Example of the variational approximation for the course Machine Learning: Advanced
Probabilistic Methods (2015), P.Marttinen

Suppose that we have N independent observations x = (z1,...,2zy) from a two-component mixture
of univariate Gaussian distributions

p(znl0) = (1 = 7)N(2,]0,1) + 7N (z,]6,1), (1)

that is, with probability 1 — 7 the observation x,, is generated from the first component N(x,,|0,1), and
with probability 7 from the second component N(z,|0,1). The model (1) has two unknown parameters,
(1,0), the mixture coefficient and the mean of the second component.

Our goal is to carry out a fully Bayesian analysis using the mean-field variational Bayes approximation.
We place the following priors on the unknown parameters

7 ~ Beta(ag, ap)
N(0, By7H).

We formulate the model using latent variables z =(z1,...,zy) which explicitly specify the component
responsible for generating observation x,,. In detail,

o = (2, 2m2) T = (1,0);, (Tn %s from N(z,]0,1))
’ (0,1)*, (xy is from N(z,|0,1)) ’

and place a prior on the latent variables

plzlr) = [[77= (1 = 7).

The likelihood in the latent variable model is given by

N
p(x|z,0) = [N (2al0,1)" N (2,]6,1)72.

n=1

The joint distribution of all observed (x) and unobserved variables (z, 7, 0) factorizes as follows

p(x,2,7,0) = p(1)p(0)p(2|7)p(x|2, 0)

and the log of the joint distribution can correspondingly be written as

log p(x,2,7,0) = log p(7) + log p(6) + log p(z|7) + log p(x|z, 6).

We approximate the posterior distribution p(z,7,60|x) using the factorized variational distribution
a(@)a(r)a(0).

Update of factor ¢(z)

To compute the updated distribution ¢*(z), we first compute the expectation of the log of the joint
distribution over all other unknowns in the model

log ¢*(z) = E; g[log p(x,2,T,0)]
= E,[logp(z|7)] + Ep[log p(x|z, 0)] + const (not dependent on z)

N N
=F. {Z [2n2 log T + 2,1 log(1 — 7')]} + Ey {Z [2n110g N(2,0,1) + 22 log N (2,0, 1)]} + const
n=1

n=1
N N
= Z {zn2Fr [log 7] + zn1 B [log(1 — 7))} + Z {zn1log N(2,]0,1) + z,2Ep [log N(z,|0,1)]} + const
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Zn1 {ET [log(1—7)] — %log (2m) — 13:2} Z Zn2 { [log(7)] — %bg (2m) — %E@ (2 — 0)2}} + const
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{zn110g pn1 + zn2 log pr2} + const, (2)
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where we have defined variables p,; and p,2 for all n as follows

n

1 1
log pn1 = E; [log(1 — 7)] — 3 log (27m) — §:r2 and (3)

log pne = E; [log(7)] — %log (2m) — %Ee [(zn — 0)?]. (4)

By exponentiating both sides of equation (2), we get

N 2
¢*(2) o« [T TT e

n=1k=1

which we can normalize to make a proper distribution

N 2
¢*(2) = [T TIr
n=1k=1

where O
Tnk = #. 5
23:1 Pnj 8
Note that to compute the updated responsibilities r,r, we need E. [log(l —7)], E.[log(7)], and
Eg [(zn, — 0)?] , where the expectations are computed over the distributions ¢(7) and ¢(6), which will be
derived next.
Update of factor ¢(7)

log ¢* (1) = E, ¢llog p(x,z,7,0)]
= logp(7) + E, [log p(z|7)] + const (not dependent on 1)

=...(left as an exercise)
We exponentiate and recognize the exponentiated form as,

q* (1) = Beta(r|Ns 4+ ag, N1 + ),

i.e., T has a Beta(a,b) with parameters a = Ny + o and b = Ny + g, where Ny, = ZnN:1 ok for k =1,2.
Using this distribution, we get the following formulas for the terms required when updating ¢(z)

E; [log(7)] = ¥(N2 + ag) — (N1 + N2 + 2ap) (6)

Erflog(1 —7)] = ¥ (N1 + ap) — (N1 + N2 + 2a0), (7)

where 9 is the digamma function. Formulas (6) and (7) follow from the basic properties of the beta
distribution (see e.g. Wikipedia) and by noticing that if 7 ~ Beta(a,b), then 1 — 7 ~ Beta(b, a).
Update of factor ¢(6)
log ¢*(0) = ...(left as an exercise) (8)

Again, we exponentiate both sides of (8) and recognize this as
q*(0) = N (0lma, 55") , (9)
with
B =Po+No and my = By ' NoTs,
where we have defined

N

_ 1

T2 = E § Tn2dn-
n=1

We can use the distribution (9) to compute the formula for Ey [(x,, — #)?], needed when updating ¢(z):
FEy [(Cljn — 9)2] = FEy [(a?n — Mo + Mo — 9)2]
= (zn — m2)? + 2(zp, — M) E [may — 0] + E [(ma — 0)?]
= (zn —m2)>+0+ 55" (10)

The last equality in (10) followed from the fact that when 8 ~ N(mq, 85 ), then mo — 6 ~ N(0, 85 ).
The overall VB algorithm is obtained by cycling through updating



1. the responsibilities 7, using formulas (3), (4), and (5)
2. the terms (10) needed when computing the responsibilities

3. the terms (6) and (7) needed when computing the responsibilities

Code to run the EM-algorithm: simple vb.m



