
Lecture 3: 
Mathematical treatment of 
plasma, sadist… statistical 
approach 



Today’s Menu

• Plasma as a statistical system
• Why phase space?
• What is a distribution function?
• Review of Maxwell-Boltzmann distribution
• Liouville, Boltzmann & Vlasov equations
• Concept of a collision operator



From single particles to plasma
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Plasma as a collection of individual 
particles
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Statistical approach
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Phase space and distribution function
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What does the distribution function 
mean?
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Distribution function can be thought of 
also in more ’QM’ way …
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Moving around in velocity space …
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Plasma in thermodynamic 
equilibrium
-- revisiting the Maxwell-Boltzmann 
distribution
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Recall from StaFy lectures …
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… and apply to plasmas…
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From velocity distribution
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… to speed distribution and…
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… to (kinetic) energy distribution!
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Special quantities (HW)
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Things to keep in mind

• For a system in thermodynamical equilibrium, the most probable distribution 
of energies is given by the Maxwell-Boltzmann distribution

• the concept of temperature … only for Maxwellian systems!
• The temperature gives 
- The width of the distribution
- The average energy in the system
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Temperature curiosity in plasmas …
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Getting dynamical
Boltzmann equation
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Real space: continuity equation
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An alternative look at continuity equation
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Getting disturbed
Systems are not always in equilibrium!

• Fusion plasmas are typically heated with fast 
ions 🡺 ’bump-on-tail’ distribution

Systems try to relax towards 
thermodynamic equilibrium
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🡺 Where to find the dynamical equation for the distribution function???



’Continuity equation’ in phase space
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Or simply mathematically:
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Phase space ’continuity equation’ from 
scratch …
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flux in real space flux in velocity space
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From Liouville equation …

The Liouville equation looks innocent, but …
The acceleration term contains all the microscopic forces due to 
inter-particle interactions
� Impossible to track ☹
However…
It is possible (in advanced course) to separate the macroscopic 
average fields, Eave & Bave, from the fluctuating fields !!
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… to Boltzmann equation … 
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… and to Vlasov equation!
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About the collision term …
• A neutral gas: 

• ’head-on’ binary collisions 🡺 strong change in direction

• In a plasma, 
• ’collisions’ = scatterings in Coulomb potential due to surrounding particles 

🡺 continuous small-angle scatterings

� In plasma physics, the collision frequency is not the inverse of 
the time between collisions but the inverse of the time it takes a 
particle to change its direction by 90 deg, the so-called 
90-degree scattering rate:
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Why collisions lead to transport
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