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We combine the notions on dynamic systems and simulation with the notions on non-
linear programming, to formulate a general discrete-time optimal control problem

® We understand and treat them as special forms of nonlinear programs
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Consider a system f which maps an initial state vector z; onto a final state vector xj 41

Simmliemeens ® We also consider the presence of a control u; that modifies the transition

approach

Sequential approach

i1 = f (x, ul0z), (K=0,1,...,K —1)

We consider transitions over a time-horizon, from time k = 0 to time k = K

Over the time-horizon of interest, we thus have the sequences
~ States {3}, with z; € RNe

~+ Controls {uk}kK:_Ol, with u; € RNu

For notational simplicity, we used time-invariant dynamics f

® In general, we have zx+1 = fi (@x, ug|0z)

P Overview (cont.)
2022

zr11 = f (o5, u|0z), (E=0,1,...,K —1)

Shmmilipneems The dynamics f are often derived from the discretisation of a continuous-time system

approach

T — ® As result of a numerical integration schemes, under piecewise constant controls
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i1 = f (x,uxllz), (K=0,1,...,K —1)

Simultaneous

SRR Given an initial state zp and any sequence of controls { uk}fz_ol, we know all the states

Sequential approach
The forward simulation function determines the sequence of states {3}
Fup : RNeHEXND) K+,
:(x07u07u17"'7ukﬁ—1) — (m07x17"'7xKJ
For arbitrary systems, the forward simulation map is built recursively
o = Zo
z1 = f (70, uo)
x2 = f (21, u1)
=f (f (xO; U‘O) ) ul)
z3 = [ (22, u2)
= f (f (f (20, u0) , w1) , u2)
CHENLET25 Overview (cont.)

2022

Simultaneous
approach

Sequential approach
zr+1 = f (o, uk|0z), (E=0,1,...,K —1)

In optimal control, the dynamics can be used as equality constraints in optimisation

In this case, the initial state vector zg is not necessarily known, or fixed
® [t can be one of the decision variables to be determined

® Moreover, certain constraints would apply to it

Similarly, also the final state xx can be treated as decision variable in an optimisation
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Initial and terminal state constraints

We express the constraints on initial and terminal states in terms of function r (zg, zx)

Simultaneous

I— r: RNa+Nz _y o Nr

Sequential approach

We express the desire to reach certain initial and terminal states as equality constraints

r(z0,2x) =0

For fixed initial state zg = T, we have
r (20, 2K ) = 2o — Zo
For fixed terminal state zx = Tk, we have

r (20, TK) = TK — Tk

For fixed both initial and terminal states, o = Tg and zx = Tg, we have

To — To
TK — Tk

r (20, 2x) = [

P Overview (cont.)
2022

Simultaneous

— For fixed both initial and terminal states, zo = To and zx = Tk, we have

Sequential approach

(1) _ (1) 1

xOQ - 02
RONRC

7 (@0, vx) =

.

o 2y
NONIY

~
N-x1
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Path constraints

We can express certain constraints on arbitrary state and control values, = and uy

Simultaneous

approach ® These constraints often represent certain technological restrictions

Sequential approach

® They are expressed in terms of inequality constraints

® The main idea is to use them to avoid violations
h(zg,up) <0, k=0,1,...,K —1

For notational simplicity, we used time-invariant inequality constraint functions h

For upper and lower bounds on the controls, umin < ur < Umax, We have

o = [2 o]

Umin — Uk

For upper and lower bounds on the states, Tymin < 7 < Tmax, we have

Tmin — Tk

h (@, ug) = {mk B mmaX}

P Overview (cont.)
2022

Simultaneous
approach

For upper and lower bounds on the controls, umin > Ui > Umax, We have

Sequential approach

)~ ulld ]
ol = o3,
— ] o :
= o) ull
u | | I
L h (zg, ug) =
I — o, — u
L L L L L L L L 1212])_ 162)
to tl tQ t3 t4 t5 t6 t7 tg tg Umin Uy,
w0 () |

= “min k
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approach

Sequential approach

h (zx, up) =

For upper and lower bounds on the states, Zmin > T > Tmax, We have

RN

KENCs

7 — o)
CONIN )

Problem formulations

Discrete-time optimal control

L“min k

mmi)rl - S"Z )

LNa) _ (Vo)
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Formulations

Simultaneous
approach

Sequential approach

We have the system dynamics and the specifications on the state and control constraints

We use them to formulate the control problem, as constrained nonlinear optimisation

K-1
o B0 B (ai) £ D L, w)
UQH, UL - UK ] k=0
subject to  xx4+1 — f (2, uxl0:) =0, k=0,1,..., K —1
h (25, wy) < 0, k=0,1,...,K -1
r(z0,2x) =0
CHEM-E7225 K—1
2022 .
o A0 B (m) D Lo, w)
UQH, UL - UK ] k=0

Formulations

Simultaneous subject to Th4+1 — f ("Ekv uklew) =0, k=0,1,...,K -1
approach . B
Sequential approach h (mk?’ uk) S 07 k —_— O, 1, ey K 1

r(z0,zx) =0

The objective function, two terms

K—1
> L(ag, ur) + E (k)
k=0
The decision variables, two sets
T0, X1y .-y TK—1, LK
Uo,UtLy ..., UK 1

The equality constraints, two sets
warl_f(xk’uklefB):O (k:O,,K—l)
r(z0,2x) =0
The inequality constraints

h(zg,up) <0 (k=0,1,..., K —1)



P Problem formulations (cont.)
2022

K—-1
Formulations zo,mlln,i.l.l.,mK E(zx) + L (g, ug)
1O k=0
Sequontial approach subject to 241 — f (2p, ugl6z) =0, k=0,1,..., K — 1
h (zx, ug) <0, k=0,1,..., K —1

r(z0,2K) =0

The objective function is the sum of all stage costs L (xx, u) and a terminal cost E (zx)

K—-1

> Lz, u) + E (k)

k=0

J/

f(w)eR
That is,

L(z0,u0) + L(z1,u1) + -+ + L(zg—1,ug—1) + E (zk)
Stage cost is a (potentially nonlinear and time-varying) function of state and controls
The decision variables, K x N, control and (K + 1) x N state variables

(zo,21,...,Zx—1,2TK) U (UO,Ul,---,UK—Q

N

wERK X Ny+(K+1)x Ny

J— Problem formulations (cont.)
2022
Formulations K—1
B w00 B (zx) + D L (e, u)
Sesmemiiel avwens UQY UL 5--- UK — 1 k=0
subject to  xp4+1 — f (z,ukl0z) =0, k=0,1,..., K —1
h (xx, ux) <0, k=0,1,..., K —1

T'(JJO,:BK) =0

The equality constraints, the K dynamics and the N, boundary conditions

z+1 — f (zk,ukl0) =0 (k=0,...,K —1)
r(z0,z5) =0

g(w)eRNg

The inequality constraints

h(zg,up) <0 (k=0,1,..., K —1)

h(w)ERNh
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Formulations
Simultaneous
approach
Sequential approach K—1
xo,xrfl,l.p.,xK B (xK) + Z L (xk’ uk)
UQY, UL .-y UK 1 k=0
subject to  xp4+1 — f (zk, ukl6z) =0, k=0,1,..., K —1
h (zx, ug) <0, k=0,1,..., K —1
r(z0,2K) =0
The discrete-time optimal control problem is a potentially very large nonlinear program
® In principle, its solution can be approached using any generic NLP solver
We discuss the two approaches used to solve discrete-time optimal control problems
® The simultaneous approach
® The sequential approach
CHEM-ET225
2022
Simultaneous
approach

Sequential approach

The simultaneous approach

Problem formulations
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Simultaneous

approach
Searent NP o ach
K—1
o B0 B (ar) + > L (a, )
UQ UL yeees UK — 1 k=0
subject to  xp4+1 — f (2, ukl6z) =0, k=0,1,..., K —1
h (zx, ug) <0, k=0,1,..., K —1
r(z0,2x) =0
The simultaneous approach solves the problem in the space of all the decision vars
w = (T0, U0, T1, UL, -+, TK —1, UK —1, TK )
Thus, there are (K x Ny ) + ((K + 1) X N;) decision variables
T — Problem formulations | Simultaneous approach
2022
Simultancous The Lagrangian function of the problem,

Sequential approach

L(w, A p)=f(w) +ATg (w) +p"h(w)

The Karush-Kuhn-Tucker conditions,

Vf(w*)+ Vg (w)A* +Vh(w*)p* =0
g(w*)=0
h(w*) <0
p* >0
u;hhnh (w*)=0, np=1,...,Np

If point w* = (a2, uy,...,25_4,uj_4,2%) is a local minimiser of the nonlinear pro-
gram and if LICQ holds at w*, there there exist two vectors, the Lagrange multipliers
X € RNs and p € RMr, such that the Karhush-Kuhn-Tucker conditions are verified



R Problem formulations | Simultaneous approach (cont.)

2022
af
SQP lter: 0 —
Of T
Simultaneous 20 T
approach P"“o——,__.__._‘_
Sequential approach = 10 0 H L H
e o = 0 05 1 15 2
8 0
S] 4
L o ol
P e A L L L L L
0 _2—
0 0.5 1 15 -4r
Time [s] -6 ‘ ‘ ‘
5 0.5 K 15
Time [s]
. 4
SQP lter: 1 — ~
20 f_/‘\\/ 927
= 10‘\_‘ ) ‘ ‘ ‘ ot ‘
= 0 0.5 1 15 2
8 o
S
L ;
0
. M//\\ _27-5‘__\‘\‘_‘////0‘*-\/
0 0.5 1 15 -4
Time [s] -6f
) 0.5 K 15 2
Time [s]
P Problem formulations | Simultaneous approach (cont.)
2022
Simultaneous
approach
Sequential approach
SQP lter: 10
20
— 10 i
Z
8 o JﬁLL\—Lr
o
LTy 1 g
;0
20 0_2,
0 0.5 1 15 2 -4r
Time [s] -61
8




— Problem formulations | Simultaneous approach (cont.)

Simultaneous

approach To understand more closely the structure and sparsity properties, consider an example
Sequential approach
K—1
min F(xr) + E Lz, u
TO T 5.y TR ( K) ( ks k)
UQ UL 5.y UK — k=0

subject to  xp4+1 — f (2, ukl6z) =0, k=0,1,..., K —1

r(z0,zx) =0

This optimal control problem in discrete-time has no inequality constraints

® Inequality constraints are omitted for notational simplicity

The objective f (w) = E (zx) + Zf:_ol L (zy, u) of the decision variables,

w = (20, U0, T1, U1, - - -, TK 1, UK 1, TK )
- Problem formulations | Simultaneous approach (cont.)
2022
K—1
mo,mrfl,l.l.’%,xK B (xK) + Z L (.’Ek, ’LLk;)

Simultaneous UQ, UL 5+ UK — 1 k=0
approach
Sequential approach Subjec‘t ‘tO xk—‘rl — f (mk’ uk |91') — 07 k e O, ]_7 ceey K P 1

r(z0,2K) =0

We define the equality constraint function by concatenation

[ g1 (w)

g2 (w)
g(w) =
Lgn, (w)

x1 _f (xO; ’LLO)
zz — f (71, u1)

zx — f(Tx—1,uK—1)

L r (20, Tx ) i
((K X Ny )+ Np)x 1




— Problem formulations | Simultaneous approach (cont.)

K—-1
Simultaneous A
approach min E (EK) + E L (ka uk)
Seqrentallapproach L01T1 5+ TK
B Uug, Ul UK —1 k=0

subject to  xg4+1 — f (2, uxl0:) =0, k=0,1,..., K —1
(20, zx) =0

The Lagrangian function for equality constrained problems,

L(w)=f(w)+ ATg (w)

The equality multipliers,
A= (A1,A2,.. ., Ak, AN,)

The KKT conditions,

YVl (w,\) =0
g(w)=0
- Problem formulations | Simultaneous approach (cont.)
2022
Simultaneous [ xl - f (I()’ UO)
ajpproac.h T2 — f (:El’ Ul)
Sequential approach
A A e A A '
\[ L "2 g K NT], rg — f(Tx—_1,uK—1)
AT
L r (20, TK ) i

g9(w)
After expanding the terms in the inner product, we re-write the Lagrangian function

L(w,\) =

K—-1 K—1
E(zx)+ Y L(zg, w)+ (Z Ny (f (@, up) — zpg1) + >\17\;T7"(330,$K)>
k=0 k=0

N J/ N

ff;) AT‘gr(w)

J/



Problem formulations | Simultaneous approach (cont.)

CHEM-ET7225
2022
i aheous Consider one of the dynamic constraints,
Saemeriial epprendh
Tpp1 — f (o, up) =0
More explicitly, we have
- 1 —
w;é%l — f1 (@, ur) 07
Ty — f2 (zk, ug) 0
m]gixl) L fnx (xkv uk) 0
N, . 0
_x,§+’i) — In, (zr, ur) - -
Ny x1
P Problem formulations | Simultaneous approach (cont.)

2022

Consider the corresponding product with the equality multiplier,

Simultaneous
approach
T
Sequential approach A1 (f (2, ug) — op41)
A\ -~ >
Nz x1
A\ -~ >
1x1

More explicitly, we have

— 1 —
xlg—l—)l - fl (.’Ek, 'Uk)
2

wéﬁl — f2 (Tk, ug)

(1) () (n) (N ) '
)\ )\ PN )\ LY )\ n
[ k+1 Mkl k+1 k41 l x,gjl) — fro (@, wi)

(.

1X Ny

¥_$;g”i) — I, (o5, ug) |

Ny x1




— Problem formulations | Simultaneous approach (cont.)

Similarly, consider the boundary constraint,

Simultaneous

approach T (:Eo, xK) — O

Sequential approach

In more detail, we have,

SO
:Eé2) _i(()Z)

2V _ ()

r(z0,zN) =
(1 _ ()

2)  _(2
K)_wK)

X

_J:I(<N9”) — E%N”)_

-~
N,x1

- Problem formulations | Simultaneous approach (cont.)
2022

For the product A%}Tr (20, zx ) with the equality multiplier, we have

)\ﬁr r (20, TK)

Simultaneous

approac \/
Si:n(*nt?ﬁl approach 1x NT NT x1
D Y e——
1x1
More explicitly, we have
SOl
(2) _ =(2)
Yo — %o
2N _ (o)
B A VP VA BT Vil
T 20—z
I
K K
_m]((N””) — T%NZ)_

-~
N,.x1



— Problem formulations | Simultaneous approach (cont.)

For the Lagrangian function for equality constrained problems, we thus have

Simultaneous
approach

Sequential approach r

z1 — f (20, wo)
Ny x1

z2 — f (21, w1)
Nz X1

~— ~— ’
—~—  |1xN, 1xN, 1XNy  1xN, fK—f(xK—l,UK—lz

~ Ny x1

1X ((K X Ng)+Nyp)
r (20, TK )
——
Nprx1
g (w)

N——
((KXNg)+Np)x1

- Problem formulations | Simultaneous approach (cont.)
2022

0
0

VL (w,\)
Simultaneous

approach g (w)

Sequential approach

The second KKT condition,

zpy1 — f (zg,up) =0 (E=0,...,K—1)

r(z0,2x) =0

The first KKT condition regards the derivative of £ with respect to the primal vars w

w = (mo,UO,Il,’U,l, . . '7mK—1vuK—17$K)

The Lagrangian function in structural form,

K-1 K-1
E (zx) + Z L (zx, ug) + <Z )\Z+I (f (mg, ug) — Tp+1) + )\]7\;7.7“ (a:o,xK)>

k=0 k=0

N J/ (. J/

fE:U) AT:]r(w)

. 7

L(w,N)




— Problem formulations | Simultaneous approach (cont.)

g(w)=0
Simultaneous
approach o .
Sequential approach For the second KKT condition, we have
g1 — f (xg,u) =0 (k=0,...,K —1)
r (20, zx) =0
That is,
[z —f(w,w) | o -
N — \ ,
Ny x1 Ny x1
z2 — f (71, u1) 0
—_— ~—
N;x1 Ny x1
ZK —f(wfi—lauk—Q — 1.0
Nz x1 Ny x1
T (an xK) \0,./
— | N, x 1
L N,x1 J
P Problem formulations | Simultaneous approach (cont.)
2022
Simultaneous Vwﬁ (w, )\) = 0
approach

Sequential approach

Consider the gradient of the Lagrangian function, it is a concatenation of gradients

[ VoL (w,\) ]
Vo, £ (w,\)

Vg £ (w, A)
VLl (w,\) =

Vo £ (w, \)
Vo, £ (w, N)

[ Vg £(w, A)]

For the second KKT conditions, it is necessary to determine/evaluate the derivatives



— Problem formulations | Simultaneous approach (cont.)

K—1 K—1
Simultaneous E (xK) + Z L (ka uk) + (Z >\],5+1 (f (xk7 'U/k) - xk—'—l) + A]E,rr (x07 xK))
L i = ,
L(w,\)
The derivatives of the Lagrangian function with respect to the state variables
® For k = 0, we have
of (z0,u0)” or (z0,2x) "
Vao £ (w,A) = Va, L (20, uo) + ( ) A1+ ( ) AN,
Oxp Oxo
® Fork=1,...,K —1, we have
Of (wx, )"
kaﬁ (w, )\) = mGL(:Ek, uk) + ¥)\].H_l —
Oy,
® For k = K, we have
or (xo, Tk T
VxK[, ('LU, )\) = VIKE (:L‘N) — g + g)\]vr
Ork
P Problem formulations | Simultaneous approach (cont.)
2022

Simultaneous
approach
Sequential approach

Consider the generic term Vg, £ (w, \),

[OL (w, )]

31:,51)
oL (w, A)

2
Vo L(w ) = | Oz

oL (w, A)
i 8a;]§Nz)

Ny x1




R Problem formulations | Simultaneous approach (cont.)
2022

Simultaneous
ol Consider the derivative of the dynamics,

Sequential approach
of (wka uk)
oz,
Remember the dynamics,
-fl (:L'k(;l)a '71"]((N$)7uk:) |
[z, up) = | fog (f’?;gl),--wa?}((Nm)aUk)

n, (xigl)a--wf”éNz)’“’f)_

P Problem formulations | Simultaneous approach (cont.)
2022

Simultaneous
approach

Sequential approach

For the derivative of the dynamics, we have

[ Ofr (:1;,51), R m(N“”), uk> i

&
oxy,

of (x]gl), ... ,:I:IgNz), uk>

oz,

| Ofn, (a:]gl), . , xlgNm), uk>

oxy,

ofn, (ac,gl), . ., a:]gN“”), uk>

L oxy,
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Simultaneous
approach

Sequential approach

CHEM-ET7225
2022

Simultaneous
approach

Sequential approach

Problem formulations | Simultaneous approach (cont.)

In more detail, we have

[ Oft (wp, wr)  Oft (zk, ug) Oft (zr, ug) |
8x]51) 8w,£2) 8ac]5NI)
Of2 (xx, uy,) Ofo (xi, ug) Ofa (xy, ug)
Of (mi, ur) PYNED) PYe) PEA)
o % % %
ofn, (zx, ur)  Ofn, (zp, ur) ofn, (zx, uk)
1 2 Ny
s oz oz
N, X N,

For the product with the equality multiplier, we get

T
of (xx, ur)
— k1

oxy, ——
N—— Nz x1
Ny X Ny

[\ S/

~—
Ny x1

Problem formulations | Simultaneous approach (cont.)

Consider the derivatives of the boundary conditions, we have the terms

or (zo, Tk )
0o

or (z0, T )
81,‘[{
Remember the boundary constraints
r (D7)

0 0
$(§2) . f62)

2V ()

T (w0, T ) =
1 —(1
o - afy
ORI

_.’L'K K

(Na) _ —(N2)

~
N,.x1



Problem formulations | Simultaneous approach (cont.)

CHEM-E7225
2022
For the derivative of the boundary constraints with respect to zg, we have
[ (1 _(2) (Nz) ) }
Simultaneous arl (1;0 ’ xo T 51;0 ’ xK
approach axo
Sequential approach
oro (xél), xég), cey xéNI), xK>
Oz
orn, (acél), 33(52), . xéNz), acK)
or (xél), xO(Q), R :céN”), :z:K) 910
0o -
1 2 Ny
OTN, +1 (:vé ),:v(g ), .. ,a:é ),acK>
0o N
1 2 z
OTN, +2 (:z:é ),xé ), .. .,:cé ),xK>
O
Oran, <xél), ZESQ), ceey a:éN“”), a:K)
L I8 ive) J
P Problem formulations | Simultaneous approach (cont.)
2022
In more detail, we have
approneh [ Or1 (20, TK) or1 (zo, Tx) or1 (zo, zg) |
Sequential approach tot 2N
Bxél) 83:(%2) 8xéN“”)
Ora (0, Tx) ora (20, Tx) or2 (w0, Txc)
Or (20, zx) _ RS 0z oz
Oz
Oran, (20, 2)  Oron, (20,2x)  Oren, (20, 7K)
Gacél) 8xé2) 8x(§N””)
2N, % Ny

For the product with the equality multiplier, we get

or (xo,a:K)T

Ak41
Omo e
2N, x1

Nz X 2N,

N J/

Nz x1




— Problem formulations | Simultaneous approach (cont.)

Simultaneous

approach
Sequential approach
K—1 K—1
T T
E(zx)+ Y L(zg, w) + (Z Nog1 (F (@, wk) — Tpg1) + Ay, 7 (330,06}())
k=0 k=0
L(w,N\)
The derivatives of the Lagrangian function with respect to the control variables uy
® For k=0,...,K — 1, we have
Of (wy, u)"
Vo £ (w, ) = Vo L (g, ) + 5
Ouy
P Problem formulations | Simultaneous approach (cont.)
2022
Simultaneous
approach
Sequential approach

VLl (w,A) =0
g(w)=0

We can collect all the KKT conditions and solve them using a Newton-type method

® The approach solves the problem in the full space of the decision variables



— Problem formulations | Simultaneous approach (cont.)

The approach can be extended to more general discrete-time optimal control problems

Simultaneous K-1
S o 00 B () Y D (o w)
UQY, UL .-y UK — 1 k=0
subject to  xp41 — fi (z, ug|0z) = 0, k=0,1,..., K —1
hk(mk,uk)go k=0,1,..., K —1

K—
k=
0

hK (.’L‘K)

All problem functions are explicitly time-varying and we have also a terminal inequality

® Moreover, the boundary conditions are expressed in general form

By collecting all variables in the vector w, we have the complete Lagrangian function

L(w,A\p)=f(w)+ATg(w)+p"h(w)

CHEM-ET7225
2022

Simultaneous
approach

Sequential approach

The sequential approach

Problem formulations



JE— Problem formulations | Sequential approach

K—-1
Simultaneous xo,xrgl,i.p.,m;( E (xK) + E , L (ZB}W uk)
approach S k—0
Sequential approach
subject to  xx4+1 — f (z,ukl0z) =0, k=0,1,..., K —1
h (xx, u) <0, k=0,1,..., K —1

r(z0,2nv) =0

The sequential approach solves the same problem in a reduced space of variables

The idea is to eliminate all the state variables x1, 22, ..., zx by a forward simulation

To = 0
z1 = f (20, wo)
w2 = f (21, u1)
= f (f (20, u0) , u1)
z3 = f (22, u2)

= f(f (f (w0, u0) ,u1) , u2)

J— Problem formulations | Sequential approach (cont.)
2022

We can express the states as function of the initial condition and previous controls
o = X0
~—~

Simultaneous
approach

o (7o)

z1 = f (20, uo)
—_——

Sequential approach

T1(z0,u0)
x2 = f (21, u1)
— £ (20, u0) , 1)
3 (20,u0,u1)
z3 = f (22, u2)

=/ (f (20, u0) ,u1), u2)

7

-—
T3 (z0,u0,u)1,u2)

More generally, the dependence is on all the control variables and the initial condition

TO(xO;u()yula"'auK—l):mO
5k+1($0aUO,U1,---,UK—1):f(sz(fEOaUO,Ul,---aUK—l)aUk:), ]CZO,]_,,K—l



JE— Problem formulations | Sequential approach

appronch K1
Sequential approach .
a PP xo’xrfl’l.l.'%,xK E ([BK) + Z L (xk, uk;)
UQ, U y-e ey UK 1 k=0
subject to  xp4+1 — f (z, ukl6z) =0, k=0,1,..., K —1
h (xx, ux) <0, k=0,1,..., K —1
r (20, zy) =0
We can re-write the general discrete-time optimal control problem in reduced form
Ir%(i)n E (TK (ZB{), UQy ULy e vy uK—l)) + Z L(jk (ZL‘O, UQy ULy vy U’K—l) ) uk)
ug, U1, UK —1
subject to  h (ZTg (20, uo, U1, .., ug—1),u;) <0,k=0,1,..., K — 1
r (:EO’EN (1;07 UQ, ULy - - -y ’LLK_]_)) =0
P Problem formulations | Sequential approach (cont.)
2022

approach UQ UL e ey UG — 1
Sequential approach

=0
subject to  h (Ty (20, uo, U1, ..., UK —1), uk)SOk 0,1,..., K —1
0

r (anTN (.’,EO, ug, U1, - - '7,U'K—1))

The objective function, sum of stage costs L (T, ug) and a terminal cost E (T )

Z (Ths ux) + E (Tk)

k—O

J/

f(w)E’R
That is,
L(mo,uo) + L(ZT1,w1)+ -+ L(Tx_1,ux—1)+ E (Tk)

Stage cost is a (potentially nonlinear and time-varying) function of state and controls

The decision variables, K x N, control and N, state variables

\(x()) U (uoaula'”:uK—l)l

~
wERK X Ny+Nyg




- Problem formulations | Sequential approach (cont.)

Simultaneous

approach K-—1
Sequential approach rrg%n E(EK (mo,uo,ul,..‘,uK_l))—l- Z L(Ek (a:o,uo,ul,...,uK_l),uk)
UQY UL yee s UK — 1 k=0
subject to  h (Ty (20, u0, U1, .., ug—1),u;) <0,k=0,1,..., K —1
r (anTN ($07 UQy ULy« -y uK—l)) =0
The equality constraints, the N, boundary conditions
7 (20, TK) =0
g(w)eRNg
The inequality constraints
h(ZTg,u;) <0 (k=0,1,...,K—1)
h(w)eRNn
P Problem formulations | Sequential approach (cont.)
2022
K—-1
tl‘)’::‘(lj‘“‘;““)”* Igg)n E (EK (:BOa UQy ULy vy uK—l)) + Z L (Ekz (1;05 Ug, Ul, .- -, U’K—l) ) ’U,k;)
Sequential approach up,ULs-- UK —1 k=0
subject to  h (Tg (20, u0, U1, .., uxg—1),u;) <0,k=0,1,..., K —1
r (QZO,TN (an UQ, ULy« -« +y uK—l)) =0

The Lagrangian function of the problem,

L(w, A p) =f (w) +2Tg (w) +p"h(w)

The Karush-Kuhn-Tucker conditions,

Vf(w*) = Vg (w*)A* = Vh(w*)p* =0
g(w*)=0
h(w*) >0
p* >0
Py, By, (W*) =0, np=1,..., Ny
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Problem formulations | Sequential approach (cont.)

SQP lter: 0
20 | | |
10
£ g
3
-10f
-20
0 05 1 15
Time [s]
SQP lter: 1
20 | | |
10
£y
s
-10r
-20
0 015 ‘i 115
Time [s]
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Problem formulations | Sequential approach (cont.)

SQP lter: 16

20 | | |
101
Z g

3

-10¢
-20

0 05 1 15

Time [s]

0
-1
0 05 1 15 2 0 0.5 1 15 2
5 5
. 50
xo\_/\/ﬂf:“ 4 \/\/
-5
0 0.5 1 15 2 % 0.5 1 15 2
Time [s] Time [s]
2
4
;
x 0,
0 <)
-1 0
0 0.5 1 15 2 0 0.5 1 15 2
5 5
; j 0 P
5
0 05 1 15 2 1% 0.5 1 1.5 2
Time [s] Time [s]

For computational efficiency, it is preferable to use specific structure-exploiting solvers

® Such solvers recognise the sparsity properties of this class of problems



