Notes - Theoretical exercises 1

November 3, 2021

Notice that deadlines for homework are on Sunday 22:00!

Exercise 1.1

a)
* (AB)T = BTAT and (AT)T = A. Thus
2T A= (2" AT = (ATx)T,

e Remember that (AB)C' = A(BC). Thus (z' A)z = 27 (Ax).

Exercise 1.2

a)

fB)=ele=(y—XB)"(y— XB) = (y" - BT'XT)(y — XP)

=yly—y'XB - BT XTy+pTXTXB.

Remember that 27y = yTz. Then 4" X8 = (XB3)Ty = 87 XTy and thus

fB) =y"y—28"X"y+ T XTXB.

Now
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Then we get
f(B)=—2y" X +287XTX.

By setting f'(3) = 0 we get
5TXTX — yTX
= XTXp=XTy
= B = (XTX)"'XxTy.

In order to prove that b = (X7 X)~' X7y is minimum we have to prove that
f"(B) = XT X is symmetric positive definite. Let a € R*™ \ {0}. Denote

a=(ay...ap41)" and

X = (1’1 .. .$k+1),

where x; € R are the column vectors of X. We have that vector ZkJrll a;x;

is always not equal to zero since vectors z; are linearly independent. Then

k+1

E a;T;

a"(XTX)a = (Xa)' Xa = || Xa|* =

Thus X7 X is positive definite.

b)
b=(X"X)"XT(XB+e)= (XTX)'XTX B+ (X'X)'XTe =+ (XTX)X"e

Thus

c¢) Bypartb),
b—Eb) =b—-B=0+X"X)'XTe-p3=(X"X)"'X"¢

Also, notice that



and remember that (A~!)T = (AT)~!. Then

cov(b) =E ((b—Eb)(b—Eb)") = E(X"X)'XTe)((XTX)"'XTe)")

=E(XTX) ' X e X(XTX) ™) = (XTX) ' XTE(eeh) X (XTX) ™!
= (XTX) ' XT(*DX(XTX) ' =*(XTX)™? \(XTX)(XTX)”J
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_ O_Z(XTX)—I

Exercise 1.3 (Homework)

a)

b)

Use properties of projection matrices. That is,

MT = M and M? = M.

Use linearity of expectation.
Write e in terms of matrix M.

First calculate cov(y). It will be useful in calculating cov(e).

First compute E(e). Then find relation between trace(cov(e)) and

B3 €)-
Let A € R™". Then trace is defined as trace(A) = > | a;
trace(cA) = ctrace(A), c € R.

For square matrices, Rank is equal to the number of nonzero eigen-
values.



