
Fe
b

03
, 20

22

–
FC

–

CHEM-E7225
2022

The Lagrangian
function

Optimality
conditions

Equality constraints

Constrained

problems

Nonlinear optimisation, fundamentals (B)
CHEM-E7225 (was E7195), 2022

Francesco Corona (¬ ¬)

Chemical and Metallurgical Engineering
School of Chemical Engineering



Fe
b

03
, 20

22

–
FC

–

CHEM-E7225
2022

The Lagrangian
function

Optimality
conditions

Equality constraints

Constrained

problems

The Lagrangian function
Nonlinear optimisation



Fe
b

03
, 20

22

–
FC

–

CHEM-E7225
2022

The Lagrangian
function

Optimality
conditions

Equality constraints

Constrained

problems

The Lagrangian function

Consider the nonlinear optimisation problem in the standard form

min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≥ 0

 Objective function

f : RN →R, with f ∈ C2
(
RN

)
 Equality constraint function

g : RN →RNg , with g ∈ C2
(
RN

)
 Inequality constraint function

h : RN →RNh , with h ∈ C2
(
RN

)

We denote a problem in this form as primal optimisation problem
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The Lagrangian function (cont.)

min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≥ 0

The globally optimal value of the objective function subjected to the constraints

p∗ =

(
min

w∈RN
f (w), s.t. g(w) = 0, h(w) ≥ 0

)

Remember that there can be a multiplicity of points w∗ ∈ Ω such that f (w∗) = p∗

 The globally optimal value p∗ of the objective function is unique

 The globally optimal value is called the primal optimal value

We are interested in a lower-bound on the optimal value p∗
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Overview (cont.)

Example

min
x∈R2

x2
1 + x2

2 (Objective function)

subject to x1 − 1 = 0 (Equality constraints)

x2 − 1− x2
1 ≥ 0 (Inequality constraints)

 f : R2 →R, with f ∈ C2
(
R2
)

 g : R2 →R, with g ∈ C2
(
R2
)

 h : R2 →R, with h ∈ C2
(
R2
)

The feasible set, the set of feasible decisions

Ω = {x ∈ R2|h (x) ≥ 0, g (x) = 0}

The minimiser x∗, at point •

CHAPTER 1. FUNDAMENTAL CONCEPTS OF OPTIMIZATION 7

1.3 Mathematical Formulation in Standard Form

minimize
x 2 Rn

f(x) (1.1)

subject to g(x) = 0, (1.2)

h(x) � 0. (1.3)

Here, f : Rn ! R, g : Rn ! Rp, h : Rn ! Rq, are usually assumed to be di↵erentiable. Note that
the inequalities hold for all components, i.e.

h(x) � 0 , hi(x) � 0, i = 1, . . . , q. (1.4)

Example 1.1 (A two dimensional example):

minimize
x 2 R2

x2
1 + x2

2 (1.5)

subject to x2 � 1� x2
1 � 0, (1.6)

x1 � 1 � 0. (1.7)

x1

x2

1

1

x2 � x2
1 + 1

x1 > 1

⌦

Figure 1.1: Visualization of Example 1.1, ⌦ is defined in Definition 1.2
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The Lagrangian function (cont.)

min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≥ 0

We can define an auxiliary function denoted as the Lagrangian function

L (w , λ, µ) = f (w)− λT g (w)− µTh (w)

The Lagrangian function depends on w and two sets of auxiliary variables

• The Lagrangian multipliers, or dual variables

• The inequality multipliers, µ ∈ RNh

• The equality multipliers, λ ∈ RNg

L (w , λ, µ) = f (w)−
Nh∑

nh=1

λnh hnh (w)−
Ng∑

ng=1

µng gng (w)

The Lagrangian function,

L : RN ×RN
g ×RNh →R
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The Lagrangian function (cont.)

min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≥ 0

In expanded form, we have

L (w , λ, µ) = f (w)− λT g (w)− µTh (w)

= f (w)−
[
λ1 · · · λNg

]  g1 (w)
...

gNg (w)

− [µ1 · · · µNh

]  h1 (w)
...

hNh
(w)


The number of multipliers must match the number of constraints

 (For the products λT g (w) and µTh (w) to be defined)

We require the inequality multipliers to be positive (µ ≥ 0)

µ ≥ 0 =

 µ1 ≥ 0
...

µNh
≥ 0
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Example

min
x∈R2

x2
1 + x2

2 (Objective function)

subject to x1 − 1 = 0 (Equality constraints)

x2 − 1− x2
1 ≥ 0 (Inequality constraints)

The feasible set, the set of feasible decisions

Ω = {x ∈ R2|h (x) ≥ 0, g (x) = 0}

For point x̃ ∈ Ω, the Lagrangian function

L (x̃ , λ, µ) = f (x̃)− λT g (x̃)− µTh (x̃)

CHAPTER 1. FUNDAMENTAL CONCEPTS OF OPTIMIZATION 7

1.3 Mathematical Formulation in Standard Form

minimize
x 2 Rn

f(x) (1.1)

subject to g(x) = 0, (1.2)

h(x) � 0. (1.3)

Here, f : Rn ! R, g : Rn ! Rp, h : Rn ! Rq, are usually assumed to be di↵erentiable. Note that
the inequalities hold for all components, i.e.

h(x) � 0 , hi(x) � 0, i = 1, . . . , q. (1.4)

Example 1.1 (A two dimensional example):

minimize
x 2 R2

x2
1 + x2

2 (1.5)

subject to x2 � 1� x2
1 � 0, (1.6)

x1 � 1 � 0. (1.7)

x1

x2

1

1

x2 � x2
1 + 1

x1 > 1

⌦

Figure 1.1: Visualization of Example 1.1, ⌦ is defined in Definition 1.2
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The Lagrangian function (cont.)

min
x∈R2

x2
1 + x2

2︸ ︷︷ ︸
f (x)

(Objective function)

subject to x1 − 1︸ ︷︷ ︸
g(x)

= 0 (Equality constraints)

x2 − 1− x2
1︸ ︷︷ ︸

h(x)

≥ 0 (Inequality constraints)

The Lagrangian function in expanded form, for any x̃ = (x̃1, x̃2) ∈ Ω

L (x̃ , λ, µ) = f (x̃)− λT g (x̃)− µTh (x̃)

= f (x̃)−
[
λ1
] [

g1 (x̃)
]
−
[
µ1
] [

h1 (x̃)
]

= x̃2
1 + x̃2

2 − λ1 (x̃1 − 1)− µ1

(
x̃2 − 1− x̃2

1

)
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The Lagrangian function (cont.)

Lower-bound property of the Lagrangian function

For any feasible point w̃ ∈ Ω, for any λ and for any µ ≥ 0, we have the lower-bound

L (w̃ , λ, µ) = f (w̃)−λT g (w̃)︸ ︷︷ ︸
=0︸ ︷︷ ︸

=0

− µT︸︷︷︸
≥0

h (w̃)︸ ︷︷ ︸
≥0︸ ︷︷ ︸

≤0

≤ f (w̃)

Clearly, we also have that

L (w∗, λ, µ) ≤ f (w∗) −2 0 2

−5

0

w ∈ Ω

f
(w̃

),
L(

w̃
,λ

=
λ̄

,µ
=
µ̄

)

For w in the feasible set, the objective function is larger than the Lagrangian function

• (That is, if w̃ is a primal minimiser, then the lower-bound will be retained)
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min
x∈R2

x2
1 + x2

2 (Objective function)

subject to x1 − 1 = 0 (Equality constraints)

x2 − 1− x2
1 ≥ 0 (Inequality constraints)

The feasible set

Ω = {x ∈ R2|h (x) ≥ 0, g (x) = 0}

The Lagrangian function

L (x̃ , λ, µ) = x̃2
1 +x̃2

2−λ1 (x̃1 − 1)−µ1

(
x̃2 − 1− x̃2

1

)

CHAPTER 1. FUNDAMENTAL CONCEPTS OF OPTIMIZATION 7

1.3 Mathematical Formulation in Standard Form

minimize
x 2 Rn

f(x) (1.1)

subject to g(x) = 0, (1.2)

h(x) � 0. (1.3)

Here, f : Rn ! R, g : Rn ! Rp, h : Rn ! Rq, are usually assumed to be di↵erentiable. Note that
the inequalities hold for all components, i.e.

h(x) � 0 , hi(x) � 0, i = 1, . . . , q. (1.4)

Example 1.1 (A two dimensional example):

minimize
x 2 R2

x2
1 + x2

2 (1.5)

subject to x2 � 1� x2
1 � 0, (1.6)

x1 � 1 � 0. (1.7)

x1

x2

1

1

x2 � x2
1 + 1

x1 > 1

⌦

Figure 1.1: Visualization of Example 1.1, ⌦ is defined in Definition 1.2

For any point x̃ ∈ Ω and for any λ and any µ ≥ 0, we have the lower-bound property

L (x̃ , λ, µ) ≤ f (x̃)
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For different pairs (λ, µ≥0) and for any x̃ ∈ Ω, we always have that L (x̃ , λ, µ) ≤ f (x̃)
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The Lagrangian function | Duality

Consider some fixed multipliers λ̄ and µ̄ ≥ 0, we define the Lagrange dual function as

q
(
λ̄, µ̄

)
= inf

w∈RN
L
(
w |λ = λ̄, µ = µ̄

)
Thus, the Lagrange dual function is a scalar function

q : RNg ×RNh
≥0 →R

Let w∗ be the unconstrained minimiser of the Lagrangian function L
(
w |λ̄, µ̄

)
w∗ = w∗

(
λ̄, µ̄

)
Because we minimised out w , the infimum is L

(
w∗(λ̄, µ̄)|λ̄, µ̄

)
= q

(
λ̄, µ̄

)
• At any other feasible point w̃ and with fixed (λ, µ), we have

L
(
w̃ |λ̄, µ̄

)
≥ L

(
w∗(λ̄, µ̄)|λ̄, µ̄

)
= q

(
λ̄, µ̄

)
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The Lagrangian function | Duality (cont.)

Lower-bound property of the Lagrange dual function

For any multipliers λ and µ ≥ 0, we have that for any feasible point w̃

L (w̃ , λ, µ) ≤ f (w̃)

Moreover, at that feasible point w̃

q (λ, µ) ≤ L (w̃ , λ, µ)

Thus, we have the following

q (λ, µ) ≤ L (w̃ , λ, µ) ≤ f (w̃)

Because p∗ ≤ f (w̃), we have
q (λ, µ) ≤ p∗

Lagrange dual functions q (λ, µ) provide a lower-bound to primal optimal values p∗

At the global minimiser w̃ = w∗, clearly a feasible point, we have

q (λ, µ) ≤ f (w∗)

= p∗
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The Lagrangian function | Duality

The Lagrange dual function q (λ, µ) does not depend on primal decision variables w

• Sometimes it is possible to compute the Lagrange dual function explicitly

Concavity of the Lagrange dual function

The Lagrange dual function is always a concave function, also for non-convex problems

• Therefore, we have that −q (λ, µ) is a convex function
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The Lagrangian function | Duality

For any fixed w , the Lagrangian function L(λ, µ|w) is an affine function of λ and µ

L (λ, µ|w) = f (w)− λT g (w)− µTh (w)

Visually, consider a set of points {w} and associated Lagrangian functions {L(λ, µ|w)}

(�, µ)
<latexit sha1_base64="QbH7Ca2E2TmRzZhByxdvSYHIcCk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosunFZwT6gM5RMJtOGJpkxyRRK6Xe4caGIWz/GnX9j2s5CWw8EDuecy705YcqZNq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZIrRJEp6oTog15UzSpmGG006qKBYhp+1weDfz2yOqNEvkoxmnNBC4L1nMCDZWCqo+t9kIX/giO++VK27NnQOtEi8nFcjR6JW//CghmaDSEI617npuaoIJVoYRTqclP9M0xWSI+7RrqcSC6mAyP3qKzqwSoThR9kmD5urviQkWWo9FaJMCm4Fe9mbif143M/FNMGEyzQyVZLEozjgyCZo1gCKmKDF8bAkmitlbERlghYmxPZVsCd7yl1dJ67LmuTXv4apSv83rKMIJnEIVPLiGOtxDA5pA4Ame4RXenJHz4rw7H4towclnjuEPnM8fzMCRdA==</latexit><latexit sha1_base64="QbH7Ca2E2TmRzZhByxdvSYHIcCk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosunFZwT6gM5RMJtOGJpkxyRRK6Xe4caGIWz/GnX9j2s5CWw8EDuecy705YcqZNq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZIrRJEp6oTog15UzSpmGG006qKBYhp+1weDfz2yOqNEvkoxmnNBC4L1nMCDZWCqo+t9kIX/giO++VK27NnQOtEi8nFcjR6JW//CghmaDSEI617npuaoIJVoYRTqclP9M0xWSI+7RrqcSC6mAyP3qKzqwSoThR9kmD5urviQkWWo9FaJMCm4Fe9mbif143M/FNMGEyzQyVZLEozjgyCZo1gCKmKDF8bAkmitlbERlghYmxPZVsCd7yl1dJ67LmuTXv4apSv83rKMIJnEIVPLiGOtxDA5pA4Ame4RXenJHz4rw7H4towclnjuEPnM8fzMCRdA==</latexit><latexit sha1_base64="QbH7Ca2E2TmRzZhByxdvSYHIcCk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosunFZwT6gM5RMJtOGJpkxyRRK6Xe4caGIWz/GnX9j2s5CWw8EDuecy705YcqZNq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZIrRJEp6oTog15UzSpmGG006qKBYhp+1weDfz2yOqNEvkoxmnNBC4L1nMCDZWCqo+t9kIX/giO++VK27NnQOtEi8nFcjR6JW//CghmaDSEI617npuaoIJVoYRTqclP9M0xWSI+7RrqcSC6mAyP3qKzqwSoThR9kmD5urviQkWWo9FaJMCm4Fe9mbif143M/FNMGEyzQyVZLEozjgyCZo1gCKmKDF8bAkmitlbERlghYmxPZVsCd7yl1dJ67LmuTXv4apSv83rKMIJnEIVPLiGOtxDA5pA4Ame4RXenJHz4rw7H4towclnjuEPnM8fzMCRdA==</latexit><latexit sha1_base64="QbH7Ca2E2TmRzZhByxdvSYHIcCk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosunFZwT6gM5RMJtOGJpkxyRRK6Xe4caGIWz/GnX9j2s5CWw8EDuecy705YcqZNq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZIrRJEp6oTog15UzSpmGG006qKBYhp+1weDfz2yOqNEvkoxmnNBC4L1nMCDZWCqo+t9kIX/giO++VK27NnQOtEi8nFcjR6JW//CghmaDSEI617npuaoIJVoYRTqclP9M0xWSI+7RrqcSC6mAyP3qKzqwSoThR9kmD5urviQkWWo9FaJMCm4Fe9mbif143M/FNMGEyzQyVZLEozjgyCZo1gCKmKDF8bAkmitlbERlghYmxPZVsCd7yl1dJ67LmuTXv4apSv83rKMIJnEIVPLiGOtxDA5pA4Ame4RXenJHz4rw7H4towclnjuEPnM8fzMCRdA==</latexit>

L(�, µ|w~)
<latexit sha1_base64="Zlsue8KcT4cSIH2Uy2FL7/Q45gA=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgVpCQi6LLoxoWLCvYBTSyTybQdOpOEeSgl9hPc+CtuXCji1qU7/8ZJm4W2Hhg4nHvPnXtPkDAqleN8W3PzC4tLy4WV4ura+samvbXdkLEWmNRxzGLRCpAkjEakrqhipJUIgnjASDMYXGT15h0RksbRjRomxOeoF9EuxUgZqWMfeBypPkYsvRqVPWaMITryuIYP8P7W6xMklNRUHXbsklNxxoCzxM1JCeSodewvL4yx5iRSmCEp266TKD818yhmZFT0tCQJwgPUI21DI8SJ9NPxQSO4b5QQdmNhXqTgWP3tSBGXcsgD05mtL6drmfhfra1V98xPaZRoRSI8+airGVQxzNKBIRUEKzY0BGFBza4Q95FAWJkMiyYEd/rkWdI4rrhOxb0+KVXP8zgKYBfsgTJwwSmogktQA3WAwSN4Bq/gzXqyXqx362PSOmflnh3wB9bnD5QTnOk=</latexit><latexit sha1_base64="Zlsue8KcT4cSIH2Uy2FL7/Q45gA=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgVpCQi6LLoxoWLCvYBTSyTybQdOpOEeSgl9hPc+CtuXCji1qU7/8ZJm4W2Hhg4nHvPnXtPkDAqleN8W3PzC4tLy4WV4ura+samvbXdkLEWmNRxzGLRCpAkjEakrqhipJUIgnjASDMYXGT15h0RksbRjRomxOeoF9EuxUgZqWMfeBypPkYsvRqVPWaMITryuIYP8P7W6xMklNRUHXbsklNxxoCzxM1JCeSodewvL4yx5iRSmCEp266TKD818yhmZFT0tCQJwgPUI21DI8SJ9NPxQSO4b5QQdmNhXqTgWP3tSBGXcsgD05mtL6drmfhfra1V98xPaZRoRSI8+airGVQxzNKBIRUEKzY0BGFBza4Q95FAWJkMiyYEd/rkWdI4rrhOxb0+KVXP8zgKYBfsgTJwwSmogktQA3WAwSN4Bq/gzXqyXqx362PSOmflnh3wB9bnD5QTnOk=</latexit><latexit sha1_base64="Zlsue8KcT4cSIH2Uy2FL7/Q45gA=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgVpCQi6LLoxoWLCvYBTSyTybQdOpOEeSgl9hPc+CtuXCji1qU7/8ZJm4W2Hhg4nHvPnXtPkDAqleN8W3PzC4tLy4WV4ura+samvbXdkLEWmNRxzGLRCpAkjEakrqhipJUIgnjASDMYXGT15h0RksbRjRomxOeoF9EuxUgZqWMfeBypPkYsvRqVPWaMITryuIYP8P7W6xMklNRUHXbsklNxxoCzxM1JCeSodewvL4yx5iRSmCEp266TKD818yhmZFT0tCQJwgPUI21DI8SJ9NPxQSO4b5QQdmNhXqTgWP3tSBGXcsgD05mtL6drmfhfra1V98xPaZRoRSI8+airGVQxzNKBIRUEKzY0BGFBza4Q95FAWJkMiyYEd/rkWdI4rrhOxb0+KVXP8zgKYBfsgTJwwSmogktQA3WAwSN4Bq/gzXqyXqx362PSOmflnh3wB9bnD5QTnOk=</latexit><latexit sha1_base64="Zlsue8KcT4cSIH2Uy2FL7/Q45gA=">AAACEHicbVDLSsNAFJ34rPUVdelmsIgVpCQi6LLoxoWLCvYBTSyTybQdOpOEeSgl9hPc+CtuXCji1qU7/8ZJm4W2Hhg4nHvPnXtPkDAqleN8W3PzC4tLy4WV4ura+samvbXdkLEWmNRxzGLRCpAkjEakrqhipJUIgnjASDMYXGT15h0RksbRjRomxOeoF9EuxUgZqWMfeBypPkYsvRqVPWaMITryuIYP8P7W6xMklNRUHXbsklNxxoCzxM1JCeSodewvL4yx5iRSmCEp266TKD818yhmZFT0tCQJwgPUI21DI8SJ9NPxQSO4b5QQdmNhXqTgWP3tSBGXcsgD05mtL6drmfhfra1V98xPaZRoRSI8+airGVQxzNKBIRUEKzY0BGFBza4Q95FAWJkMiyYEd/rkWdI4rrhOxb0+KVXP8zgKYBfsgTJwwSmogktQA3WAwSN4Bq/gzXqyXqx362PSOmflnh3wB9bnD5QTnOk=</latexit>

L(�, µ|w})
<latexit sha1_base64="IyTOBxF4ygR8nbtVEXjsyIo9wwQ=">AAACEnicbVDLSgMxFM34rPVVdekmWIQWpMyIoMuiGxcuKtgHdGq5k0nb0CQzJBmljP0GN/6KGxeKuHXlzr8xfSy09UDgcM493NwTxJxp47rfzsLi0vLKamYtu76xubWd29mt6ShRhFZJxCPVCEBTziStGmY4bcSKggg4rQf9i5Ffv6NKs0jemEFMWwK6knUYAWOldq7oCzA9Ajy9GhZ8boMhHPkiwQ/4/tYPGYhIhjphptjO5d2SOwaeJ96U5NEUlXbuyw8jkggqDeGgddNzY9NKQRlGOB1m/UTTGEgfurRpqQRBdSsdnzTEh1YJcSdS9kmDx+rvRApC64EI7OToAD3rjcT/vGZiOmetlMk4MVSSyaJOwrGJ8KgfHDJFieEDS4AoZv+KSQ8UEGNbzNoSvNmT50ntuOS5Je/6JF8+n9aRQfvoABWQh05RGV2iCqoigh7RM3pFb86T8+K8Ox+T0QVnmtlDf+B8/gArvp3F</latexit><latexit sha1_base64="IyTOBxF4ygR8nbtVEXjsyIo9wwQ=">AAACEnicbVDLSgMxFM34rPVVdekmWIQWpMyIoMuiGxcuKtgHdGq5k0nb0CQzJBmljP0GN/6KGxeKuHXlzr8xfSy09UDgcM493NwTxJxp47rfzsLi0vLKamYtu76xubWd29mt6ShRhFZJxCPVCEBTziStGmY4bcSKggg4rQf9i5Ffv6NKs0jemEFMWwK6knUYAWOldq7oCzA9Ajy9GhZ8boMhHPkiwQ/4/tYPGYhIhjphptjO5d2SOwaeJ96U5NEUlXbuyw8jkggqDeGgddNzY9NKQRlGOB1m/UTTGEgfurRpqQRBdSsdnzTEh1YJcSdS9kmDx+rvRApC64EI7OToAD3rjcT/vGZiOmetlMk4MVSSyaJOwrGJ8KgfHDJFieEDS4AoZv+KSQ8UEGNbzNoSvNmT50ntuOS5Je/6JF8+n9aRQfvoABWQh05RGV2iCqoigh7RM3pFb86T8+K8Ox+T0QVnmtlDf+B8/gArvp3F</latexit><latexit sha1_base64="IyTOBxF4ygR8nbtVEXjsyIo9wwQ=">AAACEnicbVDLSgMxFM34rPVVdekmWIQWpMyIoMuiGxcuKtgHdGq5k0nb0CQzJBmljP0GN/6KGxeKuHXlzr8xfSy09UDgcM493NwTxJxp47rfzsLi0vLKamYtu76xubWd29mt6ShRhFZJxCPVCEBTziStGmY4bcSKggg4rQf9i5Ffv6NKs0jemEFMWwK6knUYAWOldq7oCzA9Ajy9GhZ8boMhHPkiwQ/4/tYPGYhIhjphptjO5d2SOwaeJ96U5NEUlXbuyw8jkggqDeGgddNzY9NKQRlGOB1m/UTTGEgfurRpqQRBdSsdnzTEh1YJcSdS9kmDx+rvRApC64EI7OToAD3rjcT/vGZiOmetlMk4MVSSyaJOwrGJ8KgfHDJFieEDS4AoZv+KSQ8UEGNbzNoSvNmT50ntuOS5Je/6JF8+n9aRQfvoABWQh05RGV2iCqoigh7RM3pFb86T8+K8Ox+T0QVnmtlDf+B8/gArvp3F</latexit><latexit sha1_base64="IyTOBxF4ygR8nbtVEXjsyIo9wwQ=">AAACEnicbVDLSgMxFM34rPVVdekmWIQWpMyIoMuiGxcuKtgHdGq5k0nb0CQzJBmljP0GN/6KGxeKuHXlzr8xfSy09UDgcM493NwTxJxp47rfzsLi0vLKamYtu76xubWd29mt6ShRhFZJxCPVCEBTziStGmY4bcSKggg4rQf9i5Ffv6NKs0jemEFMWwK6knUYAWOldq7oCzA9Ajy9GhZ8boMhHPkiwQ/4/tYPGYhIhjphptjO5d2SOwaeJ96U5NEUlXbuyw8jkggqDeGgddNzY9NKQRlGOB1m/UTTGEgfurRpqQRBdSsdnzTEh1YJcSdS9kmDx+rvRApC64EI7OToAD3rjcT/vGZiOmetlMk4MVSSyaJOwrGJ8KgfHDJFieEDS4AoZv+KSQ8UEGNbzNoSvNmT50ntuOS5Je/6JF8+n9aRQfvoABWQh05RGV2iCqoigh7RM3pFb86T8+K8Ox+T0QVnmtlDf+B8/gArvp3F</latexit>

L(�, µ|w�)
<latexit sha1_base64="KjodKD6WNIZE5DwJXCv+xu8tC9M=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIgRJOyKoGXQxsIignlAdg13ZyfJkNkHM7NKWPMJNv6KjYUitpZ2/o2zyRaaeGDgcM49zL3HizmTyrK+jbn5hcWl5cJKcXVtfWPT3NpuyCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLjK/eUeFZFF4o4YxdQPohazLCCgtdcwDJwDVJ8DTq1HZ4Trow5ETJPgB3986MgafyoSpw45ZsirWGHiW2DkpoRy1jvnl+BFJAhoqwkHKtm3Fyk1BKEY4HRWdRNIYyAB6tK1pCAGVbjo+aIT3teLjbiT0CxUeq78TKQRSDgNPT2bry2kvE//z2onqnrkpC+NE0ZBMPuomHKsIZ+1gnwlKFB9qAkQwvSsmfRBAlO6wqEuwp0+eJY3jim1V7OuTUvU8r6OAdtEeKiMbnaIqukQ1VEcEPaJn9IrejCfjxXg3Piajc0ae2UF/YHz+AImTnOI=</latexit><latexit sha1_base64="KjodKD6WNIZE5DwJXCv+xu8tC9M=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIgRJOyKoGXQxsIignlAdg13ZyfJkNkHM7NKWPMJNv6KjYUitpZ2/o2zyRaaeGDgcM49zL3HizmTyrK+jbn5hcWl5cJKcXVtfWPT3NpuyCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLjK/eUeFZFF4o4YxdQPohazLCCgtdcwDJwDVJ8DTq1HZ4Trow5ETJPgB3986MgafyoSpw45ZsirWGHiW2DkpoRy1jvnl+BFJAhoqwkHKtm3Fyk1BKEY4HRWdRNIYyAB6tK1pCAGVbjo+aIT3teLjbiT0CxUeq78TKQRSDgNPT2bry2kvE//z2onqnrkpC+NE0ZBMPuomHKsIZ+1gnwlKFB9qAkQwvSsmfRBAlO6wqEuwp0+eJY3jim1V7OuTUvU8r6OAdtEeKiMbnaIqukQ1VEcEPaJn9IrejCfjxXg3Piajc0ae2UF/YHz+AImTnOI=</latexit><latexit sha1_base64="KjodKD6WNIZE5DwJXCv+xu8tC9M=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIgRJOyKoGXQxsIignlAdg13ZyfJkNkHM7NKWPMJNv6KjYUitpZ2/o2zyRaaeGDgcM49zL3HizmTyrK+jbn5hcWl5cJKcXVtfWPT3NpuyCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLjK/eUeFZFF4o4YxdQPohazLCCgtdcwDJwDVJ8DTq1HZ4Trow5ETJPgB3986MgafyoSpw45ZsirWGHiW2DkpoRy1jvnl+BFJAhoqwkHKtm3Fyk1BKEY4HRWdRNIYyAB6tK1pCAGVbjo+aIT3teLjbiT0CxUeq78TKQRSDgNPT2bry2kvE//z2onqnrkpC+NE0ZBMPuomHKsIZ+1gnwlKFB9qAkQwvSsmfRBAlO6wqEuwp0+eJY3jim1V7OuTUvU8r6OAdtEeKiMbnaIqukQ1VEcEPaJn9IrejCfjxXg3Piajc0ae2UF/YHz+AImTnOI=</latexit><latexit sha1_base64="KjodKD6WNIZE5DwJXCv+xu8tC9M=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIgRJOyKoGXQxsIignlAdg13ZyfJkNkHM7NKWPMJNv6KjYUitpZ2/o2zyRaaeGDgcM49zL3HizmTyrK+jbn5hcWl5cJKcXVtfWPT3NpuyCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLjK/eUeFZFF4o4YxdQPohazLCCgtdcwDJwDVJ8DTq1HZ4Trow5ETJPgB3986MgafyoSpw45ZsirWGHiW2DkpoRy1jvnl+BFJAhoqwkHKtm3Fyk1BKEY4HRWdRNIYyAB6tK1pCAGVbjo+aIT3teLjbiT0CxUeq78TKQRSDgNPT2bry2kvE//z2onqnrkpC+NE0ZBMPuomHKsIZ+1gnwlKFB9qAkQwvSsmfRBAlO6wqEuwp0+eJY3jim1V7OuTUvU8r6OAdtEeKiMbnaIqukQ1VEcEPaJn9IrejCfjxXg3Piajc0ae2UF/YHz+AImTnOI=</latexit>

L(�, µ|w|)
<latexit sha1_base64="13B6reqLGIdn/Ib5DY+sCOXOeAg=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgVpCQi6LLoxoWLCvYBTSyTybQdOpOEeSgl9g/c+CtuXCji1q07/8ZJm4W2Hhg4nHMPc+8JEkalcpxva25+YXFpubBSXF1b39i0t7YbMtYCkzqOWSxaAZKE0YjUFVWMtBJBEA8YaQaDi8xv3hEhaRzdqGFCfI56Ee1SjJSROvaBx5HqY8TSq1HZYyYYoiOPa/gA7289zHQgNVWHHbvkVJwx4Cxxc1ICOWod+8sLY6w5iRRmSMq26yTKT5FQFDMyKnpakgThAeqRtqER4kT66fieEdw3Sgi7sTAvUnCs/k6kiEs55IGZzLaX014m/ue1teqe+SmNEq1IhCcfdTWDKoZZOTCkgmDFhoYgLKjZFeI+EggrU2HRlOBOnzxLGscV16m41yel6nleRwHsgj1QBi44BVVwCWqgDjB4BM/gFbxZT9aL9W59TEbnrDyzA/7A+vwBuZaccQ==</latexit><latexit sha1_base64="13B6reqLGIdn/Ib5DY+sCOXOeAg=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgVpCQi6LLoxoWLCvYBTSyTybQdOpOEeSgl9g/c+CtuXCji1q07/8ZJm4W2Hhg4nHMPc+8JEkalcpxva25+YXFpubBSXF1b39i0t7YbMtYCkzqOWSxaAZKE0YjUFVWMtBJBEA8YaQaDi8xv3hEhaRzdqGFCfI56Ee1SjJSROvaBx5HqY8TSq1HZYyYYoiOPa/gA7289zHQgNVWHHbvkVJwx4Cxxc1ICOWod+8sLY6w5iRRmSMq26yTKT5FQFDMyKnpakgThAeqRtqER4kT66fieEdw3Sgi7sTAvUnCs/k6kiEs55IGZzLaX014m/ue1teqe+SmNEq1IhCcfdTWDKoZZOTCkgmDFhoYgLKjZFeI+EggrU2HRlOBOnzxLGscV16m41yel6nleRwHsgj1QBi44BVVwCWqgDjB4BM/gFbxZT9aL9W59TEbnrDyzA/7A+vwBuZaccQ==</latexit><latexit sha1_base64="13B6reqLGIdn/Ib5DY+sCOXOeAg=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgVpCQi6LLoxoWLCvYBTSyTybQdOpOEeSgl9g/c+CtuXCji1q07/8ZJm4W2Hhg4nHMPc+8JEkalcpxva25+YXFpubBSXF1b39i0t7YbMtYCkzqOWSxaAZKE0YjUFVWMtBJBEA8YaQaDi8xv3hEhaRzdqGFCfI56Ee1SjJSROvaBx5HqY8TSq1HZYyYYoiOPa/gA7289zHQgNVWHHbvkVJwx4Cxxc1ICOWod+8sLY6w5iRRmSMq26yTKT5FQFDMyKnpakgThAeqRtqER4kT66fieEdw3Sgi7sTAvUnCs/k6kiEs55IGZzLaX014m/ue1teqe+SmNEq1IhCcfdTWDKoZZOTCkgmDFhoYgLKjZFeI+EggrU2HRlOBOnzxLGscV16m41yel6nleRwHsgj1QBi44BVVwCWqgDjB4BM/gFbxZT9aL9W59TEbnrDyzA/7A+vwBuZaccQ==</latexit><latexit sha1_base64="13B6reqLGIdn/Ib5DY+sCOXOeAg=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgVpCQi6LLoxoWLCvYBTSyTybQdOpOEeSgl9g/c+CtuXCji1q07/8ZJm4W2Hhg4nHMPc+8JEkalcpxva25+YXFpubBSXF1b39i0t7YbMtYCkzqOWSxaAZKE0YjUFVWMtBJBEA8YaQaDi8xv3hEhaRzdqGFCfI56Ee1SjJSROvaBx5HqY8TSq1HZYyYYoiOPa/gA7289zHQgNVWHHbvkVJwx4Cxxc1ICOWod+8sLY6w5iRRmSMq26yTKT5FQFDMyKnpakgThAeqRtqER4kT66fieEdw3Sgi7sTAvUnCs/k6kiEs55IGZzLaX014m/ue1teqe+SmNEq1IhCcfdTWDKoZZOTCkgmDFhoYgLKjZFeI+EggrU2HRlOBOnzxLGscV16m41yel6nleRwHsgj1QBi44BVVwCWqgDjB4BM/gFbxZT9aL9W59TEbnrDyzA/7A+vwBuZaccQ==</latexit> For fixed λ, µ, the dual function

q (λ, µ) = inf
w∈RN

L (w |λ, µ)

Or, equivalently

−q (λ, µ) = sup
w∈RN

−L (w |λ, µ)

−q (λ, µ) is the supremum of affine, thus convex, functions in the dual variables (λ, µ)

• The supremum over a set of convex functions is a convex function

• (The epigraph is the intersection of convex sets)
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The Lagrangian function | Duality (cont.)

The Lagrange dual function provides an understimate of the primal global minimiser

• The value of the dual function that is closest is achieved when q is maximised

• It is interesting to understand how close to p∗ does q (λ, µ) actually get

Dual optimisation problem

The best lower-bound d∗ is obtained by maximising the Lagrange dual function q (λ, µ)

max
λ∈RNg

µ∈RNh

q (λ, µ)

subject to µ ≥ 0

The dual optimisation problem is itself a constrained optimisation problem

• It is defined as a convex (concave) maximisation problem

• The decision variables are the dual variables λ and µ

The convexity of the dual optimisation problem is independent of the primal problem
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The best lower-bound d∗ is obtained by maximising the Lagrange dual function q (λ, µ)

d∗ =

 max
λ∈RNg

µ∈RNh

q (λ, µ) , s.t. µ ≥ 0


For any general nonlinear programs, we have the weak-duality result

d∗ ≤ p∗

For any convex nonlinear programs1, we have strong-duality result

d∗ = p∗

1Slater’s constraint qualification conditions must also be satisfied.
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Example

Strictly convex quadratic program

Consider a strictly convex quadratic program (B � 0) in primal form

The primal optimisation problem

min
x∈RN

cT x +
1

2
xTBx

subject to Ax − b = 0

Cx − d ≥ 0

The primal global minimum

 p∗

CHAPTER 4. THE LAGRANGIAN FUNCTION AND DUALITY 31

example be found in [2].

Definition 4.5 (Slater’s Constraint Qualification)
The Slater condition is satisfied for a convex optimization problem (4.1) if there exists at least
one feasible point x̄ 2 ⌦ such that all nonlinear inequalities are strictly satisfied. More explicitly,
for a convex problem we must have a�ne equality constraints, g(x) = Ax + b, and the inequality
constraint functions hi(x), i = 1, . . . , q, can be either a�ne or concave functions, thus we can
without loss of generality assume that the first q1  q inequalities are a�ne and the remaining
ones concave. Then the Slater condition holds if and only if there exists an x̄ such that

Ax̄ + b = 0, (4.9a)

hi(x̄) � 0, for i = 1, . . . , q1, (4.9b)

hi(x̄) > 0, for i = q1 + 1, . . . , q. (4.9c)

Note that the Slater condition is satisfied for all feasible LP and QP problems.

Strong duality allows us to reformulate a convex optimization problem into its dual, which looks
very di↵erently, but gives the same solution. We will look at this at hand of two examples.

Example 4.1 (Dual of a strictly convex QP): We regard the following strictly convex QP (i.e.,
with B�0)

p⇤ = min
x2Rn

cT x +
1

2
xT Bx (4.10a)

subject to Ax� b = 0, (4.10b)

Cx� d � 0. (4.10c)

⌦

x⇤

x1

x2

Figure 4.2: Illustration of a QP in two variables with one equality and one inequality constraint

We are interested in the Lagrange dual function q (λ, µ)
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The Lagrangian function | Duality (cont.)

min
x∈RN

cT x +
1

2
xTBx︸ ︷︷ ︸

f (w)

subject to Ax − b︸ ︷︷ ︸
g(x)

= 0

Cx − d︸ ︷︷ ︸
h(x)

≥ 0

For the Lagrangian function, we have

L (x , λ, µ) = cT x +
1

2
xTBx︸ ︷︷ ︸

f (x)

−λT (Ax − b)︸ ︷︷ ︸
λT g(x)

−µT (Cx − d)︸ ︷︷ ︸
µT h(x)

= cT x +
1

2
xTBx − λTAx + λT b − µTCx + µTd

= λT b + µTd︸ ︷︷ ︸
constant in x

+ (c −ATλ− CTµ)T x︸ ︷︷ ︸
linear in x

+
1

2
xTBx︸ ︷︷ ︸

quadratic in x
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The Lagrangian function | Duality (cont.)

L (x , λ, µ) = λT b + µTd + (c −ATλ− CTµ)T x +
1

2
xTBx

The Lagrange dual function q (λ, µ) is defined as infimum of the Lagrangian function

• The minimisation is with respect to the primal variables x

We have,

q (λ, µ) = inf
x∈RN

(
λT b + µTd + (c −ATλ− CTµ)T x +

1

2
xTBx

)

= λT b + µTd + inf
x∈RN

(
(c −ATλ− CTµ)T x +

1

2
xTBx

)
︸ ︷︷ ︸

unconstrained quadratic program

= λT b + µTd − 1

2

(
c −ATλ− CTµ

)T
B−1

(
c −ATλ− CTµ

)

We used the fact that for general unconstrained quadratic problems f (x∗) =
1

2
cTB−1c
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q (λ, µ) = λT b + µTd − 1

2

(
c −ATλ− CTµ

)T
B−1

(
c −ATλ− CTµ

)
After rearranging, we formulate the dual optimisation problem

max
λ∈RNh

µ∈RNg

− 1

2
cTB−1c +

[
b + AB−1c
d + CB−1c

]T [
λ
µ

]
− 1

2

[
λ
µ

]T [
A
C

]
B−1

[
A
C

]T [
λ
µ

]

subject to µ ≥ 0

The objective function is concave, the dual problem is a convex quadratic program

The term (−1/2)cTB−1c is constant with respect to the dual variables

• It is retained to verify the strong duality result, d∗ = p∗
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Example

Linear program

The primal optimisation problem

min
w∈RN

cTw

subject to Aw − b = 0

Cx − d ≥ 0

The primal global minimum
 p∗

We are interested in the Lagrange dual function q (λ, µ)
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The Lagrangian function | Duality (cont.)

min
w∈RN

cTw

subject to Aw − b = 0

Cx − d ≥ 0

For the Lagrangian function, we can write

L (w , λ, µ) = cTw − λT (Aw − b)− µT (Cw − d)

= λT b + µTd +
(
c −ATλ− CTµ

)
w

The Lagrange dual, as infimum of the Lagrangian

q (λ, µ) = λT b + µTd + inf
w∈RN

(
c −ATλ− CTµ

)
w︸ ︷︷ ︸

unconstrained linear program

= λT b + µTd +

{
0, c −ATλ− CTµ = 0

−∞, otherwise
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q (λ, µ) = λT b + µTd +

{
0, c −ATλ− CTµ = 0

−∞, otherwise

The Lagrange dual function q (λ, µ) equals −∞ at all points (λ̃, µ̃) that do not satisfy
the linear equality c−ATλ−CTµ = 0, these points can be treated as infeasible points

We use this observation to formulate the the dual optimisation problem,

max
λ∈RNh

µ∈RNg

[
b d

] [λ
µ

]

subject to c −ATλ− CTµ = 0

µ ≥ 0
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Consider the unconstrained optimisation problem with f : RN →R and f ∈ C1(RN )

min
w∈RN

f (w)

We are imprecisely assuming that the domain of definition of function f is RN

• More precisely, the function is defined only on some set D ⊆ RN

That is, we re-write the unconstrained optimisation problem

min
w∈D

f (w)



Fe
b

03
, 20

22

–
FC

–

CHEM-E7225
2022

The Lagrangian
function

Optimality
conditions

Equality constraints

Constrained

problems

Optimality conditions | Unconstrained problems (cont.)

min
w∈D

f (w)

First-order necessary optimality conditions

If point w∗ ∈ D is a local minimiser, then the first-order necessary condition holds

∇f (w∗) = 0

A point w∗ such that ∇f (w∗) = 0 is a stationary point

By contradiction, assume that the local minimiser would be such that ∇f (w∗) 6= 0
• Then, there is a direction −∇f (w∗) that would be a descent direction

∇f (w∗)T (−∇f (w∗)) = −‖∇f (w∗)‖22
< 0

In the vicinity of w∗, for a point w̃ = w∗ + λ(w ′ − w∗) along the descent direction

f
(
w∗ + λ(w ′ − w∗)

)
≈ f (w∗) + λ∇f (w∗)T (w ′ − w∗)︸ ︷︷ ︸

<0

< f (w∗) (a contradiction for a local minimiser)
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Optimality conditions | Unconstrained problems (cont.)

min
w∈D

f (w)

Second-order necessary optimality conditions

If point w∗ ∈ D is a local minimiser, then the second-order necessary condition holds

∇2f (w∗) � 0

Assume the existence of direction (w ′−w∗) such that (w ′−w∗)T∇2f (w∗)(w ′−w∗) < 0

• Along direction (w ′ − w∗), the objective function would diminish

In the vicinity of w∗, for a point w̃ = w∗ + λ(w ′ − w∗) along the descent direction

f
(
w∗ + λ(w ′ − w∗)

)
≈

f (w∗) + λ∇f (w∗)T (w ′ − w∗)︸ ︷︷ ︸
=0

+
1

2
λ2 (w ′ − w∗)T∇f (w∗)(w ′ − w∗)︸ ︷︷ ︸

<0

< f (w∗) (a contradiction for a local minimiser)
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Optimality conditions | Unconstrained problems (cont.)

Second-order sufficient optimality conditions

The sufficient second-order condition to have a strict local minimiser

∇2f (w∗) � 0
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Optimality conditions | Unconstrained problems (cont.)

Example

Consider the unconstrained optimisation problem

min
w∈R2

2

5
− 1

10

(
5w2

1 + 5w2
2 + 3w1w2 − w1 − 2w2

)
e(−(w2

1+w2
2 ))

−2
0

2−2

0

2
0.2

0.4

w1
w2

f
(w

)

−2 0 2
−2

0

2

w1

w
2



Fe
b

03
, 20

22

–
FC

–

CHEM-E7225
2022

The Lagrangian
function

Optimality
conditions

Equality constraints

Constrained

problems

Equality constraints
Optimality conditions



Fe
b

03
, 20

22

–
FC

–

CHEM-E7225
2022

The Lagrangian
function

Optimality
conditions

Equality constraints

Constrained

problems

Optimality conditions | Equality constraints

Consider the equality constrained optimisation problem in the general form

min
w∈RN

f (w)

subject to g (w) = 0

• We assume that f : RN →R and g : RN →RNg are smooth functions

• The feasible set is Ω = {w ∈ RN |g (w) = 0}, a differentiable manifold

We are interested in the optimality conditions for this class of optimisation problems

• To have a condition ∇f (w) = 0 (or ∇f (w) = 0 and ∇2f (w) � 0) is not enough

• Variations in other feasible directions must not improve the objective function
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Optimality conditions | Equality constraints (cont.)

To formulate the optimality conditions, we need two notions from differential geometry

• The tangent vector to the feasible set Ω

• The tangent cone to the feasible set Ω

These notions will allow for a local characterisation of the feasible set

For (standard, well-behaved) equality constrained optimisation problems, the set of all
the tangent vectors to the feasibility set Ω at a feasible point w∗ form a vector space

• The tangent space
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Optimality conditions | Equality constraints (cont.)

Remember the equality constraint function, each component function need be smooth

g (w) =



g1 (w)
...

gng (w)
...

gNg (w)


︸ ︷︷ ︸

Ng×1

Each function is required to be at least differentiable once, to compute the Jacobian

Jacobian of the equality constraints

The Jacobian of the equality constraint functions is a rectangular (Ng ×N ) matrix

• It collects (transposed) gradients ∇gng (w) of component functions gng (w)



Fe
b

03
, 20

22

–
FC

–

CHEM-E7225
2022

The Lagrangian
function

Optimality
conditions

Equality constraints

Constrained

problems

Optimality conditions | Equality constraints (cont.)

g (w) =



g1 (w)
...

gng (w)
...

gNg (w)


︸ ︷︷ ︸

Ng×1

More explicitly, the gradient vector of an equality constraint function gng (w)

∇gng (w) =



∂gng (w1, . . . ,wN )/∂w1

...
∂gng (w1, . . . ,wN )/∂wn

...
∂gng (w1, . . . ,wN )/∂wN


︸ ︷︷ ︸

N×1

Each gradient ∇gng (w) is a column-vector of size (N × 1)
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Optimality conditions | Equality constraints (cont.)

In the Jacobian of g (w), the gradients are transposed and arranged along the rows

That is,

∇g (w)T =



∇g1 (w)T

∇g2 (w)T

...

∇gng (w)T

...

∇gNg (w∗)T



=



[
∂g1 (w)/∂w1 · · · ∂g1 (w)/∂wn · · · ∂g1 (w)/∂wN

][
∂g2 (w)/∂w1 · · · ∂g2 (w)/∂wn · · · ∂g2 (w)/∂wN

]
...[

∂gng (w)/∂w1 · · · ∂gng (w)/∂wn · · · ∂gng (w)/∂wN

]
...[

∂gNg (w)/∂w1 · · · ∂gNg (w)/∂wn · · · ∂gNg (w)/∂wN
]


︸ ︷︷ ︸

Ng×N
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Optimality conditions | Equality constraints (cont.)

∇g (w)T =



∇g1 (w)T

∇g2 (w)T

...

∇gng (w)T

..

.

∇gNg (w∗)T


︸ ︷︷ ︸

Ng×N

We denote the Jacobian matrix of vector-valued multivariate function g (w) as∇g (w)T

• Alternative notation used for the Jacobian, Jg (w) and
∂g (w)

∂w
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Optimality conditions | Equality constraints (cont.)

Example

Consider the minimisation of some function f (w) under some equality constraint g (w)7.8 Constrained optimization 255

Ω x1

x2

x∗

Ω

x1

x2

x∗

Figure 7.15. The contour lines of the cost function f , the admissibility set
Ω and the global minimizer x∗ constrained to Ω. The plot at left is relative to
Problem 1 (7.70), that at right to Problem 2 (7.71)

Example 7.13 Consider the following constrained optimization problems:
Problem 1:

min
x∈R2

f(x), with f(x) =
3

5
x2

1 +
1

2
x1x2 − x2 + 3x1,

under the following constraint

h1(x) = x2
1 + x2

2 − 1 = 0;

(7.70)

Problem 2:

min
x∈R2

f(x), with f(x) = 100(x2 − x2
1)

2 + (1 − x1)
2,

under the following constraints:

g1(x) = −34x1 − 30x2 + 19 ≥ 0,

g2(x) = 10x1 − 5x2 + 11 ≥ 0,

g3(x) = 3x1 + 22x2 + 8 ≥ 0.

(7.71)

The contour lines of the two cost functions and the associated set of admissible
points Ω are displayed in Figure 7.15. Note that Ω is a closed curve for Problem
1, while it is a closed convex set in R2 for Problem 2. For both problems there
is one active constraint. !

The Weierstrass theorem guarantees the existence of both the max-
imum and the minimum for f in Ω when the latter is a non-empty,
bounded and closed set. Consequently, problem (7.69) admits a solu-
tion.

We recall that a function f : Ω ⊆ Rn → R is strongly convex in Ω if
∃ρ > 0 such that ∀x,y ∈ Ω and ∀α ∈ [0, 1],

f(αx + (1− α)y) ≤ αf(x) + (1− α)f(y) − α(1 − α)ρ∥x− y∥2. (7.72)

Let f : R2 →R

f (x) =
3

5
x2
1 +

1

2
x1x2 − x2 + 3x1

Let g : R2 →R

g (x) = x2
1 + x2

2 − 1

The feasible set

Ω = {x ∈ R2 : g (x) = 0}

When on the constraint(s), feasibility is satisfied when moving along tangent directions

• Optimality conditions must be verified along these directions
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Optimality conditions | Equality constraints (cont.)

Tangent vector

A vector p ∈ RN is a tangent vector to the feasible set Ω at point w∗ ∈ Ω ⊂ RN if
there exists a smooth curve w(t) : [0, ε)→RN such that the following is true

 The curve for t = 0 starts at the feasible point w∗

w(0) = w∗

 The curve is in feasible set for all t ∈ [0, ε)

w(t) ∈ Ω

Then, vector p is the derivative of w at t = 0

p =
dw(t)

dt

∣∣∣
t=0
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Optimality conditions | Equality constraints (cont.)

Curve w(t) is parameterised by t , t varies over the infinitesimally small interval [0, ε)

⌦
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w⇤
<latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit>

g(w) = 0
<latexit sha1_base64="iNH6NkCQncsndQ9IZlXrimxrmPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS8eI5gHJCHMTnqTIbOz68ysEpb8hBcPinj1d7z5N06SPWhiQUNR1U13lx8Lro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1fKpRsEl1g03AluxQhr6Apv+6GbqNx9RaR7JezOOsRvSgeQBZ9RYqTUoP52SK+L2iiW34s5AlomXkRJkqPWKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nd07ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEl92UyzgxKNl8UZAIYiIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2BC8xZeXSeOs4rkV7+68VL3O4sjDERxDGTy4gCrcQg3qwEDAM7zCm/PgvDjvzse8NedkM4fwB87nDwwdjqY=</latexit><latexit sha1_base64="iNH6NkCQncsndQ9IZlXrimxrmPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS8eI5gHJCHMTnqTIbOz68ysEpb8hBcPinj1d7z5N06SPWhiQUNR1U13lx8Lro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1fKpRsEl1g03AluxQhr6Apv+6GbqNx9RaR7JezOOsRvSgeQBZ9RYqTUoP52SK+L2iiW34s5AlomXkRJkqPWKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nd07ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEl92UyzgxKNl8UZAIYiIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2BC8xZeXSeOs4rkV7+68VL3O4sjDERxDGTy4gCrcQg3qwEDAM7zCm/PgvDjvzse8NedkM4fwB87nDwwdjqY=</latexit><latexit sha1_base64="iNH6NkCQncsndQ9IZlXrimxrmPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS8eI5gHJCHMTnqTIbOz68ysEpb8hBcPinj1d7z5N06SPWhiQUNR1U13lx8Lro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1fKpRsEl1g03AluxQhr6Apv+6GbqNx9RaR7JezOOsRvSgeQBZ9RYqTUoP52SK+L2iiW34s5AlomXkRJkqPWKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nd07ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEl92UyzgxKNl8UZAIYiIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2BC8xZeXSeOs4rkV7+68VL3O4sjDERxDGTy4gCrcQg3qwEDAM7zCm/PgvDjvzse8NedkM4fwB87nDwwdjqY=</latexit><latexit sha1_base64="iNH6NkCQncsndQ9IZlXrimxrmPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS8eI5gHJCHMTnqTIbOz68ysEpb8hBcPinj1d7z5N06SPWhiQUNR1U13lx8Lro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1fKpRsEl1g03AluxQhr6Apv+6GbqNx9RaR7JezOOsRvSgeQBZ9RYqTUoP52SK+L2iiW34s5AlomXkRJkqPWKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nd07ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEl92UyzgxKNl8UZAIYiIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2BC8xZeXSeOs4rkV7+68VL3O4sjDERxDGTy4gCrcQg3qwEDAM7zCm/PgvDjvzse8NedkM4fwB87nDwwdjqY=</latexit>

p
<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>

w(t)
<latexit sha1_base64="9BMAmVRAYDVCA2ZYU87hCBHoWNI=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYB7VAyadqGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM65h3tzwpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqhFhTzgRtGmY47cSK4ijktB1ObjK//UCVZlLcm2lMgwiPBBsygo2V+m65J62dpdPHWdWc9d2KV/PmQKvEz0kFcjT67ldvIEkSUWEIx1p3fS82QYqVYYTTWamXaBpjMsEj2rVU4IjqIJ0fPkOnVhmgoVT2CYPm6u9EiiOtp1FoJyNsxnrZy8T/vG5ihldBykScGCrIYtEw4chIlLWABkxRYvjUEkwUs7ciMsYKE2O7KtkS/OUvr5LWec33av7dRaV+nddRhGM4gSr4cAl1uIUGNIFAAs/wCm/Ok/PivDsfi9GCk2eO4A+czx/foZM1</latexit><latexit sha1_base64="9BMAmVRAYDVCA2ZYU87hCBHoWNI=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYB7VAyadqGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM65h3tzwpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqhFhTzgRtGmY47cSK4ijktB1ObjK//UCVZlLcm2lMgwiPBBsygo2V+m65J62dpdPHWdWc9d2KV/PmQKvEz0kFcjT67ldvIEkSUWEIx1p3fS82QYqVYYTTWamXaBpjMsEj2rVU4IjqIJ0fPkOnVhmgoVT2CYPm6u9EiiOtp1FoJyNsxnrZy8T/vG5ihldBykScGCrIYtEw4chIlLWABkxRYvjUEkwUs7ciMsYKE2O7KtkS/OUvr5LWec33av7dRaV+nddRhGM4gSr4cAl1uIUGNIFAAs/wCm/Ok/PivDsfi9GCk2eO4A+czx/foZM1</latexit><latexit sha1_base64="9BMAmVRAYDVCA2ZYU87hCBHoWNI=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYB7VAyadqGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM65h3tzwpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqhFhTzgRtGmY47cSK4ijktB1ObjK//UCVZlLcm2lMgwiPBBsygo2V+m65J62dpdPHWdWc9d2KV/PmQKvEz0kFcjT67ldvIEkSUWEIx1p3fS82QYqVYYTTWamXaBpjMsEj2rVU4IjqIJ0fPkOnVhmgoVT2CYPm6u9EiiOtp1FoJyNsxnrZy8T/vG5ihldBykScGCrIYtEw4chIlLWABkxRYvjUEkwUs7ciMsYKE2O7KtkS/OUvr5LWec33av7dRaV+nddRhGM4gSr4cAl1uIUGNIFAAs/wCm/Ok/PivDsfi9GCk2eO4A+czx/foZM1</latexit><latexit sha1_base64="9BMAmVRAYDVCA2ZYU87hCBHoWNI=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYB7VAyadqGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM65h3tzwpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqhFhTzgRtGmY47cSK4ijktB1ObjK//UCVZlLcm2lMgwiPBBsygo2V+m65J62dpdPHWdWc9d2KV/PmQKvEz0kFcjT67ldvIEkSUWEIx1p3fS82QYqVYYTTWamXaBpjMsEj2rVU4IjqIJ0fPkOnVhmgoVT2CYPm6u9EiiOtp1FoJyNsxnrZy8T/vG5ihldBykScGCrIYtEw4chIlLWABkxRYvjUEkwUs7ciMsYKE2O7KtkS/OUvr5LWec33av7dRaV+nddRhGM4gSr4cAl1uIUGNIFAAs/wCm/Ok/PivDsfi9GCk2eO4A+czx/foZM1</latexit>

w(t) =

w1(t)
...

wN (t)


t ∈ [0, ε)

• w∗ ∈ Ω is where the curve starts w(t = 0) = w∗ and ε is small enough

• Thus, the curve w(t) remains inside Ω (surely in the limit ε→ 0)

p(t) =
dw(t)

dt
=

dw1(t)/dt
...

dwN (t)/dt

 =

p1(t)
...

pN (t)


Tangent vector p defines a direction along which it is possible move without leaving Ω
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Example
7.8 Constrained optimization 255

Ω x1

x2

x∗

Ω

x1

x2

x∗

Figure 7.15. The contour lines of the cost function f , the admissibility set
Ω and the global minimizer x∗ constrained to Ω. The plot at left is relative to
Problem 1 (7.70), that at right to Problem 2 (7.71)

Example 7.13 Consider the following constrained optimization problems:
Problem 1:

min
x∈R2

f(x), with f(x) =
3

5
x2

1 +
1

2
x1x2 − x2 + 3x1,

under the following constraint

h1(x) = x2
1 + x2

2 − 1 = 0;

(7.70)

Problem 2:

min
x∈R2

f(x), with f(x) = 100(x2 − x2
1)

2 + (1 − x1)
2,

under the following constraints:

g1(x) = −34x1 − 30x2 + 19 ≥ 0,

g2(x) = 10x1 − 5x2 + 11 ≥ 0,

g3(x) = 3x1 + 22x2 + 8 ≥ 0.

(7.71)

The contour lines of the two cost functions and the associated set of admissible
points Ω are displayed in Figure 7.15. Note that Ω is a closed curve for Problem
1, while it is a closed convex set in R2 for Problem 2. For both problems there
is one active constraint. !

The Weierstrass theorem guarantees the existence of both the max-
imum and the minimum for f in Ω when the latter is a non-empty,
bounded and closed set. Consequently, problem (7.69) admits a solu-
tion.

We recall that a function f : Ω ⊆ Rn → R is strongly convex in Ω if
∃ρ > 0 such that ∀x,y ∈ Ω and ∀α ∈ [0, 1],

f(αx + (1− α)y) ≤ αf(x) + (1− α)f(y) − α(1 − α)ρ∥x− y∥2. (7.72)

Consider the usual feasibility set

Ω = {x ∈ R2 : x2
1 + x2

2 − 1 = 0}

The points x∗ on the unit circle

w∗ =

[
x∗1
x∗2

]

An alternative characterisation of a feasible point x∗, for α∗ ∈ [0, 2π]

x∗ =

[
cos (α∗)
sin (α∗)

]
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For a fixed α∗ (fixed x∗) and some ω ∈ R, we can construct a feasible curve from x∗

x(t) =

[
cos (α∗ + ωt)
sin (α∗ + ωt)

]

We can also determine the tangent vectors along the curve,

pω(t) =
dx(t)

dt

=

[
−ω sin (α∗ + ωt)
ω cos (α∗ + ωt)

]
= ω

[
− sin (α∗ + ωt)
cos (α∗ + ωt)

]

The tangent vector at t = 0 (or, at x∗),

pω =
dx(t)

dt

∣∣∣
t=0

= ω

[
− sin (α∗)
cos (α∗)

]



Fe
b

03
, 20

22

–
FC

–

CHEM-E7225
2022

The Lagrangian
function

Optimality
conditions

Equality constraints

Constrained

problems

Optimality conditions | Equality constraints (cont.)

⌦
<latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit><latexit sha1_base64="ObnqD1hbfHqghXAZw1ZJ+I3YUO0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04s0I5gHJEmYnvcmYmdllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsmCTTDOssEYluRdSg4ArrlluBrVQjlZHAZjS8mfrNJ9SGJ+rBjlIMJe0rHnNGrZManTuJfdotlf2KPwNZJkFOypCj1i19dXoJyyQqywQ1ph34qQ3HVFvOBE6KncxgStmQ9rHtqKISTTieXTshp07pkTjRrpQlM/X3xJhKY0Yycp2S2oFZ9Kbif147s/FVOOYqzSwqNl8UZ4LYhExfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8EfiW4vyhXr/M4CnAMJ3AGAVxCFW6hBnVg8AjP8ApvXuK9eO/ex7x1xctnjuAPvM8fXzGO+w==</latexit>

w1
<latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit>

w2
<latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit>

w⇤
<latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit>

g(w) = 0
<latexit sha1_base64="iNH6NkCQncsndQ9IZlXrimxrmPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS8eI5gHJCHMTnqTIbOz68ysEpb8hBcPinj1d7z5N06SPWhiQUNR1U13lx8Lro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1fKpRsEl1g03AluxQhr6Apv+6GbqNx9RaR7JezOOsRvSgeQBZ9RYqTUoP52SK+L2iiW34s5AlomXkRJkqPWKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nd07ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEl92UyzgxKNl8UZAIYiIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2BC8xZeXSeOs4rkV7+68VL3O4sjDERxDGTy4gCrcQg3qwEDAM7zCm/PgvDjvzse8NedkM4fwB87nDwwdjqY=</latexit><latexit sha1_base64="iNH6NkCQncsndQ9IZlXrimxrmPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS8eI5gHJCHMTnqTIbOz68ysEpb8hBcPinj1d7z5N06SPWhiQUNR1U13lx8Lro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1fKpRsEl1g03AluxQhr6Apv+6GbqNx9RaR7JezOOsRvSgeQBZ9RYqTUoP52SK+L2iiW34s5AlomXkRJkqPWKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nd07ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEl92UyzgxKNl8UZAIYiIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2BC8xZeXSeOs4rkV7+68VL3O4sjDERxDGTy4gCrcQg3qwEDAM7zCm/PgvDjvzse8NedkM4fwB87nDwwdjqY=</latexit><latexit sha1_base64="iNH6NkCQncsndQ9IZlXrimxrmPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS8eI5gHJCHMTnqTIbOz68ysEpb8hBcPinj1d7z5N06SPWhiQUNR1U13lx8Lro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1fKpRsEl1g03AluxQhr6Apv+6GbqNx9RaR7JezOOsRvSgeQBZ9RYqTUoP52SK+L2iiW34s5AlomXkRJkqPWKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nd07ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEl92UyzgxKNl8UZAIYiIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2BC8xZeXSeOs4rkV7+68VL3O4sjDERxDGTy4gCrcQg3qwEDAM7zCm/PgvDjvzse8NedkM4fwB87nDwwdjqY=</latexit><latexit sha1_base64="iNH6NkCQncsndQ9IZlXrimxrmPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS8eI5gHJCHMTnqTIbOz68ysEpb8hBcPinj1d7z5N06SPWhiQUNR1U13lx8Lro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1fKpRsEl1g03AluxQhr6Apv+6GbqNx9RaR7JezOOsRvSgeQBZ9RYqTUoP52SK+L2iiW34s5AlomXkRJkqPWKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nd07ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEl92UyzgxKNl8UZAIYiIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2BC8xZeXSeOs4rkV7+68VL3O4sjDERxDGTy4gCrcQg3qwEDAM7zCm/PgvDjvzse8NedkM4fwB87nDwwdjqY=</latexit>

p
<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>

w(t)
<latexit sha1_base64="9BMAmVRAYDVCA2ZYU87hCBHoWNI=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYB7VAyadqGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM65h3tzwpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqhFhTzgRtGmY47cSK4ijktB1ObjK//UCVZlLcm2lMgwiPBBsygo2V+m65J62dpdPHWdWc9d2KV/PmQKvEz0kFcjT67ldvIEkSUWEIx1p3fS82QYqVYYTTWamXaBpjMsEj2rVU4IjqIJ0fPkOnVhmgoVT2CYPm6u9EiiOtp1FoJyNsxnrZy8T/vG5ihldBykScGCrIYtEw4chIlLWABkxRYvjUEkwUs7ciMsYKE2O7KtkS/OUvr5LWec33av7dRaV+nddRhGM4gSr4cAl1uIUGNIFAAs/wCm/Ok/PivDsfi9GCk2eO4A+czx/foZM1</latexit><latexit sha1_base64="9BMAmVRAYDVCA2ZYU87hCBHoWNI=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYB7VAyadqGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM65h3tzwpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqhFhTzgRtGmY47cSK4ijktB1ObjK//UCVZlLcm2lMgwiPBBsygo2V+m65J62dpdPHWdWc9d2KV/PmQKvEz0kFcjT67ldvIEkSUWEIx1p3fS82QYqVYYTTWamXaBpjMsEj2rVU4IjqIJ0fPkOnVhmgoVT2CYPm6u9EiiOtp1FoJyNsxnrZy8T/vG5ihldBykScGCrIYtEw4chIlLWABkxRYvjUEkwUs7ciMsYKE2O7KtkS/OUvr5LWec33av7dRaV+nddRhGM4gSr4cAl1uIUGNIFAAs/wCm/Ok/PivDsfi9GCk2eO4A+czx/foZM1</latexit><latexit sha1_base64="9BMAmVRAYDVCA2ZYU87hCBHoWNI=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYB7VAyadqGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM65h3tzwpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqhFhTzgRtGmY47cSK4ijktB1ObjK//UCVZlLcm2lMgwiPBBsygo2V+m65J62dpdPHWdWc9d2KV/PmQKvEz0kFcjT67ldvIEkSUWEIx1p3fS82QYqVYYTTWamXaBpjMsEj2rVU4IjqIJ0fPkOnVhmgoVT2CYPm6u9EiiOtp1FoJyNsxnrZy8T/vG5ihldBykScGCrIYtEw4chIlLWABkxRYvjUEkwUs7ciMsYKE2O7KtkS/OUvr5LWec33av7dRaV+nddRhGM4gSr4cAl1uIUGNIFAAs/wCm/Ok/PivDsfi9GCk2eO4A+czx/foZM1</latexit><latexit sha1_base64="9BMAmVRAYDVCA2ZYU87hCBHoWNI=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmRNBl0Y3LCvYB7VAyadqGZpIhySh16Je4caGIWz/FnX9jpp2Fth4IHM65h3tzwpgzbTzv2ymsrW9sbhW3Szu7e/tl9+CwpWWiCG0SyaXqhFhTzgRtGmY47cSK4ijktB1ObjK//UCVZlLcm2lMgwiPBBsygo2V+m65J62dpdPHWdWc9d2KV/PmQKvEz0kFcjT67ldvIEkSUWEIx1p3fS82QYqVYYTTWamXaBpjMsEj2rVU4IjqIJ0fPkOnVhmgoVT2CYPm6u9EiiOtp1FoJyNsxnrZy8T/vG5ihldBykScGCrIYtEw4chIlLWABkxRYvjUEkwUs7ciMsYKE2O7KtkS/OUvr5LWec33av7dRaV+nddRhGM4gSr4cAl1uIUGNIFAAs/wCm/Ok/PivDsfi9GCk2eO4A+czx/foZM1</latexit>

Tangent cone

The tangent cone TΩ(w∗) of the feasible
set Ω at point w∗ ∈ Ω ⊂ RN is the set of
all the tangent vectors at w∗

• ‘If p is a tangent vector, then also 2p
is a tangent vector, ...’

Sometimes the set of elements of the tangent cone define a space, the tangent space
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Optimality conditions | Equality constraints (cont.)

To construct a smooth curve w(t) that satisfies the conditions needed to define tangent
vectors, we can consider the equality constraint g (w) and its Taylor’s expansion at w∗

Consider the first-order Taylor’s series expansion of function g at point w∗

g (w) = g (w∗)︸ ︷︷ ︸
=0

+∇g (w∗)T (w − w∗) +O
(
(w − w∗)2

)
• We know g and we can compute its gradients ( Jacobian)

Similarly, at t = 0 (that is, at point w∗), we have the approximated curve

w(t) = w(0)︸ ︷︷ ︸
w∗

+
dw(t)

dt

∣∣∣
t=0︸ ︷︷ ︸

p

(t − 0) +O
(
(t − 0)2

)
≈ w∗ + tp

We can construct a direction such that from w∗ it is feasible, up to the first-order

g (w) = g (w∗)︸ ︷︷ ︸
=0

+∇g (w∗)T (w − w∗)︸ ︷︷ ︸
=0

+O
(
(w − w∗)2

)
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Optimality conditions | Equality constraints (cont.)

g (w) ≈ g (w∗)︸ ︷︷ ︸
=0

+∇g (w∗)T (w − w∗)︸ ︷︷ ︸
=0

We consider the tangent vectors p that projected by the Jacobian ∇g (w∗)T are zero

∇g (w∗)Tp = 0

Tangent directions p that satisfy the orthogonality condition are feasible, g (w(t)) = 0

• If the constraints at w∗ are zero, along p they will remain zero up to first-order

The feasible tangent directions are in the null-space of the Jacobian Jg (w)

This suggests a criterior for building a possible tangent cone TΩ(w∗)

TΩ(w∗) = {p ∈ RN : ∇g (w∗)Tp = 0}
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Optimality conditions | Equality constraints (cont.)

The collection of tangent directions to Ω that are orthogonal to the equality constraints

FΩ (w∗) = {p ∈ RN : ∇gng (w∗)Tp = 0, with ng = 1, 2, . . . ,Ng}

The collection in this set is denoted as the linearised feasible cone for equality constraints

• For equality constrained problems that are smooth, FΩ (w∗) is a space

• More generally, the set of all tangent vectors to Ω is just a cone

In general (with inequality constraints), it is difficult to characterise the tangent cone

• The linearised feasible cone for equality constraints is a good proxy to it

Though, in general, we have
FΩ(w) 6= TΩ (w)
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Ω x1

x2

x∗

Ω

x1

x2

x∗

Figure 7.15. The contour lines of the cost function f , the admissibility set
Ω and the global minimizer x∗ constrained to Ω. The plot at left is relative to
Problem 1 (7.70), that at right to Problem 2 (7.71)

Example 7.13 Consider the following constrained optimization problems:
Problem 1:

min
x∈R2

f(x), with f(x) =
3

5
x2

1 +
1

2
x1x2 − x2 + 3x1,

under the following constraint

h1(x) = x2
1 + x2

2 − 1 = 0;

(7.70)

Problem 2:

min
x∈R2

f(x), with f(x) = 100(x2 − x2
1)

2 + (1 − x1)
2,

under the following constraints:

g1(x) = −34x1 − 30x2 + 19 ≥ 0,

g2(x) = 10x1 − 5x2 + 11 ≥ 0,

g3(x) = 3x1 + 22x2 + 8 ≥ 0.

(7.71)

The contour lines of the two cost functions and the associated set of admissible
points Ω are displayed in Figure 7.15. Note that Ω is a closed curve for Problem
1, while it is a closed convex set in R2 for Problem 2. For both problems there
is one active constraint. !

The Weierstrass theorem guarantees the existence of both the max-
imum and the minimum for f in Ω when the latter is a non-empty,
bounded and closed set. Consequently, problem (7.69) admits a solu-
tion.

We recall that a function f : Ω ⊆ Rn → R is strongly convex in Ω if
∃ρ > 0 such that ∀x,y ∈ Ω and ∀α ∈ [0, 1],

f(αx + (1− α)y) ≤ αf(x) + (1− α)f(y) − α(1 − α)ρ∥x− y∥2. (7.72)

Consider the usual feasibility set

Ω = {x ∈ R2|x2
1 + x2

2 − 1 = 0}

A possible tangent vector pω(x∗)

pω(x∗) = ω

[
− sin (α∗)
cos (α∗)

]

The vector space is mono-dimensional

The vector space corresponds to the tangent cone, it is constructed by choosing ω ∈ R

TΩ(x∗) = {p ∈ R2 : p = ω

[
− sin (α∗)
cos (α∗)

]
, with ω ∈ R}

The tangent vectors are orthogonal to the gradient vector of the constraint function

∇g (x∗) = 2

[
cos (α∗)
sin (α∗)

]
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Optimality conditions | Equality constraints (cont.)

First-order necessary optimality conditions (I)

Consider the equality constrained optimisation problem

min
w∈RN

f (w)

subject to g (w) = 0

A point w∗ is a local minimiser, if w∗ ∈ Ω and for all tangents p ∈ TΩ(w∗), we have

∇f (w∗)Tp ≥ 0

When we consider the directions that are in the tangent cone TΩ(w∗) of point w∗ in
the feasible set Ω, we must only have directions along which the objective worsens

If ∇f (w∗)Tp < 0, then there would also exist some feasible curve w(t) such that

df (w (t))

dt

∣∣∣
t=0

= ∇f (w∗)Tp

< 0

There would exist a feasible descent direction, along which the objective improves
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Optimality conditions | Equality constraints (cont.)

Example

Consider the constrained optimisation

min
w∈R2

w2

subject to w2
1 + w2

2 − 1 = 0

The minimiser w∗

w∗ = (0,−1) −1 0 1

−1

0

1

x1

x 2

The gradient vector of the objective function at the minimiser

∇f (w∗) =

[
0
1

]
The gradient at w∗ is orthogonal to the tangent space at w∗

• Not true for (most of the) other feasible points
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Optimality conditions | Equality constraints (cont.)

We are interested in the conditions under which the identity FΩ(w∗) = TΩ(w∗) holds

We say that the linear independence constraint qualification (LICQ) holds at point w∗ if
and only if the vectors ∇gng (w∗) are linearly independent, ng = 1, . . . ,Ng

• {∇gng (w∗)T} are the rows of the Jacobian, gradients of the equality constraints

∇g (w)T =



∇g1 (w)T

∇g2 (w)T

...

∇gng (w)T

...

∇gNg (w∗)T


︸ ︷︷ ︸

Ng×N

The linear independence qualification is equivalent to requiring rank
(
∇g (w∗)T

)
= Ng

• This condition can be satisfied if and only if Ng ≤ N
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Optimality conditions | Equality constraints (cont.)

It can be shown that, in general, the following holds

TΩ(w∗) ⊆ FΩ(w∗)

When LICQ holds, we have
TΩ(w∗) = FΩ(w∗)

We can restate the first-order optimality conditions (II)

min
w∈RN

f (w)

subject to g (w) = 0

Point w∗ is a local minimiser, if w∗ ∈ Ω, LICQ holds at w∗, and for all p ∈ FΩ(w∗)

 ∇f (w∗)Tp = 0
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Optimality conditions | Equality constraints (cont.)

We can further restate the first-order optimality conditions (III)

min
w∈RN

f (w)

subject to g (w) = 0

Point w∗ is a local minimiser, if w∗ ∈ Ω, LICQ holds at w∗, and there is a λ∗ ∈ RNg

 ∇f (w∗) = ∇g (w∗)λ∗

Remember the Lagrangian function for equality constrained problems, we have

L (w , λ) = f (w)− λT g (w)

We retrieve the optimality condition

∇wL (w∗, λ∗) = ∇f (w∗)−∇g (w∗)λ∗

= 0

This result is important, because we can optimise simultaneously for both w∗ and λ∗
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Example

Consider the constrained optimisation

min
w∈R2

w2

subject to w2
1 + w2

2 − 1 = 0

The Lagrangian function

L (w , λ) = w2 − λ(w2
1 + w2

2 − 1) −1 0 1

−1

0

1

x1

x 2

The gradient of L (w , λ) = w2−λ(w2
1 +w2

2 − 1) with respect to the primal variables w

∇wL (w , λ) =

[
0
1

]
− λ

[
2w1

2w2

]
The first order optimality conditions, g (w∗) and ∇wL (w , λ) = 0

w2
1 + w2

2 − 1 = 0

−2λw1 = 0

−2λw2 + 1 = 0
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Optimality conditions | Equality constraints (cont.)

Some remarkable facts about first-order optimality conditions and Lagrangian functions

L (w , λ) = f (w)− λT g (w)

The gradient of the Lagrangian function with respect to the dual λ equals −g (w)

∇λL (w , λ) = −g (w)

At a minimiser w∗ ∈ Ω, we have g (w∗) = 0 and ∇wL (w∗, λ∗) = 0, or

[
∇wL (w∗, λ∗)
∇λL (w∗, λ∗)

]
= ∇w,λL (w∗, λ∗)

= 0

The LICQ condition led to define the Karhush-Kuhn-Tucker (KKT) conditions

∇w,λL (w∗, λ∗) = 0

g (w∗) = 0
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Optimality conditions | Equality constraints (cont.)

Second-order necessary optimality conditions

min
w∈RN

f (w)

subject to g (w) = 0

Point w∗ is a local minimiser if w∗ ∈ Ω, LICQ holds at w∗, there exists a λ∗ ∈ RNg

such that ∇f (w∗) = ∇g (w∗)λ∗, and for all tangent vectors p ∈ FΩ(w∗) we also have

pT∇2
wL (w∗, λ∗)p ≥ 0

Second-order sufficient optimality conditions

pT∇2
wL (w∗, λ∗)p > 0
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Optimality conditions | Constrained problems

Consider the equality and inequality constrained optimisation problem in general form

min
x∈RN

f (x)

subject to g (x) = 0

h (x) ≥ 0

• We assume a smooth functions f : RN →R, g : RN →RNg , and h : RN →RNh

g (w) =

 g1 (w)
...

gNg (w)



h (w) =

 h1 (w)
...

hNh
(w)


• We have the set of feasible points Ω = {w ∈ RN : g (w) = 0, h (w) ≥ 0}

To formulate the optimality conditions for these problems, we extend previous notions
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Optimality conditions | Constrained problems (cont.)

Tangent vector

A vector p ∈ RN is a tangent vector to the feasible set Ω at point w∗ ∈ Ω ⊂ RN if
there exists a smooth curve w(t) : [0, ε)→RN such that the following is verified

 The curve for t = 0 starts at the feasible point w∗

w(0) = w∗

 The curve is in feasible set for all t ∈ [0, ε)

w(t) ∈ Ω

 Vector p is the derivative of w at t = 0

dw(t)

dt

∣∣∣
t=0

= p

Tangent cone

The tangent cone TΩ(w∗) of the feasible set Ω at point w∗ ∈ Ω ⊂ RN is the set of all
the tangent vectors at w∗: Same definition, but it requires a different characterisation



Fe
b

03
, 20

22

–
FC

–

CHEM-E7225
2022

The Lagrangian
function

Optimality
conditions

Equality constraints

Constrained

problems

Optimality conditions | Constrained problems (cont.)

With equality constrained problems, we defined the linearised feasible cone FΩ(w∗)
• For feasible points w∗, we have first-order necessary optimality conditions

∇f (w∗)Tp ≥ 0, for all p ∈ TΩ(w∗)

• Under linear independence constraint qualification (LICQ) conditions

TΩ(w∗) = FΩ(w∗)

To characterise the tangent cone with inequality constrains, we introduce new concepts
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Optimality conditions | Constrained problems (cont.)

We need to describe the feasibility set in the neighbourhood of a local minimiser w∗ ∈ Ω

The active constraints and the active set

Consider the inequality constraint functions

h (w) =

 h1 (w)
...

hNh
(w)



An inequality constraint hng (w∗) ≤ 0 is said to be an active inequality constraint at
w∗ ∈ Ω if and only if hng (w∗) = 0, otherwise it is an inactive inequality constraint

• The index set of active inequality constraints is A (w∗) ⊂ {1, 2, . . . ,Nh}
• The index set A (w∗) is denoted as the active set

• The cardinality of the active set, NA = |A (w∗) |
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Optimality conditions | Constrained problems (cont.)

Example

w1
<latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit>

w2
<latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit>

w⇤
<latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit>

w⇤
<latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit>

w⇤
<latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit>

w⇤
<latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit>

Determine the active set for the
different feasible points w∗
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Optimality conditions | Constrained problems (cont.)

The linearised feasible cone for equality and inequality constraints

The linearised feasible cone FΩ(w∗) at point w∗ ∈ Ω is the set of all tangent directions
to Ω that are orthogonal to the equality constraints and the active inequality constraints

FΩ (w∗) = {p ∈ RN : ∇gng (w∗)Tp = 0 with ng = 1, . . . ,Ng

∇hnh (w∗)Tp ≥ 0 with nh ∈ A(w∗)}

We require that tangent directions remain inside the feasible set, up to the first order
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Optimality conditions | Constrained problems (cont.)

Consider point w∗ ∈ Ω and the gradient vectors {∇gng (w∗)}Ng

ng=1 and {∇hnh (w∗)}Nh
nh=1

The gradient vectors are the rows of the Jacobians evaluated at point w∗,

 ∇g1 (w∗)
...

∇gNg (w∗)


︸ ︷︷ ︸
∇g(w∗)T

=


[
∂g1 (w)/∂w1 ∂g1 (w)/∂w2 · · · ∂g1 (w)/∂wN

]T
...[

∂gNg (w)/∂w1 ∂gNg (w)/∂w2 · · · ∂gNg (w)/∂wN
]T


 ∇h1 (w∗)
.
..

∇hNh
(w∗)


︸ ︷︷ ︸
∇h(w∗)T

=


[
∂h1 (w)/∂w1 ∂h1 (w)/∂w2 · · · ∂h1 (w)/∂wN

]T
...[

∂hNA (w)/∂w1 ∂hNA (w)/∂w2 · · · ∂hNh
(w)/∂wN

]T
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Optimality conditions | Constrained problems (cont.)

At a feasible point w∗ ∈ Ω, we have

g (w) = 0

h (w) ≥ 0

Moreover, at the active inequality constraints we have
...

hng∈A (w∗)
...

 =


...
0
.
..


For points w∗ on the equality constraints and the active inequality constraint, we define

g (w∗) =



g1 (w∗)
...

gNg (w∗)

...
hng∈A (w∗)

...


︸ ︷︷ ︸

(Ng+NA)×1
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Optimality conditions | Constrained problems (cont.)

We say that the linear independence constraint qualitification (LICQ) holds at point w∗

is and only if vectors {∇gng (w∗)} and {hnh∈A (w∗)} are linearly independent

That is, when the rank condition on the Jacobian of function g holds

rank

(
∂g (w∗)

∂w

)
= Ng +NA

Importantly, note that inactive inequality constraint do not affect the LICQ coinditions

For feasible points w∗ ∈ Ω, we have

TΩ(w∗) ⊂ FΩ(w∗)

If LICQ holds at w∗, we also have

TΩ(w∗) = FΩ(w∗)

Inactive constraints do not affect the tangent cone
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Optimality conditions | Constrained problems (cont.)

Example

w1
<latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit><latexit sha1_base64="x3+vf06QaiZbytuTgzZc+MW2BGw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAKKo2f</latexit>

w2
<latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit><latexit sha1_base64="EsfmBFLUBuuqmk6k+rvdBrdsh0Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gALro2g</latexit>

w⇤
<latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit>

w⇤
<latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit>

w⇤
<latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit>

w⇤
<latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit><latexit sha1_base64="Beyg801sRS2RV2Tcgt9r/wpzD7c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMryd+85FrI2J1j6OE+xHtKxEKRtFKd08Pp91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+mp47JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI36QnNGcqRJZRpYW8lbEA1ZWjTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/9+o2X</latexit>

Determine the tangent cone for the
different feasible points w∗
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Optimality conditions | Constrained problems (cont.)

First-order necessary optimality conditions (I)

min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≤ 0

Point w∗ is a local minimiser, if w∗ ∈ Ω, LICQ holds at w∗, and for all p ∈ FΩ(w∗)

 ∇f (w∗)Tp ≥ 0
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Optimality conditions | Constrained problems (cont.)

min
w∈RN

f (w)

subject to g (w) = 0

h (w) ≤ 0

The LICQ condition leads to define the Karhush-Kuhn-Tucker (KKT) conditions

Let w∗ be a minimiser of objective function f , given constraint functions g and h

If LICQ holds at w∗, then there exists vectors λ ∈ RNg and µ ∈ RNh such that

∇f (w∗)−∇g (w∗)λ∗ −∇h (w∗)µ∗ = 0

g (w∗) = 0

h (w∗) ≥ 0

µ∗ ≥ 0

µ∗nh
hnh (w∗) = 0, nh = 1, . . . ,Nh

First-order necessary optimality conditions (II)
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Optimality conditions | Constrained problems (cont.)

∇f (w∗)︸ ︷︷ ︸
N×1

−∇g (w∗)︸ ︷︷ ︸
N×Ng

λ∗︸︷︷︸
Ng×1

−∇h (w∗)︸ ︷︷ ︸
N×Nh

µ∗︸︷︷︸
Nh×1

= 0

g (w∗)︸ ︷︷ ︸
Ng×1

= 0

h (w∗)︸ ︷︷ ︸
Nh×1

≥ 0

µ∗︸︷︷︸
Nh×1

≥ 0

µ∗nh︸︷︷︸
1×1

hnh (w∗)︸ ︷︷ ︸
1×1

= 0, nh = 1, . . . ,Nh

We defined the following terms,

∇f (w∗) =

(
∂f (w∗)

∂w

)T

∇g (w∗) =

(
∂g (w∗)

∂w

)T

∇h (w∗) =

(
∂h (w∗)

∂w

)T
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Optimality conditions | Constrained problems (cont.)

∇f (w∗)−∇g (w∗)λ∗ −∇h (w∗)µ∗ = 0

g (w∗) = 0

h (w∗) ≥ 0

µ∗ ≥ 0

µ∗nh
hnh (w∗) = 0, nh = 1, . . . ,Nh

The KKT conditions are first-order necessary optimality conditions for arbitrarily con-
strained problems, and thus correspond to ∇f (w∗) = 0 for unconstrained problems

• For convex problems, the KKT conditions are sufficient for globality

The last three KKT conditions are often denoted as complementarity conditions
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