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Double pendulum : equations of motion
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Rolling cylinder :

Typically we assume only Center of  mass Physics

and ignore the rest
. As an example

,

let us discuss
rolling cylinder  on an incline

7 N

Ff
s Ta

X ,

Mg
v a (

Rotating cylinder has kinetic energy

ER=kImw
'

,
I -

- moment of inertia = kmbi
w -

- angular velocity

Method
: using conservation of energy

£Mv2+tzIw '
- Mgh - 0 k -

- how much dropped

no sliding just rolling ⇒ v=wR

⇒ v=FggI which is less than Fgh for

Center of mass only .

Average velocity vaug .

- % = Yat  ⇒ Dt= ¥

acceleration a=%t=k÷ - 
'

2g sino ,sina.tn



Method: torque

If cylinder rolls angular momentum came from

somewhere . Only Friction Ff can Cause torque
others go through Center of mass

.

What is Ff ? If w is somehow too large so that
static friction no longer works

, cylinder slides
.

But here we could assume this doesn't happen .

along the incline : Mg Sino - Ff  = Ma ( * )

torque t.FR = Id ( a = angular acceleration)
no slipping → a =9K

⇒ I MR
'

F. = FFR ⇒ Ft  =LMa

(a) ⇒ Mgsino =3z Ma ⇒ assessing



20 Accelerated coordinate systems :

For example : motion as observed from a lab fixed on

rotating earth
.

re;

ii
.

¥*wIHt.IE?oiInEEitiem/9%1%9
't

.y÷notau
veto or o=I

,

vie
is  1

In inertial frame :(d£)ne+µ= {M¥-9
or they) ;µ÷a , ifdtfitdi t.IY.cl# ,

where first term

is the rate of change in the body - fixed frame

Tekoa ,=§.net#ei=setfttiertid=lFthos+I.vi&I



@ Infinitesimal rotations

Consider small At : Etttdt ) =eHH+dd:

Orthonormal basis : ei. di - £ ; ( t 's
'

= krone
-

Ker delta ) E)
⇒ to lowest order in It : ein

. da; =O ( oil

and ate is perpendicular to di ( to lowest order in It )

Can be expanded so : dei' = &
,

dri ; d; with some ( off
.dri

1 =)

dRii-O@deI.ds-driDu1-ydei.ErE.d

dy=O⇒ dr ;j= - drj ;

and we only have 3 independent elements

dr ,2=dr, ,
dresdr , , druids ,

So that for example die
,

- drsei - dries = irxei
where D= dr. eitdrceitdrses

. " more generally def = etrxe;
at interpretation " Combination of 3 separate rotations around

each axes
.



40 Right hand convention : di
,

.

. And

ire ie
,

:O
ds

,

F) dei - dries .

. dnixn,d⇒€'gangdei .

- - dr ,ei=dj×e ;

Lg,

=) formula 0k
.

On the other hand dE=
'¥ dt=d¥xd

.

. It - oxen; at

in = instantaneous angular velocityVector of the
rotating frame as seen in the inertial frame hi

.

. did

Then §
,
,v : AE . }

,

vivre .

= ain since is Iyiei

⇒¥aik#a,=µFtbo↳+wx€ Applies to any vector J
.

Example : T - ri
,

dt -

. AOI ( rotation around I
,

I = Position vector fixed
In moving frame )

dt=drxr
2 consecutive rotations di

,
I his ⇒ rxnitdnxri

irtdnxitdnexlntdnixi ) xiitdr,tdrzjxi +0 (dry
Note: infinitesimal rotations commute ( order doesn't matter )

However
, finite rotatatiors do not commute

⇒ ( FD inertia ,
= ¥ xi = wixi (( hiatwd ,=0 for I )



5.0 dir - vector⇒ so is ii ⇒ Cfa ) inertial =(dE÷lbd
,

1 since 5×0 =D
observers in  inertial and rotating frames agree
on the rate of Change of o

.

Now take a coordinate of a moving particle I

⇒ Hotline
. t.at#h.stoxi

For dynamics we need acceleration which are vectorsas well
.

"
Hot) inertial ttutwgtwx

"

t.it?iiItt#iHetIHteI?EI:Ht:.:Iea.xE

⇒ Acceleration is rotating frame different From inertial
frame

Add also translations ? ri -t+a%#
"

2⇒f¥7
martial = G-Diiotidtldfattinertial

=µ¥Dinertial 4¥
'

tbodpaix that wgtdfatxrtwxhixil



@ Newton 's laws in accelerated system
.

mtdEtinrtiaiiFe-smWIbodyFe-nHtinetial-2mwxthkttbT-mwxlixitmdIy.xil0i0Lentrifuga1EulerFonemagnitsdes.9.i10Ysv-1u.1oun.wtl0hExampteiFaHingpartic1@oncarth.w

✓ - lot
,

.
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- ' % ,
4

ivnwe 1 wj for earth ) hsbom
,

with
do

-6

. � why ?

cosI

y¥( sp east
m¥÷±�*" nore%wE.IQ"f€e*tlotha

,
old . 0linittond.)

Perturbation analysis :

Atttnoltltr ,

IAILH
,

To for non . rotating
<

earth
E=j= - oh
⇒ Folttsrlotkgt ' I

Substitute 4) to eq .

of motion

ml - gI+E)=mgI - Imuixlgtzti , )
wxi ,

= small ' ⇒ ignore ⇒ Is -25×5 t

Admin

Admin
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