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Mechanism Design — Revenue Maximisation — Optimal Auctions

In the auction problem, any Bayesian incentive compatible mechanism that implements
q(0) = (q1(0),...,qn(0)) gives each agent i payoff

Vi) +/ / 2) dF_;(6ms) ds,

and expected transfer
— Tl = G Bh)) — 7alBh)-
9-& 5)/,;
® |n any BIC mechanism, the allocation rule almost pins down the transfers

(up the constants V;(6;))
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Mechanism Design — Revenue Maximisation — Optimal Auctions

The seller’'s expected revenue from mechanism (g, t) is

[ ) —cato)|aF®) = X [ (B0 - cQut0) dFi(0).
i=1 i=1"0i
It follows from previous result that:

Theorem (Revenue Equivalence)
Any two equilibria of any two auctions that yield (i) identical allocation probabilities g;(-)

and (ii) identical interim utility for type 0, of each bidder i give the seller the same
expected revenue.

I ont 2 exampleri ) idenbeal oleston o2 e g (0,0) = Lazes 98

(¢ Same Vi@, 2 YVes, Vi(@=O i all 2 axchon
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Mechanism Design — Revenue Maximisation — Optimal Auctions

wits 65,0, vULo]

&Kom@lc
=0

Jiev- -2

Were the three auctions optimal for the seller?
=29 -

What constitutes an optimal auction?

Theorem (Optimal auction) e

Suppose n. > 2 and each bidder’s virtual valuation J; is increasing in 6;. Any alloaction rule
q*: © — [0,1]" satisfying ogent wotl igest

vickual velde

/ L viclual value

g 0) >0 only if Ji(60;) = max Jj(0) > ¢, exceels cost
J

n
— Zq;"(ﬁ) <1 only if max J;j(0;) < c
: J
and the implied transfers with T;(6;) = 6,Q7(6;) (i.e. Vi(8;) =0) is an
incentive-compatible individually-rational mechanism that maximises revenue.

proof: exercise ‘ ﬁ\[j&(sgr\ Y3 l \;(Ccijég\w\ Ppg;g: o



Mechanism Design — Further Topics

Some issues that we have not covered:
® Collusion —> multiple  Liddess coocdinate  on \//'oén+ deviotion

e Interdependent valuations (for example, common-value auctions)

Correlated types
Evidence / Verification —> dfxﬂ-f“"‘"' 't']P‘S can W&J repecd  come. alles fapes
® Dynamic problems (multiple stages) pricepal can TPy b0 damin Huc Typ

Limited commitment for principal
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Moral Hazard




Moral Hazard — Intro

We now consider models with 'hidden action’
® Principal commits to payment schedule
® Agent takes an action

® Principal observes (imperfect) signal about action and pays according to schedule

Examples:
® Insurance contract
® Employment contract

® Rental contract
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Moral Hazard — Intro

General setup:
® Agent chooses effort level e € E C R,
® The profitis« € [r, 7] = II C R.
e Distribution of profit depends on effort: 7w ~ F(-|e) with density f(7|e) > 0

FE(:|e) is ordered by first-order stochastic dominance:

If e > ¢, then F(r|e") < F(xle’) Vr eIl

® Principal observes only:w and commits to pay the agent a wage w(m)
* Payoffs: agent: v(w) —c(e) principal: @ —w
v(+) is increasing and concave, effort cost ¢(-) is increasing and convex

L7 Gkkj(—r\‘\' (s rr’_cL—C'\c/dFSe

Pciaaipa( e cick  reatal &/



Moral Hazard

The principal’s problem is to choose an effort level e and wage scheme w(+) to solve

max /7T (m —w(m)) f(w|le)dm  such that

evw(') s
. oledience copstraint €= arglIeI?X/ v (w(m)) f(r|€)dr — c(€), (1C)
poctieipation congteoint /7T v (w(n)) f(r|e)dm —c(e) >0 (IR)
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Moral Hazard — Observable effort

Suppose effort is observable to the principal (and contractible) so that wage is w(e, )

{O for all €/ # e

® The principal can enforce efforte by setting w(e’,m) =
we(mw) fore' =e

Ly ”gom'-n\a} contcoct!

Principal’s problem is to choose effort level e and wage function we(-) to

max /: (m — we(m)) f(mle) dm

e,we(~) s
e e /Wv () o) e = effe) = 0 (IR)

us
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Moral Hazard — Observable effort

@ i abg + ] W, G
max)/ (7 — we(w)) f(x|e) dm ____yCinea( ectie in W D

ewel(-

such that / v (we(m)) f(mle)dr —c(e) >0 —> concave consteaint inv
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Moral Hazard — Risk-neutral agent

Suppose effort is unobservable but the agent is risk neutral: v(w) =w

® The principal could simply 'sell the firm' to the agent: %d— &Ve,

i /
=7 — (/ w f (| g®) dr (-(CFB)>
expeet maina) swcplus of the grem

® The agent’s expected payoff when choosing some €’ is

w(7) =a — max
€

/7_r nf(nle)dr —c(e’) — </_ mf(m|eFB) dr — (e F“))

_y what s fte Q?{;(Y\O\‘ choice g+ e {cw tfle aj:n‘},z—? Oﬂmjr oﬁ:‘ml\tgowef@

— wiet  does  agent 31’0,7 CGG’M— @&B Q n erpectation Leoanse psincipal

Vel Licm! ok price egol Ho maxiral exsante swWpUs.



Moral Hazard — Risk-neutral agent

We saw: if the agent is risk-neutral and wages are unrestricted, we get efficient outcome
® Agent chooses first-best effort level ef'?

® Principal extracts all surplus by 'selling’ the firm at expected value

Next, we consider frictions that may induce inefficiencies:
1. Limited Liability:

if agent has limited funds, requiring w(#) > w, selling the firm infeasible

2. Risk-averse agent:

if v(w) is concave, tradeoff between incentive-provision and risk-sharing arises
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