

29.3.18

29.3.19

29.3.20

29.3.21

1(8)
s"

1

)

g vk (n=1,2,8,...)

1
e+ G+

8
GG+
1

}" (7":]1 2.:1":,3:11.' ).

(@b

(a=b)

DI

(@; b, ¢ distinet: constants)

L
$#+at

#(8%-a?)
1
§*(s*+a?)

.
(s*+-a*)?
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R

. —

Y | £
|
=

2]
zntn—g
1:3:5... @n—1)+r

6 -
G—'ﬂ‘

—al

le
t’l-le—ﬂl
(n—1)!
6 e
e—at_;_e—bl
=b.—.a,

e
a—b
_(h—0)e=+(c—a)e~M+(a—b)e~™
((L-— b) (b‘— G) (c—q,}

1,

—gin. af

a :

cos al

L sinh at

a

¢osh at

1 43
p (1—cos at)
1 .

= (at—sin at)

21? (sin az—at cos at)




29.3.22
29.3.23
29:3.24
29:3.25
29.3.26
29.3.27
29:3.28
29.3.29
29,3.30
29.8.81
29.3.32
29.3.33
29.3.34
29.3.35
29.3.36
29.3.37
'29.3.38
29:3.39

(@)

A5
(2 4-a*?
si
v.s.géqﬂf
c§2+¢i)a
.8 tn e bz
eEmIcEn s :
1
(s+a)*+-b*
s+ta
(8-4a)*+4-b*
3&2
83+ﬂa +
4a®
5*4-4a

8

'29‘4-4&‘

i

_5
"st—'d“

8a%s?
oL

1 fe—1\"
(8a)p

Yeta—+a+d

1.

Vit

s—a?

JE

V&
s+a®

&

S S
ga

+F —az)
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P
Q% sin ot
M p s -
% (sin at-+at cos at)
t cos at

cos dt—cos bt

Il)_ ¢~ sin bt

¢~ cos bt

O U8 _ Jgsin “’f)

sin ot cosh at—cos. gt sinh at
5 gin af sinh at

L%
247

(sibh at—sin at)

1l .
o (cosh @i —cos gt)
(1-+a%* sin af—at cos gt
Ly(t)

L o-ei1—2at)

a

1 P ] - G'ﬁ'a

247t (e

1 : >
—=—qe® erfc ayi
e ag C '\r

Lt geit orf oyt
Vi

1 Z_G ‘.‘nitfa‘ﬁ 'hzdx
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29.3.41

29.3.42

29.3.43

29.3.44

29.3.45

29.3.46

29.3.47

29.3.48

29.3.49

29.3.50

29,3.51

29.3.52

29.3.54

29.3.55

29.3.56

29.3.57

1)

1
V&(s+a?)

br—a?

(s—a") (b+s)

1
e
(s+a)s-+b

,bg_ﬁdz
Vs(s—a?) (Ya-t:b)

(1—a"
8"t

(1—8)"
F St |

s+20

(k)
s FaP(s by

1
EEEOCERAY
VeF2a—+fs
N
O e

(faFat o)™
-/§ §+a

1

i@

WFET—s)
e

@>—1)

(>—1)

1 .
wrayr *0

(k>0) 6
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F(t}

d,_%? g—a¥ ' dN
L& 4]
et [b—a erf ay/E]—bev* erfc by/E

e terfe avi

4171—_@ e~ ort (Vh—ay/t)

eu”-"[c—’i erf (a+/7)— 1:|+e‘°?‘ erfe b/
D HL D)
Gt B (D)
ae™[I1(at) +1y(at)]
(2

G (589

ottt [I,,( Lo)+n (%52 t):l

)

% e—dermey, (94 == g t)
51; e~ 11, (hat)

Jo(at)

ard,(at)

'k
r‘g\:) 23/ J’“*‘(-“t')

22

22

6,10




29.3.58

29.3.59

29,3.60

25.3.61

29.3.62

29.3.65

29.3.66

29.3.67

29.3.68"

29.3.69

29.3.70

29.3.71

( ../_ szv_}:.az_,s)-;

(s—+"—a?)”

f(®
(k>0)

(>-1)

i—a

o -
(82_63)4\‘

(k>0)

1 i4-coth ¥ks

3(1-—- gﬂbq)::— =

o 2.
s(e*—a)

1 tanh ks
8

1
s(1+4e™*)

g—,—:;t_a,;njh ks

1
s sinh ks

1
¢ cosh ks

LAPLACE ‘TRANSFORMS

F)

ka*

a*l,(at)

5 () Baten

u(t—k)

(t—kBu(t—%)

(t—k)—?
I'(w)

u(t—k)

w(t)y—u(t—k)

% w(t—nk) ‘

S

Zn a2yt —nk)
Tim]

1025

6,10

u(t)+2 é (—1)"u(t—2nk)

3 (— 1) ut—nk)

-

o L 7 3

tult)+2. il (—1)"(t—2nk)u(t —2nk) I/V[\/
g= i i

233 uli—(2n-+ 1)k}

22; (=) uft— 2+ 1))

o

[} L
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29.3.72

29.3.73

29.3.74

29 93¢75

29.3.76

29.3.78

29.3.79

29.3.80

29.3.81

29.3.82

29.3.83

29.3.84

29.3.85

2913‘ 86 .

29.3.87

20.3.88

;s;‘d—gn

’-]-k’ coth

1

(1>>0)

l, et (u>0)

ca

eV (k>0)
I 7

¢ (k2>.0)
=
s, N ges0)

1_ e

a1

g7 o R (n=0,1,2, .

gl
a3

(£20)

*Jee page II,

Lo g0

(n=0,1,2,..;
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Pt
() +2 > wli—mk) 1
n=] 1
(N N EES—
|sin kt| I/\/\/
o «E— 1‘3-
3 (—1) ult—m) sin 1[\

Jo(2vkt)
cos Z-J_
- cosh 2v/kt

= q['—‘ =1|'-*
() o<

T sin 2%t

ﬁ,_smh )73
T

. o y_‘-_l‘ =
k(-

W P\ %

eri’(:ﬁE

\/_ exp ( ) k er'fc -—Zﬁ i erfe Z_ICJ_?

(4e03" 1* erfc. —k-

24t
eXP (Wt i tl) (2 f)

T_ exp ( ————)-—ae“"e“"" erfe ((1»'\/- +2 s




29.3.89%

29'3‘90

29.3.91

29.3.92

29.3.93

29.3.94

29.3.95

29.3.96

29.3.98

29.3.99

29.3.100

29.3.101

29,3.102

29.3.103

29.3.104
29.3.105

29.3.106

J(8)
Eg—h/i
s(a++/s)
e_'kvf"_
vs(a4+/s)
gmk 2(s+a)
-v‘s(s+a§
g iVertat
3!+{J’.-2

—kf =g
g_k’ @

V&—d*
¢~ H(YPFI)
Nz

gk o=k

g—x ad—g¥___ e«-—kl

are ~koita

e te)

i s§+a
5tb

Lo (1K)

Lo (a7
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*&>0)

*>0)

(k>0)

(ke >0)

(k>0)

(k>0)

(>—1,k20)

(k>0)

(k>0)

(@>0)

FY)

— et arfe (a«./f-l;z%)-l-erfc;zf%z

e*e™ erfe (ax/_-l— ‘/_)
e (3o P—FP)ult—k)
JolavE—IE) u(t—k)
Ilavi—)u(t—k)

Jo(a~EF 2R

ak Py W
WJI (at*— ) u(t—k)

7o kzr,(m/?z—kz)ua k)
() TAaT=Phute—)
—y—Iln t(7=',:5_172,1 56649 .
1 .

O] [¢(k)—In ]

e[l a+E, (at)]

cos t Si (#)—sin ¢t-Ci ()
—sin¢Si (#)—cos ¢ Ci ()
:(5)

sl (g-.ﬂ.l_ e—nl)

0 ()

2lne—20Ci (gt)
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29.3.107

29.3.108

29,3,109

29.3.110

29,3111

29.3:112

29.3.113

29.3.114

29.3.116

29.3.117

29.3.118

29.3.119.

29.3.120.

29.3.122

29.3.123

29.3.124

29.3.125

16
i—zlln (*+a)  (a>0)

8%4-a*
In o

&—a?
In’ &

arctan %

iy arcts ]f
8 "5
P erfc ke (k>>0)

1 s

e erfeFe  (E>0)

sli? erfeyfs  (k>0)

1—%&"" erfe Vs © (k>0)
S
ok
erf ﬁ
ﬁe erfc"/—;
Kd(kS) ;(k>0)

Kyky®  &>0)
TER () (E>0)
FE@ED >0
%} i (’5) k>0
me M Lolks)  (30)

e ®Ii(ks)  (k>0)

-3
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F@)

g‘ [at In aFsin at—at Ci (at))
% (1—cos at)
% (1—cosh at)

1 ; .
7 sin kt

Si (kt)

1 <_._t’_
i TP\ T

erf,-%c-

_ ok

L (tk)

J—% u(t—Fk)
1

Vn(t+k)

L sin 247

i

2 _r=s na

1
J@_Ic_:—T) () —u(t—2k)]

k—t

T [u(t)—u(t—2k)]
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FQ)
1
t+a

1
(t-+a)*
1
{t+a)”

.
41

29.4. Table of Laplace-Stieltjes Tiransforms'

18
293,126 eEyfas)  (a>0) 5
29.3.121 %_::s'eﬂ?ﬂl(me) (@>0) 5
203,128 a'-"eE,(@s) (@>0n=0,1,2,...) 5
29.3.129 l:gf—SiJ(s):l cos s:-Cils) sin s 5
#(s)
29.4.1 f i ¢~ dB (L)
/0

29.4.2 e (k>0)
29.4.3 =g (&>0)
o 1 :
29.4.4 TTe® (k>0)
29.4.5 T (k>0)
29.4.6 T >0
29.4.7 tanh ks (>0)
29.4.8 . 0)

S sinh (ks-+a) T

9.4.9 th (o Fa) *>0, k>0)

. ginh (hs-+0) - .
29,4.10 “oh (et a) (O<h<k)
20401 gt O<ka< )

~For the definition of the Laplace-Stieltjes
‘¢ransform see (29.7). In practice, Laplace-Stieltjes:

‘transforms are often written as ordinary Laplace.
‘transforms involving Dirac's delta function 8(f).
This “function”” may formally be considered 2s

(t)
®(2)
w(t—k)

3wt —rik).

n=0

37 (= 1)ru—nb

2 i u[t— (2n+1)k)

) é (—1) it — @+ 1)k]

@

u(t)+2 z)l (— 1)t —2nk)

=

B3 g tamtioy(i— (2n+1)k]

n=0

3 i e (2"+I)W[£ —h— (27l+ l)k]

=0

3 ¢t ot (2n -+ )
F — e~ uli—h— @nA+1)k]}

i @1t (t—Fkn)

the derivative of the unit step function, du(t)=38(t)
o _, I _ L0 @<0)

dt, so that J‘_w du(t)~f_n a(:)dt—-{l (z>0).

The correspondence 29.4.2, for instance, then

assuthes the form e**-‘:f e~ s(t—k)dt.
Jo

\ Adapted by permission from P. M. Morse and H. Feshbach, Methods of theoretical physios, vols. 1, 2, McGraw-

Hill Book.Cé., Tne., New, York, N.Y.; 1953.




