ELEC-C8201 Control and Automation

Lecture 4: Block diagram algebra, PID controller,
Routh-Hurwitz stabllity test
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Block Diagram conversions: Signals

e In block diagrams, a single signal can be Yl(s),
exported to more than one block (signal
branching). | | | | | o) 705)
e A block diagram is an information chart and it >

can branch information, but it does not

reduce that information. Each branch has Ya(s)
the same information.

Y(s)=Y,(s) = Y;(s) = U(s)

e The different signals can be combined using
a summation block. The combination can
be either an addition or subtraction of
individual signals

e Signs on the summation block indicate the Us(s)
signs of the individual signals in the total. >

Y(s)=U,(s)+U,(s)—Us(s)
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Passing a signal through a block

e As stated in previous lectures, in Laplace domain the output signal is
obtained by multiplying the input signal with a transfer function

Uls) Yis) = G(s)U(s)
—» Gis) —»

e This basic formula can be used to derive a transformation from the serial
association of the equation blocks. Introduce the auxiliary variable ¢ (s),
which is subsequently eliminated

. U(s) c(s) X(s)
— Gi(s) —P| Go(s) — P

{Y =Gy 2 6()GuU(s) = Gron (U (s)

£(s) = G,(5)U (s) . .
= G (=G ()G,() = — M amamly
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Passing a signal through a block

e The derivation for parallel blocks:

Uls) G1s) &1(s)
U(s)

+¥Y  Us)
U(s) (5t
—P G2s) |
Y(s)= & (s)+&,(5)

§S)=GHU() = Y($)=G()U(s)+G,(s)U(s)
£,(5) = G, (5)U(s)
Y(s)= (Gl (s)+ Gz(S))U(S) =Gror(HU(S) = Gppr(s) =G(5)+ Gy (s)

U(s) X(s)
—>| G1(s) + Ga(s)—p>

N
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Passing a signal through a block

e Loop relation (feedback) to the conversion formula is calculated as:
Uis) +- als

N\

rY(S) =G,(5)&,(9)
£()=U(s)=&,(5) = Y(5)=G(5)U(s)= G, ()Y (5))
£,(5) = G,(5)Y(5)

()

G1(5) Y(s)

[ Ga(s) Y(s)

= Y(5)=G(HU(s) -G, ()G, ()Y (s) = (1 +G,(5)G, (S))Y(S) =G, (s)U(s)

= ¥ =——) () =Gy () = Grop(s) = —— 1)
1+ G,(5)G, (5) 1+ G,(5)G, (5)
Thus, the overall transfer function 1s the tf
Vsl G | T ofthe forward path divided by the term (1 +

1 + Gi1(s)Ga(s)

open loop transfer function) This will be
essential in future.
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Block Diagram conversions: basic relations

e Series
U(s)

e Parallel
U(s)

—>

G1(s)

e Basic block diagram relations:

Y(s)

Ga(s) —»

L—»

e Feedback loop
Uls) +

Ga(s)

G1(s)
+¥  Xs)
B
Ga(s)

Y(s)

>

U(s)

U(s)

U(s)

Y(s)

Gi1(s)Ga(s) —»

G1(s) + Ga(s)

G1(s)

(s)

(s)

1+ Gi1(s)Ga(s)
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- Example: Moving a rocket in space

e A rocket with a mass of M = 10 which is assumed to be
constant is controlled by force F (t), which can be positive
or negative. The objective is to make the location of the
rocket Z (s) (1-D distance) change from the starting point
(initial position) to the end point (final position). /4
e The position of the rocket is measured by the measuring z(1)
devices with a certain amount of inertia but no bias. The
transfer function of the measurement system is

. Z.(s) 11 f
G(5) Z(s) r,s+1 O0ls+1 F(2)
e The measured location of the rocket Z_; (s) is compared
to the desired location Z.,(s) (i.e. reference value). The
deviation between the desired position and the measured
location is called an E (t) and the regulator determines the
appropriate steering value for each situation. €() =z, (1) =z, (1)
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Example: Moving a rocket in space

The controller has two parallel functions, the first of which follows the magnitude
of the deviation (the difference) and multiplies it by a constant of 30 and the other
with the slope of deviation (i.e. the differential derivative) and multiplies it by 31.
Total control, i.e. the force required (u(f) = F(¢)) is calculated as the sum of these
two control forces.

{mndl(t) K pé(t) =316é(t)

() = K e(t) = 30e(t)” | D7D = U piteons () F s ()

pozkkeama
Suppose that the actuator is ideal (that is, the regulator directly generates the
required power without inertia) so that it's inertia doesn’t need to be taken into
account.

It is assumed that no damping forces are affected by the grain configuration (the
force balance is limited to the inertia and thrust of the F£())

Develop a detailed block diagram for the system and analyse the operation of
both the individual blocks and the total system by means of responses.
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Example: Moving a rocket in space

e Output of rocket is adistance =  y(¢) =z(¢)

e Input to rocket is power =  u(r) = F(¢)

e The output of the measuring device is the measured distance = y,_ .(¢)
= Z,il(?)

e The input to the measuring device is the actual distance =  y(¢) =z(?)

e The input to the controller is e(7)

e The output of the controller is the power =  u(¢) = F(¢)

e Generating rocket dynamic model:

F()=mz(t) = u(@®)=103(¢) = U(s)=10s*Y(s) = G(S:Y(S)_ 1

U(s) 10s>

e [he various functions of the controller are

Uy (1) = 316(0) Uy (5) = 31SE(s) = G, () E(s)
(1)=30e(t) (s) = 30E(s) = G, () E(s)

pozkkeama pozkkeama
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Example: Moving a rocket in space

e The process (rocket) is a dual integrator with easy-to-calculate responses
directly from the Laplace table.

pengeraste

impulse response L' [G(s) 1} =%

2

N\

step response L {G(s) 1} = ¢

askelvaste

0 = kW = M3

impulssivaste |

ramp response L {G(S) S%} =L

a 2 4 B g 10

e Position measurement device measures the distance correctly, but with a

(Ilttle lag , o
. _ _ pengerherdte ja vaste
impulse response L' {G, (s)-1} =10e™" 5]
| 10¢ ; askelherate ja vaste
ystep response L~ {Gm (s)-4 } l—e }"{/
0.5¢
-1 | I - 1 —10¢ impulssiherate ja vaste
ramp response L {Gm(s)-s—z} —t—m(l—e ) :
05 - - - -
0 2 4 5 5 10
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Example: Moving a rocket in space

e In the differential controller, the controller reacts to the difference in the

iInputs : S
g askelvaste
impulssivaste L' {G,,(s)-1} =315(t) 05} PRIHEAARIS
J askelvaste L' {Gcl (s) é} =316(1) .
¢ L_l G ( )i ~31 impulssivaste
pengervaste (s 7= 05 : ; : : -
e The next part of the proportional controller reacts to the current input
( 50 : : : :
impulssivaste L '{G,, (s)- 1} = 305(¢) ol 7ﬂ |
askelvaste
caskelvaste L'{G,,(s)-1} =30 B
) 207 pengervaste
pengervaste L {Gcz(s) S%} = 301 ol
\ 0
0 2 4 E 5 1
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Example: Moving a rocket in space

e Now forming the entire system block diagram

Y(s)
>
controller process
Yinit (S ) ‘
Gm 1 (S)
measurement

e Using block chart conversions from the most innermost structure
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Example: Moving a rocket in space

------------------------------

Yief(s) 4+ _E(s) , 1s)
G(s)(Ge1(s) + Geals)) >
G,m(Sﬂ‘

e This concludes the entire system transfer function
) To) | GENGa) + Gals) | M)

1+ G(s)(Ge1(s) + Gea(s))Gm1(s)

( \ 31s+30

G(s)\ G, (s)+ G, (s) 10s°

Y(5)=G Y = Y = Y
(S) fot (S) ref (S) 1 n G(S)(Gcl (S) n Gcl (S))Gm (S) ref (S) 1 s 3 lS + 30 ref (S)
10s*(0.1s + 1)
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. Example: Moving a rocket in space

G (s (31s+30)(01s+1)  31s* +340s+300 31s” +340s + 300
tot

T 105%(01s+1)+31s+30 105’ +100s> +310s+300  10(s+2)(s+3)(s +5)

e |[tis now possible to calculate the system response to the step of the set
value, i.e. the reference to the expected position (from the moment 0
onwards, to have the position of the rocket in the desired end state).

31s* +340s+300 1 1 & 4 2

Y(s)=G. (s)Y . (s)= 1530 1
(5) mt()ref() 10(s+2)(s+3)(s+5) s s s+2 s+3 s+5

= yO=L{Y()f=1+fe e +Fe™

e The system works with the desire to stabilize an unstable rocket. The
expression of the response approaches unity as the time approaches
infinity, i.e. the desired value of distance and the actual distance
approaching each other as time grows.
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Example: Moving a rocket in space

e Simulating a rocket control system

.—I' 1S

Clock To Wadspaced

— ] yref |
To Wartspaces?

K
To Wokspaces

Darivative

>3in

hitta s Frosessi
2ain‘ 1
ol

0. 1=+1

| v
Mo Miohspace

e The steering has an infinite impulse
response and the step response is

overshooting

e The guidance proposed by the Controller cannot be
effectively implemented and, as the distance of the rocket
approaches the desired value, it will pass and overshoot
(the measurement is slow)

40

30t

20t

10F

-10

53

05

Raketin ohjaus, u (elivoima F) |

2 4 3 a8 10
/@{iﬂn toteutunut sijainti, y

Raketin haluttu sijainti, yref

2 4 B g 10
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. Example: Moving a rocket in space

e The rocket control can also be developed with
a more realistic and more effective
management strategy

e Suppose control is limited between maximum
and minimum values: u(¢) € [-40,40].

e If you want to move the rocket to the desired
distance in minimum time, then the solution to
the optimization problem is to get the so called
"Bang-bang" adjustment: that is, maximum
acceleration and maximum braking

e The optimum adjustment is outside the topic
of this course.

o

20

0.8
Obr
0.4 r
02

Control input u

10

Position reference, yref

Real position, y

10
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Example: Moving a rocket in space

e If you do not need to reach your destination
as quickly as possible, you can optimize
fuel consumption, for example (use of
steering)

e Suppose the long-term use of the steering is

costly-the most economical is the fast 0.05
time unit with maximum speed.

e The rocket must arrive only after five time
units.

e In this case, the optimization problem can be
obtained: fast acceleration-smooth driving-
rapid braking.

anl

20¢

20

A0

0.8t
06t
0.4t
0.2t

Raketin ohjaus, u

Raketin haluttu gjainti, yref

Raketin toteutunut sijainti, v

10
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. MATLAB: Block chart conversions

e Block diagram for conversions in the Control System Toolbox commands
parallel (i.e. +/-), series (i.e. *) and feedback

e Build the example of the rocket control system with a total block diagram

in Matlab
1 ]
G (s)= !
1 Yre E(s) | )i
G(s) = 155, B65) ©))
10s A S |
Gcl ( S) — 3¢ Yonit (5) 99?1._??9_ process
G, (s) =30 G (0]
measurement
e Gecl=t£([31 0],[1]) =>Transfer function:31l s
o Gec2=t£([30],[1]1) =>Transfer function: 30
e G=t£([1],[10 O 0]) =>Transfer function:1/ (10 s*2)
e Gm=t£([1],[0.1 17]) =>Transfer function:1/(0.1 s + 1)
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MATLAB: Block chart conversions

e Gc=parallel (Gecl,Gec2) =>Transfer function: (31 s + 30)
e Gff=series (Gc,G) =>Transfer function:
e (31 s + 30)/(10 s*2)
e Gtot=feedback (Gff,Gm) =>Transfer function:
3.1 s*2 + 34 s + 30

s*3 + 10 s*2 + 31 s + 30

e Commands parallel and series can be replaced with + and * (parallel
blocks are summed together and sequentially multiplied)
e Gc=Gcl+Gc2
o GEff=Gc*G
e Gtot=feedback (Gff,Gm)

e The entire block chart conversion can also be done in one line:
e Gtot=feedback (G* (Gcl+Gc2) ,Gm)
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MATLAB: Block chart conversions

e The total block diagram can also be calculated symbolically using the
symbolic function in Matlab

o First we define s =1tf('s’)

And then
e Gcl=31l*s
e Gc2=30
e G=1/(10*s*2)
e Gm=1/(0.1*s+1)
e Gtot=(Gcl+Gec2) *G/ (1+ (Gcl+Gec2) *G*Gm)

e Gtot=minreal (Gtot) %$ Minreal reduces common terms

3.1s"2+34s+ 30 (31 s + 30) (s + 10)

------------------ (s + 5) (s + 3) (s + 2)
"3+ 10s"2+ 31 s+ 30
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PID Controller

e The PID control is the most common regulator in the industry

| 1 | de(t
u(t):KPLe(t)_l_f,([e(T)dz—"'TD a’(t)j K - K,
3 | ) T
u(t)=KPe(t)+K]Je(T)dT+KD dz’(tt) K = K,T,
e(?) h
/ de(fi)/dt
// D
{
f ;
li t
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PID Controller

e The PID controller input is e(f) (deviation between desired and measured
value y, (?) - y,;(?) ) and the output is the control signal u(z).

e The control provided by the Controller is the sum of three different
functions, which are influenced by tuning parameters K, K, and K,

de(t)
dt

e The proportional term (P - proportional) is the Sii)atiC measure of the difference
between desired and current value. Whenever you change the difference, the
term u, also changes in poroportion.

e The integral term integrates the error. The u, is in constant state of flux until
error has disappeared. The integral term eliminates persistent deviation, but
may increase system vibrations.

e The derivative term follows the rate of change of the differential. Whenever
the difference is changing, then up responds to resist the change. A
derivative term stabilizes the system but is sensitive to delays and unwanted
noise.

u(t) =up(t)+u,(t)+u,(t) = KPe(t)+K1je(T)dr+KD
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PID Controller-Integral term

u,(t):K,je(r)dr

e The ability of the integral term to eliminate the permanent error can be
illustrated by presenting it in a derivative form.

du, (1)
dt

=K e(t)

e Notice that the control u(s) continues to change until the error e(t) goes to
Zero.
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Transfer function for PID controller

1 1
U(s) = Gpp()E(s), Gpp(s) =K, +K,—+K,s= KP[I +T_+ TDS]
s S

e The PID control provides all basic modifications by multiplying non-preferred
terms by zero. In the example of a Rocket control, the controller had a PD
control. The same principle can also be used to form PI?D control.

o P-control, K, is to confirm the controlleiG,(s) = K,

e Pl-control, K, gives control proportional to error, K, is the integral contstant
and T, is the integration time constant.

1 1
G, (s)=K, +K,—=KP(1+—)
S

Is

e The PD control, K, gives control proportional to error, K, is the derivative gain
and T is the derivation time constant.

Gpp(s) =K, + K5 =K, (1+T)s)
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Example: Mechanical system

e Simulating the position of the mechanical system F()

mass when controlled with various modifications ,
of the PID controller. Assume the measurement x(0)
and actuator to be ideal. moTTTTET

mx(t)+Bx(t)+kx(t)=F(@t) (k=5 B=2,m=1) L I~ B

1
= G(s)=
() s +25+5

Yief(s)y _ E(s) U(s) Xs)

ns > 9 > @ -mm
ceee 1° . Clodke To Wokspaced
Saadin Prosessi

IR T PID Controller

ToWatkspace
Frosessio
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Example 2: Mechanical system

e The figures below show the step control results for P, Pl, PD and PID

e The Simulations
used proportional 15 . . : . 2
control’s constant of
the values 1, 2, 5,
10, and 50. The
Integration and the

Kp kasvaa Gl Kp kasvaa

F 151 '

derivatives times O
were simulated as 1.
e The PandPD a 5 - e
controls leave a
permanent 1 — 15 : .
deviation, the I-term ~ __| el e PID-saadin K kasvas
eliminates the | 1 A 1
permanent deviation %8| ;
e |-The term increases o4}
vibrations while the =~ __| |
D-term stabilizes |
and eliminates % 7 s 5 2 0 9 > 1 5 5 0

vibrations
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- Stabllity tests (Routh-Hurwitz)

e If the roots of the system are known (the denominator

polynomial zero points), then stability is easy to observe.

e Roots can be determined from numerical polynomial by iterative calculation
routines (by Matlab commands such as eigqg, roots and pole).

o E.g. Polynomial s’ +25* +4s+10

roots([1 2 4 10])

ans = -2.2236
0.1118 + 2.11771
0.1118 - 2.11771i

e If one of the polynomial coefficients is zero or negative, then the polynomial
has at least one root on the imaginary axis or the right half plane.

e If the polynomial contains symbolic parameters and you want to determine at
which parameter values the system is stable, then the root solution
numerically will no longer be successful. You can then use the Routh’s chart.

e The method is given in the following without proof (which would need a
reasonable study of polynomial algebra).

Ao Aalto-yliopisto
[t



Routh’s Chart

. . -1 ]
o Consider polynomial a,s" +a,;s" +--+a, ,s+a, to generate the Routh’s
chart::

e ¢ o e b, :__1 a, a, b, :—_1 a, a, | :—_1 a, dg ,
g ¢ ¢ c a, |d, d a, |4, ds a, |4, 4,
S B 1 S | R | P
—;1— - _Z_O ———————————————— ! b, |b, b, C b, b, b, C by |by b ,
s Z o___lbo b2’ 2:__1b0 b49 4:__1b0 b6a
b \b, b, b, |b, b b |b b,
z,=a
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Routh’s Chart

e The number of sign changes in the first column of the Routh’s chart is also
the number of roots at the right side of the complex plane.

e If the typical polynomial of the system is placed in the Routh diagram, the
system is stable if there is no sign change in the first column.

e Ifthere is a zero in the first column of the chart, it is replaced by the small
positive number e in the diagram and forming diagram is continued. The
final chart can be used to calculate the sign changes by examining the limits
of the terms that depend on e — 0.

e If the chart consists of a whole row of zeros, then the original polynomial is
divisible by another polynomial formed by the coefficients above the zero line.
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Examples: Routh’s chart

e Polynomials:

s +2s5* +4s+10 s +4s° +65° +4s+2
S 4 s 1 6 2
: 3

s* ]2 110 Sl A4

s -1 s 5 2

s |10 ; s |12/5

s? 2

Two sign changes 2—-1
and -1—-10 No sign changes in first column
So two roots on the right So no roots on the right
half-plane (RHP). half-plane
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Examples: Routh’s chart

e Polynomial: ¢3 + ¢> 1+ 2642

A zero row is obtained, resulting in a higher line
s> 1112 polynomial g2 + 2 with which the original polynomial
T 00 is divisible.

)
s? Another way: Take the derivative of the auxiliary polynomial and
continue.
i(Sz+2):2s s 112
ds 2
ss1210
s’ |2

No character changes, so no roots on the right side of the plane
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Examples: Routh’s chart

o Polynomial: s* 4+ 35> +45° +125+12

s* 1 4 12 The first column becomes zero, replace it
¢ 3 12 with a low positive number € and continue
s 0oe 12
: 4

sl (126-36)/ ¢ : st bia 12
e T P TR, 3
s° 12 s 312

: {128— 36} s> 0 (12

lim = —00 ;

e—0 E Sl —00

s 12

Two sign changes 0—-x ja -00—12
= Two roots on the right side of the plane
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Examples: Routh’s chart

o System with the transfer function G(s) =— 21
is controlled with the P controller. s +4s"+5-06
e For what values of K, is the +
system stable? 4’?" Kr 7™ G(s) >
KP
G _ KyG(s) P aast -6 Ky
ror($) = = K ~— 3 2
1+ K,G(s) 1+ P s"+4s"+s+(K,—6)
s> +4s +5—06
S
52__-___4}___ K, -6 Stable if, 10- K, >0ja K, 630
T 4
S A = 6<K, <10
s’ | K,—6

A’ Aalto-yliopisto
[t



State space poles and zeros

e Earlier the conversion between transfer function and state
space representation was derived.
G(s) = C(sI- A)_IB +D

e The inverse of the matrix is calculated by dividing the adjoint matrix with the
determinant.

Cadj(sT-A)B _ Cadj(sI-A)B+Ddet(sI-A)

0= gai=a) P det(sI— A)
Characteristic polynomial. [ det(sI-A)=0
System poles equation 1 det (SI — A) =0
System zeros equation Cadj(sT—A)B+Ddet(sT—A)=0

Note that the equations apply to multivariable (MIMO) systems as well.
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Example

.

5 -1 2 0 1
X(?) = Ax(¢)+ Bu(?) = { 0 3} x(¢)+ L O} u(z)

y(t)=Cx(t) = (1 1]x(2)

e Determine system poles and zeros.  Characteristic equation:

3}:(ks~+1)(s—3)=o

s+1
det(sI—A) =det{ 0

S_

Cadj(s1 - A)B+Ddet(sI-A)=[l 1]3‘1{“1 _2}{0 1}

0 s-3[2 0
-3 2770 1

:[1 l]ro S+1i||:2 Oi|=[2(S+3) S—3]

o Gls)— 2(s +3) s—3 1 2(s+3) 1}
| Gs+D)(s=3) (s+Ds=3)| | (s+D)(s=3) s+1

e The transfer function has two poles (-1 ja 3) and one Zero (-3)
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Example: Behavior of a given system

e Examine the behavior of the prescribed system with the various
tuning controls (P-control). n

G(s) = s2+2 _ 542 4?—» Kr 1 G(s) -
s —s s(s—1)

e The uncontrolled process is unstable

[ ]
Step Response

30 Regulated system

g 20 g;:)zzzzmued G (s)= K,G(s) _ K,.(s+2)
-}—‘21 ror 1+K,G(s) s°—s+K,(s+2)
< Ko (s+2)

. s’ +(K,-1)s+2K,
0 05 1 15 2 25

A’ Aalto-yliopisto
[t



Example: Behavior of the given system

e Characteristic equation of the given system s° +(K, —1)s+2K, =0
e System poles (Quadratic equation solution):

K-l i\/K;—loKP +1

"2 2 2
e The system is not oscillating when the poles are

* K-10K,+120 = (K,—-5+2V6)(K,-5-2v6)>0

= K,<5-2J6~0.1010 or K,>5+26~9.8990
e The system is stable when the poles are on the left half plane

K,20 ja K,-120 = K,>1
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Example: Behavior of the given system

e Determine the poles and plot the pole zero maps of the given system
with different K, values

Pole-Zero Map Pole-Zero Map Pole-Zero Map
1 1 >4
15 * ]
1
0.5 ] _ | _
A KP = 0.05 » 1 KP=05 2 o5 KP =1
g s .
> > >
: © X X : @ O
g ? g -05
= .05 1 = -05 -1
-1.5
1 1 X : a(
2 1 0 1 2 1 0 1 2 1.5 1 0.5 0
- Pole-Zero Map - Pole-Zoro M -
ole-Zero Map
2 X ‘ 1

1 KP =2
KP = 10

Imaginary Axis
! o
©

ayiiary AAR
o
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Example: Behavior of the given system

e The corresponding step
responses are:

Step Response Step Response

30
KP =05

25+
20 +

15 b KP = 0.5

10 +

Amplitude
Amplitude

Time (sec) Time (sec)
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Example: Behavior of the given system

e S0, a controlled system can be

K,<5- 246, Response 1s non-oscillatory and unstable
5_ 2\/6 <K, <l, Response has oscillations with growing amplitude and unstable

K, =1, Response has harmonic oscillations
1<K, <5+ 2\/8 . Response has oscillations but is stable

K,=5+ 2\/6 ,  Response is critically stable

K,>5+ 2\/6 , Response has no oscillations and is stable
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Common transfer function templates: 15t order system

t

e 1. First order dynamics
o Differential equation and transfer functionf Impulse response ) (¢) = 587

o K is the gain )
. . t
e 7is the system time constant Step response y(t)=K (1 _ eT)
. K
() +y(@)=Ku()  G(s)=
75 +1
A Im A Im
>0 => <0 =>
Stable Unstable
Re Re
r 3 > ’—>
-1/7 -1/7
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Common transfer function templates: 15t order system

Stable

Elt

>0 =>

e (E/T) |

0

<0 =>
Unstable U

_______________________________

Impulse response

______________________________

E Impulse response

i DT
e T o e e
Step response
0
t
0
0 -7
t
0
R el e e e e

Step response
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Common transfer function templates: 2" order system

e 2nd order oscillation dynamics (complex poles)
e Differential equation and transfer function:

. . 2 2
o K is the system gain () +2¢0,y(1) + 0, y(t) = Ko, u(t)
e m, is system natural angular frequency (o, > 0) G(s) = Ka)j

e (is the damping ratio of the system (-1 > > 1) s*+ 20w,s + 60,3

Ko ., (.
Impulse response : V(1) = ﬁe ot (sm(a)n\/l — Czt))

Step response : Y(f)_K£le§wnt£COS(w”Wt)+ - sin(a)n 142t)}]

-2

_ K(l _%emﬂr (sin(a)n Mt) +cos”' (())}

—¢
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Common transfer function templates: 2" order system

poles: Al =
; - X--71 ga)mll—g i
SP,I :_wn§+wn \/l_é/ ! :
3 ; Re
Spy =—0,8 —0,\1-{7i | >
_é’,rvn
0> > 1 => :
Stable X--T Conl-¢"i
> A
~Com1-"i---K
' Re
—>
-1 >§>0 => -&?n
Unstable Comll- £ i|---K

X
£= cos(a)

\ (Wn
\
N

\
of

\

A lm
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Common transfer function templates: 2"9 order system

0 Impulse response :
f
0> é’> 1 =>
Stable
i
()
0 Step response
0
Impulse response : f { Step response t
-1 > é’> O => ﬂ El1+ 1 : E—;.:;,:] s .
: ;lil—i”‘
Unstable - .
ol
0
. 2_5-':':-.-:
| e
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Common transfer function templates: 2" order system

e The oscillation dynamics of 2nd order system (real poles)
e Differential equation and transfer function:

o K is system control gain 0,7, Y1)+ (7, + 7,) y(1) + y(¢) = Ku(?)
e 7,andr, are system time constants (7, # 7, ) G(s) = K
% ot ot (TIS + 1)(T2S + 1)
Impulse response  :  Y(¢) = e ?—e "
L=7

t t

1 N

Step response = Y(#)=K| 1— r,e P —re
L =T
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Common transfer function templates: 2" order system

poles:
( 1
Sp1 =~
z-1
<

1
Spr =7
\ 0

7,<0tair,<0
=> Unstable

7, 7, >0
=> stable
ImA
Re
X X—>
-1/7, -1/7,

ImA
Re
HK—X >
-1/¢ -1/7,
Im AN
Re
X0

/7, -1z,
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Common transfer function templates: 2"9 order system

Impulse response K

7, ,>0

Step response |
=> stable p Tesp

Impulse response / : Step response
7,<0o0rz <0

=> ynstable
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Higher-order Models

e Higher-order models can be formed from simple 1st and 2nd
order models

e It is known that the response is a weighted sum of all
elements (poles and zeros near the vertical axis dominate

the behavior of the system)
e Examining the oscillating system of the 3 order:

2
G(s) = Ko

s+ D(s* + 28w s+ @)

e The behavior of this system is a weighted sum of second-order behavior and
first-order behavior:

K’ A s Bs+C

n

(rs+1)(s% + 28w 5+ )) Trstl st 20w s+ @,
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Higher-order Models

e Below are system pole zero patterns and step responses

with certain parameter values

A Im A Inm

X X 2 20
R o e b)
e e 10
% > ¥ > 1 ’ .
0.5 |
a) b) ) a)» 0
X X o 1 2 3 4 5 01 2 3
N A, 20 200
X X 15 » 150 d)
Re Re 10 7 100
xX—» X—> 5 ] 50
C
c) d o 9
5 5 o 1 2 3 4 5 o 1 2 3
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Simple system responses

K K
— Ks
) 7s+1
v LA
g |
@)
8—. ]
o
8 s
v—g: L
E L 8 i
" A
g L
)
o
o,
o
Q.
8
N
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Simple system responses

K Ks K
s(zs+1) | (rs+1D)(z,s+1)

Impulse response

Step response
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Simple system responses

Ko’ Ko’ K
s’ +20w s+ s+ (zs+ 1) (75 +1)(Ts+1)

Impulse response

Step response
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Simple system responses

Kw?

n

_K
s — 1

2
n

s =20w s+

Impulse response

Step response
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