1. Proof of Exercise 6 Demo

Let Z be the matrix defined as in the lecture slides. Then denote the
PCA performed on the row profiles as V' and on the column profiles as W
(scaled and shifted). The matrices are defined the following way:

V=22
W =22".
Show that V' and W have the same nonzero eigenvalues. Furthermore,

show that the following relation holds for the normed eigenvectors that cor-
respond to nonzero eigenvalues:

v; = ZTw;
Vi
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w; = —=2v;,
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where v; is the i:th normed eigenvector of V' and wj is the 7:th normed eigen-
vector of W.

First, we show that Z"Z and ZZ" have the same eigenvalues. From the
definition of an eigenvector and -value:

VUi = ZTZ’UZ' = )\ﬂ)i

Multiply the first equation with Z from the left side and note that V = Z7 Z,
= ZVv; = 27" Zv; = N\ Zv;.
Thus

ZZ" (Zv;) = N (Zv;)
= 27 v} = \v}, where v} = Zv;.

Hereby, ); is the eigenvalue of ZZ" = W with the eigenvector Zv;. The
squared length of the eigenvector is given by
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HZUlH% = (Z’Ul)T(Z’Ul) = UZ-TZTZUZ' = )\Z"U;FUZ‘ = )\Z
Hence

1
w; = —ZUi.

Vi

The same proof goes to the other direction also.



