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Mathematical treatment of
plasma, sadist... statistical
approach



« Plasma as a statistical system

 Why phase space?

« What is a distribution function?

* Review of Maxwell-Boltzmann distribution
 Liouville, Boltzmann & Vlasov equations

« Concept of a collision operator
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From single particles to plasma




Plasma as a collection of individual

particles
Plasmas of interest consist of an enormous # of particles, N >>> 1

=» Impractical to solve equations of motion for all particles
=» actually impossible due to 'infinite’ # of interactions

But who is interested in the trajectory of an individual charge if
there are, for instance, 1043 of them?

What matters is, e.g.,
* how many of them is in a given region =» density
« How many of them are moving at a given velocity = (possible) flow
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Statistical approach

We are not interested in the identity of 1023 particles.
An interesting = relevant quantity: particle density n(r)
n(r)d3r = # of particles in an infinitesimal volume d3r @ r
It does not matter who the particles @ r are.
Similarly:
« Massdensityn,, = m *n(r)
charge densityn, = q *n(r)

But how about stuff involving motion? Energy? Flow? Current?
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Phase space and distribution function

Even the dynamical state of a plasma can be mastered if we
generalize the spatial density into the so-called

distribution function: f (r,v,t)

3D real space (x,y,z) €=» 6D phase space (x,y,z,v,,v,,v,)
Particle density n(r, t) €=>» distribution function: f (r, v, t)

N = [[|_. n(r)d3r. How aboutintegrals of f(r,v,t)... ?
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What does the distribution function

mean?
The dynamical state of each plasma particle is given by its

location r and its velocity (momentum) v

* Thus each particle occupies some point in the six-dimensional
phase space with its coordinate z = (r,v)

« The distribution function f (r,v,t) (species s) = the # of
particles per unit (phase space) volume around pointz = (r,v)

= [f(r,v,t)] =m™3 (?)_3

= f.(r,v,t) d3vd3r is the number of particles in the volume element d3vd3r
surrounding the point (r,v) at time t
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Distribution function can be thought of
also in more 'QM’ way ...

Two interpretations (particle vs probability distribution):

1. f(r,v) = 6D phase space density: N = [[["_d3v [[["_d3r f(r,v)
Then /fs(r,'v,t) d3v = n,(r,t)

2. f (r,v) = probability function: 1= [[[_. d3v [[|_. d3r f(r,v)

Here,
f(r,v) = probability to find particles in a phase space element d>rd3v
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Moving around In velocity space ...

The concept of particle density in real space = easy & comfortable

The velocity space distribution is, in principle, analogous: it simply
tells how particles are distributed in velocity space.

But there is an important difference: not all velocities are 'born
equal’l This is because velocity is related to energy, E = %mvz,
and there are laws of nature that govern the energy distribution...
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Plasma in thermodynamic
equilibrium

-- revisiting the Maxwell-Boltzmann
distribution




Recall from StaFy lectures ...

In thermodynamical equilibrium at temperature T, the energy state

g; is occupied with probability P(g;):
P(e,) = exp(—¢&;/T)
o Xexp(—¢g/T)

1 .
In a reqular gas, E = Emvz’ and the energy states are continuous

1
‘mvz

> P(g) > f(w) & Xjexp(—g/T) -~ [ff . exp( - )dvxdvydvz

Find the normalization (HW) =» "Maxwellian” distribution

/
F) = () exp(—(v2 + v +v2)/1)
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. and apply to plasmas...

Note: in exp(—¢;/T) the energy is the total energy.

For plasmas, the charged particles frequently move in electrostatic
potential, and the energy has to include also that:

1
o—ei/T — e—<§mv2+qd>(r)>/T

=>» the distribution function no longer is a straightforward product of
'real space density’ and 'velocity space density’
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From velocity distribution

Most of the time equilibrium plasmas are isotropic = all directions
are equally likely =» only the speed, v = |v| is of interest.

Let’'s denote this one-dimensional distribution function by g(v).
But now extremely careful!!!

g(v) # (Z’ZT)B/2 exp(— (mv?) /T) 1

Even the dimensions are wrong!
What should remain intact is g(v)dv = f(v)dv,dv,dv,
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. to speed distribution and...

Directions do not matter =» the natural coordinate system
is the spherical one: d3v = dv(vsin 9de) (vd9) - 4mv?dv

So the velocity space unit element replacing dv,dv, dv,

has to include the terms 4mv? -- not surprisingly, this is the *
surface area of a sphere of radius v, i.e., all the possible

. . r S o— rde
velocity vectors corresponding to the speed v. A AN
¢ idd

= g(v) =4n (%)3/2 vZexp(— ( ) /T) x//

,, Aalto Universi
School of Sc 9.7.2021
14




. to (kinetic) energy distribution!

In plasma physics, one is mainly interested in the kinetic energy,
not the speed (like in molecular physics, for instance).

Therefore the most common Maxwellian distribution used is the
enerqy distribution (HW):

h(E) =

- 3\/EQ—E/T
JET?
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Special quantities (HW)

Most probable speed obtained at the extremum of g(v): % =0
Vpyp = 4/ 2T/m

Average speed: remember that f (v) is a probability distribution...

2
Vave = \/8T/7Tm = 7. VmpP > Uymp

Average (kinetic) energy: E e = %T
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Things to keep in mind

Prob

Note that the area under
the curves should be
constant since total
probability must be one

kinetic energy

 For a system in thermodynamical equilibrium, the most probable distribution
of energies is given by the Maxwell-Boltzmann distribution

* the concept of temperature ... only for Maxwellian systems!
 The temperature gives
- The width of the distribution
- The average energy in the system
A” School of Science 072001
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Temperature curiosity in plasmas ...

It is quite common that even an 'equilibrium’ plasma cannot be
characterized with one single temperature...

1. In a magnetized plasma we can have T, # T,
2. Different species can have different temperatures: T, # T;

This is due to different rates of the relaxation processes.
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Getting dynamical
Boltzmann equation




Real space: continuity equatic

Particle flux, I = nv

No sources, no sinks |
=>» N in volume V can only change due to particles flowing in/out

oN
Wz—jl"ds Gauss'law: ffA-d.S':fﬂV-AdV

(V- '=vV-(nv) =nV-v+v-:-Vn)

an(r, t)
=—-V-I'(r,t)
ot o on(r,t)
Incompressible fluid -> +v-Vn(r,t) =0
2>V-v=0 ot

,, Aalto University
School of Science 9.7.2021
20



An alternative look at continuity equation

The continuity equation introduces the concept of the convective
derivative:

If the rate of change at the location of a fluid element, moving at speed
vis g—’z, then at a fixed position the rate of change has two parts:

dn(r,t) on(r,t)
dt 0Ot
) _ o 3 220 4 . vn(rt) = 0
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Getting disturbed

Systems are not always in equilibrium! (!

« Fusion plasmas are typically heated with fast
ions [1 ’bump-on-tail’ distribution

Systems try to relax towards oo W)
thermodynamic equilibrium % L

Y% Vv

the

1 Where to find the dynamical equation for the distribution function???
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’Continuity equation’ in phase space

Move to phase space:
n(r,t) = f(r,v,t)

Generalize also the convective derivative: p p p
D p-V = Z:.V /szvxa_%+vya—%+vza—vz
_dr dv _ : F __¢q
6D: —-V+ —-R=v -V+a-l, ,a=a=—(E+v><B)
=>» Liouville equation:
af (r,vt)

” +v-Vf(r,vt) +a-V,f(r,v,t) =0

,, Aalto Universi
School of Sc 9.7.2021
23




Or simply mathematically:

If we have a function with several variables (like r, v and ) where
some variables depend on some other (like r(f) and v(t)) then the
total derivative can be obtained as a sum of the partial ones.

Here:

d_o oro wo_o .
dt ot " otor otov ot 'V a Vo
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Phase space 'continuity equation’ from
scratch ...

Move to phase space:
n(r,t) = f(r,v,t)
Then the conservation of particles/probability implies:

of(r.v,t) +V-(vf(r,v,0)+V, (af(r,v,0)) =0

d
' \ . .
flux in real space flux in velocity space

.. but this is not the same as the Liouville equation ... ??
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... oris it? Remember: r and v are
independent variables ...

Therefore ...
V- (vf(r,v, t)) =f(r,v,)V-v+v-Vf(r,vt)=v-Vf(r,vt)
and
v X B = (v,B, —v,By,v,B; — v;B,,v, B, — v,B;)
0 s,
=V U X B)= 0. (vyB, —v,By) + 8—% (v,By — v, B,)

Aalto Un
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We thus do not need any assumption of incompressibility in order
to write Liouville equation in its convective form:

of (r,v, t)
ot

+v-Vf(r,vt) +a-V,f(r,v,t) =0

Liouville equation thus tells that 'probability fluid’ in 6D phase space
IS incompressible!
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The Liouville equation looks innocent, but ...

The acceleration term contains all the microscopic forces due to
Inter-particle interactions

0 Impossible to track =
However...

It is possible (in advanced course) to separate the macroscopic
average fields, E, & B_ , from the fluctuating fields !!
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. to Boltzmann equation ...

The mean fields are included in the acceleration term on the LHS.

The fluctuation contribution from inter-particle fields are mangled into a
collision term, C(f), appearing on the RHS:

of (r,v,t)
dt

+v-V(r,vt)f +%(Eave + VX Bgye) Vof(r,v,t) = C(f)
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. and to Vlasov equation!

If dynamics is faster than collisions

=» Vlasov equation:

df (rv,t)
ot

+v-V(rvt)f +%(Eave + v X Bgye) -V, f(r,v,t) =0
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* A neutral gas:
* ’head-on’ binary collisions [ strong change in direction

* |n a plasma,
 ’collisions’ = scatterings in Coulomb potential due to surrounding particles

[] continuous small-angle scatterings
0 In plasma physics, the collision frequency is not the inverse of
the time between collisions but the inverse of the time it takes a
particle to change its direction by 90 deg, the so-called
90-degree scattering rate:

__e*lnA n
 4medymT3/2

V ; introducing the Coulomb logarithm
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Why collisions lead to transport

(@) Magnetic (b)
field
Magnetic
ion }
electron \

Collision
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