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Mechanism Design — VCG Mechanisms

A special case of VCG mechanisms is the pivot-mechanism (or Clarke mechanism):

Definition (pivot mechanism)

A pivot mechanism is a VCG mechanism with

ZUJ H k* ))7

J#i
where k*,(60—;) is an efficient alternative for the n.— 1 agents different from ¢

® Each agent pays the externality imposed on other agents:

0) = vi(0;,&5(0) — > v;(0;, K(6-0)).
# GRS

g cis present

e |f adding agent ¢ with type 6; does not change allocation, then t; = 0

LB set present

® The second-price auction is a pivot mechanism— $4avizg flat a‘-mv‘év‘f///‘zj Orc
G exescite



Mechanism Design — VCG Mechanisms

® |s there an ex-post efficient mechanism that is DIC but not a VCG mechanism?
® |f the environment is ‘rich’ enough, the answer is no:

Let V denote the set of all possible functions from K to R

If for all agents i, the set of preferences is such that {v;(0;,-)}s,co, =V, then every direct
mechanism in which truthtelling is a dominant strategy is a VCG-mechanism.



Mechanism Design — DIC and efficiency

Ex post efficiency and DIC is ‘almost equivalent’ to VCG mechanism

That is great because...
® these are simple to characterise

® we can simply check for the best VCG mechanism in each situation

However, ...
® they potentially require large transfers
® we have ignored participation constraints

e they are generally not budget balanced: >, %;(6) # 0
———
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Mechanism Design — Bayesian incentive compatibility

What if we weaken our solution concept and look at Bayesian Mechanism Design?
® We will focus in the independent case: f(6) =[], fi(6;)

Recall: truthtelling is a Bayes-Nash equilibrium if for all 7 and all 6;:

Egii [Ui(ei, k(@l, (9_1)) + ti((gi, 9_1)] > Egﬂ. {’Uz(ei, k‘(éz', 0_0) + ti<éi, 9_1)} Vél (BlC)

We hope that we can exploit weakened IC requirement (now only in expectation over 6_;) to
eliminate some undesirable features of VCG mechanisms.

® _.and indeed we can

e _ at first sight
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Mechanism Design — Expected Externality Mechanism

® | et k* be an ex-post efficient allocation rule

® Consider the following transfers: Y exercise.
ti(Hi, 971) = Eé_7 Z Uj (éj, ]{3*(92, é_l)) - hi(gfi),
J#i
with
1 - ~
hZ(Q,Z) = — ZE§7 |:Z ’Ug(@g, k (9]"9*]')) GJ] :

n—14~ J .

J#i CF]

Definition (Expected Externality Mechanism)

The mechanism (k*,t) defined above is called Expected Externality Mechanism.
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Mechanism Design — Expected Externality Mechanism

The Expected Externality Mechanism is budget balanced and truthtelling is BIC.

That is

J#i t#j

= Eéﬂv [Zvj(éjak*(gi,éi))] - ! Z [ZW 957 HJ,QJ))]
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Mechanism Design — Expected Externality Mechanism

® Expected Externality mechanism achieves budget balance

® but did we really gain that much? addilierns  matesial
Matlatl, p. 221>
Kishpo P- 76 =

Fix an ex-post efficient allocation rule k* and a BIC mechanism that implements k*. Then
there exist such that the with transfer rule

ti(0) =D _v;(0;,k*(0)) + hs
j#i

the following result suggests no:

gives each player the same interim payoff— &5 in  the RBIC imechanim,

L? e/(Pea-ch Pm\ja,ll/ when Lrewsing  swn «}Qfm, Lt

; {
\c:a{e" Anovo\c{aj o{Lese {npes" 50



Mechanism Design — BIC and Efficiency

To sum up:

® \/CG mechanisms give us a pretty complete picture of the expected utilities that can be
achieved in incentive compatible and efficient mechanisms

® With expected externality mechanism we can achieve budget balance ex post

But...
® \We still completely ignored participation constraints

® __.and that is generally problematic as we see now
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Mechanism Design — Bilateral Trade

Question: Is efficient trade possible when both sides have private information?

® single indivisible good
® one buyer with € [6, 6] drawn from F
® one seller with production cost ¢ € [c, ¢| drawn from G

e trade is efficient sometimes: ¢ < 0 but not always: 0 < ¢

Theorem (Myerson-Satterthwaite)

There is no ex-post efficient, budget balanced, BIC mechanism that satisfies interim IR for
buyer and seller.



Mechanism Design — Bilateral Trade — proof of Myerson Satterthwaite

Direct Mechanism: . g#/r‘wm‘ 7’\‘@/62 = _{ZL( 97@}

® ¢(@,¢) €[0,1] = prob. of trade

® tp(0,c) transfer to buyer  tg(0,c) transfer to seller

The buyer's expected utility from report 6 is

/ i (0q(é, ¢) +tg(6, c)) dG(c)
Define: intesim exPca/{cd PW&L«I.‘JU 9{’_‘%&(/}”;&% Mﬁca*cc( *iLro‘w:VL'a/
* Qp( ffq(é,c) dG(¢) and Tgz(H) ngtB(é, ¢)dG(c) for buyer
* Qs(¢) = ng(Q,é) dF(#) and Ts(é) = fgts(g,@) dF(8) for seller

=\
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Mechanism Design — Bilateral Trade — proof of Myerson Satterthwaite

Incentive compatibility (Bayesian):

0Qp(9) + Tr(0) > 0Qp(0) + Ts(H) (BIChuyer)

( ) - CQS(C) > TS(é) - CQS(6> (BICselleT)

Individual rationality (interim): 0Qp(0) +Tp(0) 20 (I Rpuyer)
TS(C) - CQS(C) > 0 (IRseller)

Budget Balance holds if t5(0,c) + ts(0,c) =0, we will require a weaker condition:
o mcnej fom

/ / (t5(8. ) + t5(6,¢)) AF(8) dG(c) < 0 (BB)

sl e)((aée:\@dbq
we will sheow
no mechanism with ex-post efficient trade (¢(0,c) = ll{(,,(}) satisfies these conditions
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Mechanism Design — Bilateral Trade — proof of Myerson Satterthwaite

We can apply screening results to expected terms @ and T" to conclude

Suppose (q,tp,ts) satisfies BICyyyer and BICseijer, then

1. Qp(0) is non-decreasing

2. QS(C) is non-increasing
Vi(0) = Vi(0) + J; Qa(s)ds

4. VS(C) Va(@) + J¢ Qs(s) ds

55



Mechanism Design — Bilateral Trade — proof of Myerson Satterthwaite

Since we are interested in ex-post efficient allocations: recall the following theorem:

Fix an ex-post efficient allocation rule k* and a BIC mechanism that implements k*. Then

there exist constants h; such that the VCG mechanism with transfer rule
ti(0) = > v;(0;,k*(0)) + hi
J#L
=)
gives each player the same interim payoff. < “~— here: Same l/Q( ) e I/S@J aﬁﬂﬁ >
/
With constants hg and hg, VCG implies the following transfer rules:
—c+h if 0 >c 0+ h if 0 >c
t5(0,c) = 3 and  tg(f,c) = °
hp otherwise hg otherwise.
The (interim) expected utility of the buyer is then
c ¢
Va(®) = [ (0~ ) Lpsg +h2) dG(©) = [ (0= 0) 1ygog dG(O) + hi y
] @



Mechanism Design — Bilateral Trade — proof of Myerson Satterthwaite

Considering the ex-ante expected utility of the buyer

0 0 rc
/e Vi (0) dF(9) = /9 / (0 — €) Ligoey AG(c) AF(8) +hp = S + hi.

=ex-ante surplus from efficient trade =S

Same steps for the seller

/Cc Vs(c) dG(c) = @ihs.

However, by Budget Balance (we don't inject money from outside) it must be that

0 @
| vs@ar®) + [ vsace <.
(2 4
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Mechanism Design — Bilateral Trade — proof of Myerson Satterthwaite

Astume  Alat & =c

e #;c,/m% alocation ( 9 ’fé(d:ﬁ{ .9>c}1)

W Q@ -"0
n R :
@uqd ’\ Q ©

(nplies flat
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Q- Q@)+ Tg) = O+ hg ZO.
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Mechanism Design — Bilateral Trade — Recap

® Ex-post efficient trade is not feasible

® Note: what we showed implies that trade is ex-post inefficient in every equilibrium of
any bargaining game with voluntary particiation
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