MEC-E8001 Finite Element Analysis; Formulae

GENERAL
Displacement: G =uy I +uy J +uz K =uyi +uy ] +u,k =ui +vj+wk

Rotation (small): 0 =0y 1 +& J+0,K = 0,0 +06,] +0,k =¢i +0] +yk

!

i g iy iy
Coordinate systems: {jt=|jx Jy iz |<J
Kl Tk Ky ko ||K
Oxx Exx Oxy Vxy

Stress-strain: ow =[ERéyy v 10y (=G{7yz

Oz 1z Ozx Vzx
Elasticity matrices: [C]=[E], [C], =[E],, G= E
y ' S e e 2(1+v)
e l-v v 1% 1 1 v —v
[E]=————— 1-v v |, [ET == 1 -v
@+v)1-2v) E
1-v -v v 1
1 v 0 l-v v 0
E E
[E]a=—2 v 1 0 ) [E]g=m |4 1-v 0
— + —
o 0 @-v)/2 ETI 0 0 a-2v) 12

Exx ou / ox Vxy ou /oy +ov/ox
Ey (=1OVIOY ¢, (ry p=q0v/oz+ow/ oy
£y ow / oz Vo ow/ ox+oul oz

Strain-displacement:

Byl (e U/ 8x)% + (v 1 %)% + (ow/ ox)?
Eyy t =16y +% (u/oy)? + (ov1ay)? + (ow/ ay)?
E,| |ég (ou/ 8z)? + (ov 1 8z)? + (ow/ 62)?
Eyy Vxy (u/ ax)(@u/ y) + (ov  ax)(ov | ay) + (ow ] &x)(ow / dy)
Ey, :% Yy +% (ouloy)(ouloz)+(ovloy)(ovloz)+(ow/ oy)(ow/ oz)
E, Vo (ou/oz)(oul ox)+ (ov/oz)(ov/ ox)+ (ow/ oz)(ow [ Ox)

PRINCIPLE OF VIRTUAL WORK



W=D WE=0 Via, oW =[_ owdQ

_ _ 2
Bar (X): Swilt __odau EA@ swSt = suf,, Swo© :—5UpAa—u, swe! _ 9 Eang
OX OX ot? dx
SWIE = —SE,  A°CE,,, swS = A° p°(Sugy +OVgy +OWg,)
i dog, ,dg
5 int ___kA 5 ext 5193
Pa dx dx Po
Torsion (x): owit = _0% 5599 SWE = spm,, SWINE = —5ppd 2 o’
OX OX ot?
Bending (xz): Swit —825W El 0w SWE = swf
ox? Wox? :
_ 2 2
Swie = —swpal W GO ) O OW swga = GOW N M ere N = EADY
o> ox ot2 ox dx  dx dx
2 2
Bending (xy): owit = a—é;VE — o §W8(t = oy,
OX G
_ 2 2
Swe = —supAl Y OV oy O N syt = 9V N D pere N - gAY
o> ox ot2 ox dx  dx dx
Thin-slab (xy):
osulox )" ou 1 x sulT (1
: u
Swint = — ooV [ oy t[E], ov /oy ,5w8‘t:{5 } {fx}
v
oSU 1 By + 95V | Ox ou | 8y +ov 1 ox y
T T
5 ext ou ty §Wine __ ou t i u
ovf |ty [ Y ot |\v)’
5 T
Exx Exx T
) ou g
int _ ext 040 X
OWge =—1 OEyy ¢ t[C]5q Eyy ¢, SWee {5\/} Pt {gy}
25E,, 2E,,

T T
05U 1 x A 05916 0910
SweP! = Ea [ za0dz{ . opit=- Utk U spgt = 59s
ooviox| 1-v 1 0591y asley



Bending (xy):

.
025w/ ox? , 0%w [ ox?
switt =1 2swiay? b L[E] L Pwioy? b, swgt = sw
12 o Q z
2025w [ dxdy 20°W [ dxdy

T.3 2 2
; 00w/ O ow/ o

oswlay| 12 ow/ oy ot?
N ou / ox
qa  [0ow/ax) T[Ny Nyl (ow/ox X
oWy =— oowioy[ [N N owl oy where N, +=t[E]_ ov /oy
o N ou /8y + v | dx

Xy
o2swion?| 1
swePl = _ Wrex a—EI 7A9dz
| swiey?| 1-v 1
Solid:

osulox)'  (oulox) [(osuléy+asviox)’  (ouldy+oviox
SWit = — oovioy; [E]sov/oy p—300vIoz+oow/oyy Gsovloz+ow/ oy

o0ow/ oz ow/ oz 0OwW/ ox+0odoul oz ow/ox+oul oz
T T
ou T fx 5Exx Exx 5EXY EXY
Swe =1 0v {fy . owgs =—{SE, ¢ [CIXE,, t—{JE,, t 4G1{E,,
5W fZ 5EZZ EZZ 5EZX EZX
T T
0ou [ ox e 1 009 Ox 03/ 0X
§w§2p'= oov | oy 1 Z AG<1F, 5p5‘t=— 00810y k:o8/oyy¢, 5p8“=5193
oow/ oz ol 05910z| |o9laz

APPROXIMATIONS (some) u=NTa, & =%

N [1-3&+2&2 Uyy
Quadratic: N=qNj, =< 4£(1-¢&) ¢, a=qUyp o (bar)
N3 §(26-1) Uxs



No)  |L-6)7@+28) ol [ U
N h(l- &) u -0
Cubic: N=J—2Ll— d-¢re L a=i-tl(= it beam xz-plane bending
N2o (3—2&)&2 Uzo Uz
N u -0
21 hé‘z(é‘—l) 21 y2
9 1 1 1 17¢
a1 1 1 1 1
B 1 1 1 Xl X2 X3 X4
Linear: N= y N=[X X0 Xg Xr, N=
X1 X2 X Yi Y2 Y3 Ya
Yi Y2 V3 y
Zl 22 23 Z4
q2
VIRTUAL WORK EXPRESSIONS a=d_2a
t

ouxy T Fx 001 T My

Rigid body/point force: SW®' = suy, + 1 R b+{ 561+ 1 My
Suzr] (Fz ) 90z1) (Mg

T .
) ou x1 x1 50)(1 J xxé‘xl
oW ihe — _ 5Uy1 m Uyl - 59)/1 Jyygyl
5“21 Uz 5921 J zzgzl

T
Bar: é\/\/i”t:_ Suyy E 1 -1jjug , SWeEXt = Suyy M 1
5UX2 h -1 1 Uyo 5UX2 2 |1

5Pint__ 5‘91 T@ 1 - ‘S%L 5Pext_ 5‘91 Tﬂ 1
6% h|-1 1% 6% 21

-
gxOUyg +gyoUy +0,0Uy p°A°h° {1}
gxSUyp +gyoUy, +0,0Uz 2 1

é\Nint:_5 hCAo [( )2 l],évvextz
he 2 he

2 2 2 2
h® = (h®+Uyp —Uyg)" +(Uyo —Uyg)" +(Uz2 —Uy)

T T
Torsion: swint =) %%l G| 1 L[0al  gyex_[90al myh ]l
5] h[-1 1](6) 50, 2 1

)

N < X B
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Bending (xz):
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Bending (xy):

é\Nint - _
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é\Nsta - _

CONSTRAINTS
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Uz duz 6
Oy S — 91| f,h|-h
u,o ’ 5U22 12 6
P 58,7 h
(156 —22h 54 13h | (iiy
L pAh| —22h 4n® 130 30’ ) Oy
420| 54 -13n 156 22h | |U,,
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where N = EA(———2%)
u,, h
Oy2
T
Uyl 5Uy1 6
O ’ é\NeXt _ 56)21 M h
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2 \where N = EA(X2 )
Uy2 h
922



Frictionless contact: fi-tig =0
Joint: Ug =Up

Rigid body (link): Ug =Up +68a x fpag » g = 0Oa -

MATHEMATICS

Polar representation: e =cosa +isina, sinia=isinha, cosia=cosha, i%=-1
Eigenvalue decomposition: A= XX 1

Matrix function: If A=XaX1, then f(A)=Xf ()X

aR(a))

Newton’s method: If a=a—( 1R(a)sG(a), then R(a)=0

n _
Taylor series:  f(x+a)=)_ %(a%)' f(x)+L f D (x)a™  xe[x x+a]

(n+1)!

TIME INTEGRATION (free vibrations)

(i+1) -1 (i)
| —1/2 | 1/2
Crank-Nicholson: % = / / % , GZM_lKAtZ
alAt al/2 | —a/2 | alAt

(i+1) -1 (i)
|l-a/2 |
Disc. Galerkin: % = ¢ of 0 % , o= MK At2
alAt —l-a/2 al/3 -1 - alAt



