Lecture 5: Plasma dynamics
Electrostatic waves




From perturbations to oscillations to waves:
 Plane waves, Fourier Transformation, and linearization

Boltzmann relation
Equation of state & degrees of freedom

ES waves with no B-field
o Electron plasma waves
 lon acoustic wave

ES waves with B # O:
o Electrons: upper hybrid frequency
* lons: lower hybrid frequency & electrostatic ion cyclotron wave
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In these lectures we shall have our mouthful of frequencies and a
notational mumbo-jumbo lurks behind the corner. We shall try our
best to abide in the following conventions:
Larmor frequency:

capital 2 = gB/m, separate for electrons and ions

This can also be called gyro or cyclotron frequency, depending on
the application.

Plasma frequency: w, = Je?n/eym, also separately for e & i
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We have actually already perturbed a plasma in the 15t lecture

= We found that the plasma responded by oscillating around the
equilibrium position with frequency called the plasma frequency,

w, = +Jen/4meym.

But the analysis contained some implicit assumptions...

Let’s now take into account that particles in plasma (actually
electrons) have kinetic energy, parameterized by temperature, T.
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Basic formalism:
perturbation theory and plane waves




The basic assumption is that the perturbation is small:

For instance, the density: n = ny + én, with fl—n K1
0

Small perturbation around equilibrium ... ring a bell... HO !l
=>» Solutions expected oscillatory, at least in the first approximation
=» solutions sines and/or cosines

Or rather: 6n « exp(i(kx — wt)); derivatives become products!
G

E—>—ia) and V- ik
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A Justification for the harmonic
approximation

A euclidian 3D space spanned by any 3 vectors that are orthogonal to each other,
e.g. ey, e, e,. These form a complete base for vectors, I.e., any vector can be

expressed as a linear combination of them.
Same in the functional space: 3 functions that form a complete base for functions

Periodic function f with period L: f(x) = ay + ), a;cosk;x + b; sink;x; k; = i 2L,

L
LetL >0, D Y- J:f(x) = [ glk)e **dk
 In plane... no, plain English:

Function f(x,t) can be expressed as a linear combination of plane waves e~ (k¥—iwt)
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Another look at the Fourier transformation

=>» A Fourier transformation can be viewed as a wave package of plane waves,
each with a k-dependent amplitude g(k):

1
f(x)_\/T_n

=> if we know the function, we can find how strongly each plane wave
component contributes to it
1

k) =
g(k) Nors
=>» Since the harmonic plane waves are linearly independent, we can solve the
equations independently for each k and 'sum’ them up in the end !

f g(k)ei(kx—a)t)dk

f f(x)e—i(kx—a)t)dx
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If the perturbation is small, we can linearize the equations, i.e.,
throw out all terms that are higher power in perturbed quantities

Notation: any physical quantity f = f, + f;, with % < 1.
0

Let’s practise with the continuity equation:
d(ng +ny)

ot
Assume initially stationary (v = 0) and homogeneous (Vny = 0)
plasma & linearize:

+V-(ng+n)(wo+vy) =0

a(ny)
ot

+n0V‘V1:O
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First application of linearization:
the Boltzmann relation

Equation of motion for electron fluid : mn [% + (v V)v] = —enE —Vp
* Assume ny=constant, vy = 0, T, = constant (isothermal plasma)

o Setz-axisso that Vp = Z—Z

o 9
Linearize = % = —eE,/m— <=

If we can neglect electron inertia (m — 0) but keep v < oo, the terms on the RHS
¢ _ T, on a9

have to balance: e—> = —— E; = ——

[dz=>ep=T,logn+C
=» Boltzmann relation: n, = noee‘p/Te
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Electrostatic waves in non-
magnetized plasmas




We actually perturbed the plasma already in the first lecture

= Plasma (electron) oscillations with w = w,, = \/en/4meym
There we assumed cold plasma, T, = 0.

Let us now (re-)analyze using the full set of fluid equations what
happens when we perturb the plasma

We will find that a perturbation can propagate as a wave.

Note: in neutral gas we have a single wave: the sound wave.
In plasmas we will find N waves with N » 1 ... ©
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A wave Iis propagation with periodic motion characterized by
 Wavelength A

2T

e Wave number k = -

 Angular frequency w
o Amplitude A

The phase velocity, v,,, = w/k characterizes motion of wave crests

The group velocity v,, = Z—‘,‘: gives the speed at which the full wave
package, I.e., information can propagate.
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If the frequency at which the plasma responds to the perturbation is
sufficiently high, the ions with large inertia cannot respond

=» take ions as immobile positive charge background and analyze
only electron dynamics.

Dynamics requires including electron inertia, which is the force
counter-acting external perturbation.

But first, a closer look at the equation of state ...
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Equation of state and degrees of freedom

The equation of state was adopted to close the set of equations

p =CnY ,wherey = % with N = # of degrees of freedom.

4 n
> L=y
p n

Special case: isothermal plasma, T = const.—» Vp =TVn
So for isothermal plasma y = 1.
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Generating electron plasma vibes

Hit the plasma w/ a hammer = 1D perturbation = y = 3.

Unperturbed plasma:

e ng=const.,vg=0,Ey=0,T, = const

. . ) G,
Linearize EOM: mng —* = —enk; — 3T, —*
X-axis along perturbation & FT = —iwomnyv; = —enygE; — ik3T,n,

Need equations to link v, E;and n,...
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Eliminating unknowns

Continuity equation: g—? +V-(mv) =0=>v, ony
Linearize & FT = —iwn, + nyikv; =0 - ny = %vl

How about E;?
e

Now the density is locally disturbed = V -E = (ng — (ng +ny))

471'60
enq

Linearize & FT = E; =i

4Tegk
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Express now everything in terms of v,in the electron EoM

Tlok

=2 iomnyv; = [eno + 3ikT, ]

4TTEGK

e?n,

2 — 2 — .2 2.2 _1 2
2> w’ = + 3k*T,/m = a)pe+5k vth,whereT—Emvth

This is the dispersion relation for the electron plasma waves: each
wavelength has slightly different frequency, thus allowing
iInformation to propagate: , 3

2,2
w —a)pe+§k Vip,

ATTEQM
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Physics of electron plasma wave

Changes in plasma guantities propagate at '
the speed P ;f‘j

w N §
v _ d(,() 3 k vt?h //B—"' /// ‘/-_g_,_,th
g dk 2 w /",\"’g .':,"//*\Vﬁb
How come we got plain plasma oscillations 3
earlier? w? = w2 + Ekzvgh

When T — 0, we get w* = w;. Consistent
with our assumptions! ©
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Even the ions will respond to the perturbation.

NOTE: here we cannot ignore the other component of the plasma,
the electrons, since they will be heeding the ions like faithful dogs...

But first, the ions (same initial assumptions as before):

M ov E-V
n— = —enk —
ot P
Small perturbation, linearize & use Vp = y;TVn
6171 _ anl
-> Mnoﬁ —_ enE1 —Yi l'g
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How about the electrons at these times?

For long time scales the electron inertia can be neglected =»

Use the Boltzmann relation: : n, = nye®®1/Te ~ n, (1 + 97‘{51)

e

Since the electrostatic potential ¢; has now entered the game, use
the Poisson equation:

V-E=—V2%¢p =

4-7'[60 (ni _ ne)

Small perturbation: n; = ny +n, = 4mwe, Ve, = e (”1 — Mo eT_qb)
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From derivatives to algebra ...

FT everything (including the continuity equation) =

—iwngMv; = —enyikp, — iky;Ting
2
deqp, |k? + 1% | =en
0¥ drtegT, !
kng
ng, =—~vu
1 o 1
2 1 T, 1
Recall ==“—=— = (HW) w?= k?|-= -
4megT, 13 M 1+k? 2%

4+ ViTi

M

Aalto Univers ty
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1
JS

Recall the definition of sound speed: v, = \/T/m

So we have found an ion wave that propagates with velocity that is
reminicent of a sound wave, but with two temperatures!

=» the acoustic wave persists even if T; — 0! (Laboratory plasmas)
« Especially for ions it is very unlikely that we would have a wave
with 2 < A, (recall the smallness of 1p) =2 k%15 < 1

. T T
= For most plasmas of interest: w = kv, v¢ = [ﬁe + y,lw l]
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Notes on acoustic wave & Co

Note 1:

« while plasma frequency depends only on the plasma density, the sound speed
depends only on the plasma temperature!

Note 2:
e sound wave = 1D compression = y; = 3.
 Meanwhile electrons assumed infinitely mobile
=>» equalize T everywhere
=> isothermal = y, = 1. (Was already assumed)

Note 3:

» unlike ordinary fluids, in plasmas ions can transmit vibrations even in the
absence of collisions. This is due to electrostatic interaction.

,, Aalto University
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Comparison of electron and ion waves

Electron plasma wave:

3
2 — 2 2.2
w —a)pe+§k Vi,

» essentially a constant-frequency wave, w/ a correction from thermal motion
lon acoustic wave (with k?1% « 1):

T, T
w = kv, vSZE[e_I_Vl l]

 aconstant-velocity wave, w,, = wg,, that needs T # 0. (Without thermal
motion, electrons would perfectly shield the charge from ion bunching)

,, Aalto University
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lon acoustic wave w/”short” wavelength

Now take the opposite limit: k?1% > 1, short(ish) wavelengths

2
M  4me,M T P

So at short A (high w) the ion acoustic wave turns into constant-
frequency oscillations!

ELECTRON ION
Summa summarum: w |
electrostatic electron and ion waves /,/"’ Qpr———~ ="
have pretty much complementary  “» | ,{; /
behaviour. <12 : k
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You cannot extend the above treatment to arbitrarily high
frequencies because our initial assumption was that the
frequencies are low (K wp,).

Never forget what your assumptions have been when you
construct/extend a theoretical/numerical model !
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Electrostatic waves In the presence
of a background magnetic field




Electric & magnetic fields
= review Maxwell’s equations

vxE=-2. Linearize & FT = kX E; = iwB;

ot
Two cases:
kIl E;=> g—f =0 - g— = 0 =>» electrostatic wave
kl1LE, > g—f +0 - g + 0 =» electromagnetic wave (next week)

Define two useful terms:
Longitudinal = parallel to k
Transverse = perpendicular to k

29
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Set axes so that B = Bz
Two fundamentally different cases: k = kzor k 1 B,
1.k =kz

Since electrostatic motion is parallel to k, the magnetic field does
not have a say here

=» the same results as for the B = 0 case.
2.k 1B,

Here things get interesting because particles are not free to move
across the magnetic field lines!
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Electrostatic waves 1 B: k = kXx
-- high frequency
Immobile ions, only electrons have time to respond.

Take a stripped-down case: ny = const., vy = 0, cold plasma: T =0
0v
m— = —e(E{ +v, X By)
dt
-> —lomv, = —eE; — ey, By
—lwmvy, = eryBy

—iwmv, =0

__eE{/imw _ _ :
= v, = Yy ; Note: v, diverges when w — Q, !1??
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OF:]

Eliminating the rest of the junk

0 k “B
%4_”07.(”1):09”1:;”01)36 >

(r"

)

_ . . k eE{/imw
V- E]_ — _? -> lkEOE]_ — —€e Zno 1_9‘%/@2 CE);EE::IRON\

PLANES OF CONSTANT DENSITY

2 w? = wj + 0% = wj, ; the upper hybrid frequency

So the electrons oscillate faster than without B-field. This is
because there are two restoring forces: the E,field generated by
the perturbation, and the v, < B, force.

Sanity checks:
« B, — 0: regular plasma oscillation at w;
 ny — 0: simple gyromotion since the ES force vanishes
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Here we cannot use the Boltzmann relation for electrons because
the ion bunching is 1L B, =» electrons are not free to follow ...

=>» need to study both species. Use earliereqs W/ E; = —V ¢, :

k Q? -1 k
Vi1 :;,_wd)l (1—§) & ny =n0;vi1,ﬂi=qBO/M
k 02 1 k
Ve1:—%¢1(1—§) & Ne1 = Mo Vet e = qBo/m

Plasma approximation: n; = n, = vj; = V,q
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Lower hybrid oscillations

> M(l—“—z) = (1—“—2)
w2
=» ... algebra ... (HW)
= w =.,/0;0, = w; ; lower hybrid frequency

LH waves can only be launched/observed VERY close to
perpendicular. Even a small deviation changes the physics ...
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lon waves not exactly perpendicular to B...

If k, # O =» electrons can swiftly (= within 1/w) move to shield out
the ion charge bunching

epq
Te

=>» neglect electron inertia = adopt Boltzmann relation: n,; = n,

. . e
Plasma approximation = n;; = n, fl

e

Continuity equation =» n;; = ng— i ~ Vi1

Q? ek T. ngk _ k?
-> l—— Vig = e 2 v, — iy
(1 Mwen, l1 02 s Vil
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Electrostatic ion cyclotron wave
The dispersion relation: w? = Qf + k?v?

The physics of electrostatic ion cyclotron wave:

like the ion acoustic wave, but now the restoring force is enhanced
by the v; % B, force.
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