Prediction and Time Series Analysis Ilmonen/ Shafik/ Pere/ Mellin
Department of Mathematics and Systems Analysis Fall 2022
Aalto University Exercise 5.

5. Theoretical exercises

Demo exercises

Throughout these exercises, assume that E[z;_,¢;] = 0 for all v > 1. In addition, assume that
(€1)ter ~ 1.1.d.(0, 0%), such that 0% < +o0.

5.1 Consider the following ARMA processes:

3
Ty + let_l =€ — €1 (1)
5 1
T+ Ty o = € — gﬁtfl + 661%2 (2)
1 4
Tt — € — Ext_4 - §€t—2 =0 (3)

Which of the processes are (weakly) stationary? Which of the processes are invertible?

Solution. An ARMA process is stationary, if the zeros of the autoregressive polynomial
lie outside the closed unit disk. An ARMA process is invertible, if the zeros of the moving
average polynomial lie outside the closed unit disk.

(1) AR polynomial:

3
1+ ZL =0
ST
The process is stationary. MA polynomial:
1-L=0
L=1
The process is not invertible.
(2) AR polynomial:
1+ L*=0
L=+
L] =1
The process is not stationary. MA polynomial:
1— gL + éLQ =0
5 1
L= Ei—% =3 or 2

(o]}

The process is invertible.
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(3) AR polynomial:
1

1——L*=0
16
L==2 or
L = =23,
which gives,
L] =2

and thus the process is stationary. MA polynomial:

4

1+ -L*=0
"9
3
L=+
:|:§i:§
2| 2

The process is invertible.

5.2 Let v(:) be the autocovariance function of a weakly stationary process x;. Show that
the following properties hold.

(1) 7(0) =0,
(ii) |y(7)] <~(0), foreveryT€eT,
(iii) y(r) =~v(-7), forevery T e T.

Solution. Recall that a weakly stationary process x; satisfies Var(x;) < oo, for every
t € T. The autocovariance function of the process is

v(1) = Cov (x4, 24—7) = E ((z; — E(2y)) (24— — E(2—,))), t,7€T.

The first property holds, since
7(0) = Var(z;) = E ((z; — E(xt))Q) > 0.
The second property is obtained by using the Cauchy-Schwartz inequality.

B (2, — E(x0)) (@—r — E(ze—)))|* < E (2 — E(2:))*) E (=7 — B(z,-,))?)
= |Cov (xt,xt_7)|2 < Var(z,)Var(z,_,) = Var(z,)?

= [y(7)] <~(0),
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5.3

since the variance of a stationary process is time invariant, we have that,
Var(z;)Var(z;_,) = Var(z,)*.
We get the third property from,
Y(=7) = Cov (x4, T47) = Cov (T44r, 21) = Cov (z4, 2—-) = Y(7),

since the autocovariance of a stationary process depends only on the time interval
between the two random variables.

Derive the optimal 3-step prediction for the stationary AR(2) process
Ty = Q1041 + GaTy_o + &, & ~ iid(0, 02),

in the sense of mean squared error, when the process has been observed up to the time
t. Assume that z; and £, are independent when s > t. What is the recursive formula of
s-step prediction?

Solution. The 1-step prediction is

50t+1|t =E ($t+1‘xt7 Ti—1,-- )
=E (¢12 + powe1 + €p41|Te, Tyo1, .. ) = Q104 + Doy

The 2-step prediction can be obtained by using the 1-step prediction.

Tyyop = E (o121 |7, .. .) + E(dowe|wy,...) +0
= ¢1 (P10 + Poty—1) + oy = (67 + h2) T4 + Prhots1.

Similarly, the 3-step prediction is

i‘t+3|t =E (¢1l‘t+2|$t, - ) + E (¢2xt+1|$t, o )
= ¢ ((Qb% + ¢2) Ty + ¢1¢2$t—1) + Proxs + P31
= (¢} + 2¢102) z1 + (P12 + ¢3) w41

The s-step does not admit a closed form representation, but it can be written recursively
as

Tyysit = Q1&1—14s)t T Pale—244)t-
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5.4 Consider the following ARMA processes:

Ty — Ty 1+ X9 =€+ €1 — 66_o, (4)
1 4 1

X + 51}_1 =€+ gEt_l + gEt_Q, (5)

Ty — Tg—1 = € + §€t712- (6)

Which of the processes are stationary? Which of the processes are invertible?

5.5 Derive the optimal s-step prediction for the invertible MA(g) process,

q

Tt = Z QiLiat, Et ~ 11d<0, 0'2),
1=0

0y =1,

in the sense of mean squared error, when the process €; has been observed up to point
of time t.
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