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Lecture 2b: Linear Estimation in Static Systems

Minimum Mean Square Error (MMSE)
MMSE estimation of Gaussian random vectors

Linear MMSE estimator for arbitrarily distributed
random vectors

LS estimation of unknown constant vectors from linear
observations, batch form, recursive form.

Apply the LS technique
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The Conditional Mean and Covariance for Gaussian
Random Vectors

Two random vectors x and z that are jointly normally (Gaussian)
distributed

The estimate of the random variable x in terms of
z according to the minimum mean square error (MMSE) criterion —
the MMSE estimator — is the conditional mean of x given z.
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Joint and Conditional Gaussian random variables,
Conditional pdf of x given z.

y = [I p(z,2) = p(y) = N(y; 9, Pyy) y=1,
z
P,, = cov(z) = E[(z — z)(z — 2)" o
P.. = cov(2) = E|(z — 2)(z = 2)] Py, = [ P: Pj:

P,, = cov(z,z) = E[(z — 2)(z — 2)'| = P,

p(z,z) [27P,,|"V/? em2v=9VFy (v-9)
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New with zero mean random variables, the exponent
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p(z|z) =

1 -1
€=I—j — g Prr P.rz {jl_ ;Pz:l
(E2-5 L) LR P {C et
= 2 = -, - :
— ‘E sz sz [f]_C,P‘;l
_C_ szx Tzz_ C

Aalto University ELEC-E8104
9/20/2022
O

3



continues T.!= P, — P..P'P.,
Pz;l - Tz.z - TzITm_:.::ITI?E
T;::ITJ:z = _PIEPz:1

q = ngIIE + ngrzC + C, z.-r‘s + CI zzc - CIPz_le
= (6 4+ T T Q) Toa(€ + T Tos() + (' (Toz — Tea T T2 )¢ — (P
= (6 + T, To{) Tea (€ + T, T22() (1.4.14-15)

completion of the squares E+T T (=20—7— P..P'(z — 2)

E(z|z) 23 =2+ PP (z - 2)

cov(z|z) & Poypy = T = Py — Pr PPy

Fundamental equations of linear estimation
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Estimation of Gaussian random vectors

x and z jointly Gaussian  z is the measurement X random variable to be
estimated
a |l T z B P,y Py,
_[z] ’ !zl S
y ~ N7, Py P =El(z—2)(z—2)] Pe=Elz-2)(z-2)]=PF,

The MMSE Minimum Mean Square Error —estimator is the
conditional mean of x given z, for linear Gaussian case,

also Maximum a Posteriori MAP -estimator

3 2 Elz|z] = 7 4+ PPN (2 — 2)

Pa:::|z = E[(:I: - i‘)(;lf - :E)jlz] = Ppy — szPz-;IPzz
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* The optimal estimator (in the MMSE sense) of x interms of z is a
linear function of z. This is a consequence of the Gaussian
assumption

« conditional covariance, measures the “quality” of the estimate, is
iIndependent of the observation z.

The MMSE estimate — the conditional mean — of a Gaussian random
vector in terms of another Gaussian random vector (the measurement)
IS a linear combination of

« The prior (unconditional) mean of the variable to be estimated,;
« The difference between the measurement and its prior mean.
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The Principle of Orthogonality

(MMSE) estimate of a random variable x in terms of another random
variable z is the conditional mean E[x|Zz]

* In many problems the distributional information needed for the
evaluation of the conditional mean is not available.

« Furthermore, even if it were available, the evaluation of the
conditional mean could be prohibitively complicated

A method that

(1) is simple — yields the estimate as a linear function of the
observation(s) and

(2) requires little information —only first and second moments, is
highly desirable.

Such a method, called linear MMSE estimation, relies on the
principle of orthogonality
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The best linear estimate (in the sense of MMSE) of a random variable
In terms of another random variable — the observation(s) — is such
that

1. The estimate is unbiased — the estimation error has mean zero,
and

2. The estimation error is uncorrelated from the observation(s);
that is, they are orthogonal.

Linear MMSE Estimation for Zero-Mean Random
Variables

In terms of a (normed linear) space of random variables

The set of real-valued scalar zero-mean random variables z;,, i = 1,
..., Nn, can be considered as vectors in an abstract vector space or
linear space
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A (complete) vector space, in which one defines an inner product,
IS a Hilbert space

(zi, 2k) = Elziz] (correlation 1)
Random variables under consideration are zero mean

(zi,2) = Elz] = ||’

satisfies the properties of a norm and can be taken as such.

With this definition of the norm, linear dependence is defined by
stating that the norm of a linear combination of vectors is zero

E|(San)

If, vy # () then z, is a linear combination of z,, . . ., z

:__Zfl /u?

1 ;=2

= 0

that is, it is an element of the subspace spanned by z,, ..., z
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Two vectors are orthogonal, denoted as z; L z,, if and only if
(ziyziy =0

which is equivalent to these zero-mean random variables being

uncorrelated

The linear MMSE estimator of a zero-mean random variable x in terms
ofz,1=1,...,n,Isgiven by n
r=> Bz
i—1

and has to be such that the norm of the estimation error is minimum

-~ A -
r = Tr —XT

The linear MMSE estimate is denoted also by a circumflex (“hat”),
even though it is not the conditional mean.
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Thus the norm of the estimation error
|#]]? = El(x ~ 2))] = E|(x - Z 3i2)?]
will have to be minimized with respectto ,1=1, ..., n.

1

- 3()—"3“} H - E!(} o Z 31“1)""’{‘} E[ 1’3’17] — <;1?_,£5,l;> =0 k=1....n

IS seen to be equivalent to requiring the following orthogonality property:
o vk
This is the principle of orthogonality:

In order for the error to have minimum norm, it has to be orthogonal to the
observations. This is equivalent to stating that the estimate of x has to be
the orthogonal projection of x into the space spanned by the observations
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Orthogonal projection of random variable x into the subspace of

{z,, Z,}.
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Linear MMSE Estimation for Nonzero-Mean Random
Variables

For a random variable x with nonzero mean 7, the best linear
estimator is of the form

T
=1

Since the MSE is the sum of the square of the mean and the variance
E[#*] = (EM)“) + var(2)

In order to minimize it, the estimate should have the unbiasedness
property
E[#] =0 By =1 Z 3% zi = Elz]
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The error corresponding to this estimate is

-~ A N
r — & —XT

- Zi( — )

This has transformed the nonzero-mean case into the zero-mean case.

The orthogonality principle then yields the coefficients (3, from

,Z,”k) = E[;f,;‘:g] Eh? — I — Z ‘3( };,,,;] — 0 kE=1.....

The estimator is also known as the Best Linear Unbiased
Estimator BLUE
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Linear MMSE Estimation for Vector Random Variables
Vector-valued random variables x and z, which are not necessarily
Gaussian or zero-mean.

The “best linear” estimate of x in terms of z r=Az+0b

The criterion for “best” is the MMSE: find the estimator that minimizes
the scalar MSE criterion, the expected value of the squared norm of
the estimation error

J 2 El(z— ) (x— )]

The linear MMSE estimator is such that the estimation error

r=x—2T
IS zero-mean (the estimate is unbiased) and orthogonal to the
observation z

FElz|=2—(Az+4+b) =0 b=1— Az
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The estimate is the orthogonal projection of the vector x into the
space spanned by the observation vector z

r=x—1— Az —2)

The orthogonality requirement is, in the multidimensional case, that
each component of 7= be orthogonal to each component of z.

E[22] = E{[zx -7 — A(z — 2)]'}

= Fllr—7—-A(z—-2)](z—-2)}=P.. —AP.. =0

A —1
the weighting matrix A A=PF., P
the linear MMSE estimator for the multidimensional case is identical to
the conditional mean from the Gaussian case

P =T+ P.P_'(z—2)
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The matrix MSE corresponding is given by

Eli7| =Ellxr — % — P..P (2 — 2)|[x — & — P..P_\(

E i—:i—:f — Pif;if o Pif,ﬁpf_fle-f — PT-? v
O e vz

And is identical expression to the conditional covariance in the
Gaussian case

(strictly speaking, the matrix MSE Is not a covariance matrix since the
estimate is not the conditional mean)

Equations above are the fundamental equations of linear
estimation
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Remarks

Note the distinction between the scalar MSE criterion, an inner
product, and the matrix MSE, an outer product. The matrix MSE is
sometimes called, with abuse of language, a covariance matrix.

From the above derivations it follows that

* the best estimator (in the MMSE sense) for Gaussian random
variables

IS iIdentical to

* the best linear estimator for arbitrarily distributed random variables
with the same first- and second-order moments.

The linear estimator is the overall best if the random variables are

Gaussian; otherwise, it is only the best within the class of linear
estimators
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The linear MMSE estimator of one random vector x in terms of
another random vector z is such that the estimation error is

1. Zero-mean (the estimate is unbiased)
2. Uncorrelated from the measurements

These two properties imply that the error is orthogonal to the
measurements. The principle of orthogonality.

The expression of the linear MMSE estimator is identical to the
expression of the conditional mean of Gaussian random vectors if
they have the same first two moments.

Similarly, the matrix MSE associated with the LMMSE estimator has
the same expression as the conditional covariance in the Gaussian
case. The linear MMSE estimator is

1. The overall best if the random variables are Gaussian
2. The best within the class of linear estimators otherwise
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LEAST SQUARES ESTIMATION

The Batch LS Estimation

In the linear least squares (LS) problem it is desired to estimate the n,
vector X, modeled as an unknown constant, from the linear
observations (n,-vectors)

2(1) = H(i)x + w(7) i=1,...,k

to minimize the quadratic error

) J(k) = Y[=(0) = H(@)a'R() ™' [2() — H(i)al
= J(k) = [z" — H2)(R" 7' [2F — H 2
z(k) |
H(1) w(l) | R(1) 0
H =| wh =1 RF=| : . i |=diag[R(i)]
H(Fk) w(k) | 0 R(k)
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The L S estimator that minimizes J is obtained by setting its gradient
with respect to x to zero.

V., J(k) = —2H"(R")'[2F — H*2] = 0

#(k) = [HY (R H* ) HY (RF) 12"

assuming the required inverse exists

|t can be easily shown that since R is positive definite, the
Hessian with respect to x is positive definite, and consequently
the extremum point is a minimum.

« A batch estimator — the entire data have to be processed
simultaneously for every k.

LS estimator is unbiased, because

E[’i(k)] _ [HA;/(RA:)—lHA:]—1Hli;’(R/if)—1E[H/i:{E 4 .,u;lif] — 7
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The estimation error is
B(k) = @ — (k) = —[H" (R HY) - HY (RF) !
the covariance matrix of the LS estimator
P(k) £ E[{&(k) — Ela(k)] (k) — El2(k)]})
= El[&(k) — a][2(k) — 2]
= Elz(k)z(k)] E[wkwk,] — RF
_ [ch’(Rk)lch]1H/c’(Rlc)1Rk(Rk)1Hk [ch’(Rlc)lch]l

P(l]) . [HL'!(R!:)—IHI.']—]
The existence of the inverse of H'R™'H required is equivalent to

having the covariance of the error finite. This amounts to requiring
the parameter x to be observable
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Relationship to the Maximum Likelihood (ML)

Estimator

If the measurement errors w(i) are independent Gaussian random
variables with mean zero and covariance R(i), then minimizing the LS
criterion is equivalent to maximizing the likelihood function

ki
Ap() ple¥|z] = H plz(i)|x
= C 6_5226 L [2(0)—H (d)a) R(i) = 2(1)— H (i)]

the LS and ML estimators coincide, LS is clearly a “disguised” ML
technique
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The Recursive LS Estimator
In this case, k is interpreted as “discrete time.”

_k e _ { Wk
| z(k+ 1) Lw(k+1) J
H* Rk+1 _ R 0
H(k+1) 0 R(k+1)
Hh+1’(ka+1)—1Hh+1
i 1
RF 0 H*
Y H (k1)
0 R(k+1)| | HE+1) |

H"(RMY'HY + H(k + 1) R(k + 1) "H(k + 1)

Plk+1) "' =Plk)y "+ Hk+1)YR(k+1)""H(k+1)
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The information is additive here because of the following:
1. The problem is static — the parameter is fixed.
2. The observations are modeled as independent.

Plk+1) = [P(/{)_l + H(k + 1),R(]{? 4 1)_1H(]{ n 1)]_1
= P(k) = P(k)H(k +1)[H(k + 1)P(k)H (k + 1)
+R(k+ 1) H(k + 1)P(k)

S(k+1)2 H(k+ )P(EYH(k + 1) + R(k + 1)

Wik +1) 2 P(k)H(k +1)S(k + 1)~

Plk+1)=[1-W(k+1)H(k+ 1)|P(k)

Plk+1)=P(k)— W(k+ 1)S(k + L)W (k + 1)
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Alternative Expression for the Gain
Plk+1DH(k+1)R(k+ 1)t = tPWHE+1) = PURH(E+1)
[H(k+ VD) PE)H(k+1) + R(k+1)] "
H(k+1D)PR)H(E+ 1) YR(E+ 1)
— P(k)H(k+ 1)

JH(k+1)P(k)H(k+1) + R(k+ 1)
AH(k+1D)P(EYH(k+1) + R(k+1)
—H(k+1D)P(E)H(E+1)}R(E+ 1)1

P(kYH(k+1)'S(k+ 1)
= W(k+1)

W(k+1)=Pk+1)Hk+1)R(k+1)""
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The Recursion for the Estimate

z(k+1) = P(k+ I)HA‘-H’(RA‘-H)—lel
Rk 0 Z'IC
0 R(k+1) 2(k+1)

— Pk + D)H"(RH 25+ P(k+ O)H(k + 1)/R(k+ 1) 2(k + 1)

— P(k+1) [H" H(k + 1)’]

= [[=W(k+1)H(k+D]P)H" (R + Wk +1)2(k+1)
= [ -W(k+1V)H(E+ D]x(k)+W(k+1)z(k+1)

The above is the recursive parameter estimate updating equation
— the recursive LS estimator, written as

r(k+1)=a2(k)+ Wk +D[z(k+1)— H(k+ 1)z(k)]
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v(k 4+ 1) = (k) + Wk + 1)[z(k + 1) — H(k + 1)x(k)]

The new (updated) estimate is therefore equal to the previous one plus
a correction term. This correction term consists of the gain W(k+1)
multiplying the residual — the difference between the observation
z(k+1) and the predicted value of this observation.

Since this is a recursive scheme, initialization is required, for example
by using a batch technique on a small number of initial measurements
or by using an “a priori” initial estimate and an associated covariance.

The Residual Covariance, S

Covariance of the residual, the difference (zero mean) between the
observation (noise R) and predicted observation based on estimate of
X (covariance P), which are independent.

Ellz(k+1)—H(k+Da(k)][z(k+1)— H(k+1)z(k)]] = S(k+1)
2 Hk+ DPK)HE+1) + R(k +1)
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Example of Prior Information, The Sample Mean

Noisy observations on a constant scalar x, w(i) independent and
identically distributed random variables, zero mean, variance o2

2(1) = x4+ w(i) i=1,....k 1
RV = I5? H =
1
jf(k) _ [H]C/(Rk‘)—lHk‘]—IHICI(R]C)—lz]C
/ B T —1 B =
1 2(1)
= - 1) (Lo o [1 - 1) (1o%) !
\ L 2(k)
1A 9
— E 2:12(3) P(]C) — [HICI(RIC)_IH]C]_l — %
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The recursive form of the LS estimation

S(kt1) = H(kt DV PE)H (k1Y + R+ 1) = T o2 = B

k
W(k+1)= P(k)H(k+1YS(k+1) ‘; ( —/2 2)1 L

#(k+1) = (k)

Or directly from the batch expression

1 kE+1

1 koo
= Tl (1) +2(k+1)
1

= o [kak) + 2k + 1) — (k) + 2(h)

T
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