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State-Space Representation (recap)

• Often, physical equations that describe a system mathematically are already 
available in state-space representation, where the states are some set of 
physical variables (e.g., displacements, velocities, etc.), i.e.,

dim(x) = n

dim(u) = r

dim(y) = p

System model: ẋ(t) = Ax(t) +Bu(t), x(0) = x0

Observation model: y(t) = Cx(t) +Du(t)
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• Advantages of the system description using the state-space representation in 
comparison to the conventional methods are:


- Possibility to describe the state of the entire system each time; unlike the transfer 
function, which connects the input u(t) with the output y(t)


- They facilitate the solution of control problems, such as stability and optimized 
control


- The simulation and scheduling in computer systems is quite easy since they are 
represented by a set of linear differential (later difference) equations 


- They are also able to describe some nonlinear systems, which cannot be done 
using the transfer function
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-L y[k] = x[k]
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• Designing controllers based on state-space models to obtain specific 
closed-loop characteristics of the system
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• Designing observers based on state-space models to obtain specific closed-
loop characteristics of the estimation error
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• By combining the state-observer and state-feedback controller it is possible to 
design a controller based on output measurements (feedback)
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State-Space Representation (recap)



Learning outcomes

By the end of this lecture, you should be able to:

• Understand the principle of optimality


• Understand the Dynamic Programming


• Design optimal controllers based on LQ problem formulation



Introduction
• Classical control system design - design parameters of an “acceptable” 

system, defined in terms of time and frequency domain criteria, e.g.,

‣ rise time 

‣ settling time

‣ peak overshoot

‣ gain and phase margin

‣ bandwidth
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1% settling time
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• steady state accuracy

• stability

• rise time

• overshoot

• settling time

• disturbance rejection

• others
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Recall the unit feedback control system with disturbance w,

overshoot

1% settling time
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• steady state accuracy

• stability

• rise time

• overshoot
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• others

• Different performance criteria must be satisfied by complex multi-input-multi-
output (MIMO) systems, e.g., the design of a spacecraft attitude that minimizes 
fuel expenditure - not solvable by classical methods!



Motivation for optimal control
• Motivation for optimal control 

‣ Get the best performance
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Motivation for optimal control
• Motivation for optimal control 

‣ Get the best performance

‣ Learn the limits

• Control design as optimization 
1) Optimization cost (time or frequency domain). In time domain:


‣ Lower rise time ⟹ bigger overshoot

‣ Lower overshoot ⟹ large rise time

‣ Imposing additional constraints

‣Integral criteria

Handle 
by



Motivation for optimal control (cont’d)
• Integral criteria: let the error                , then one can try and minimize the error, 

e.g.,
e = r � y
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Motivation for optimal control (cont’d)
• Integral criteria: let the error                , then one can try and minimize the error, 

e.g.,

• However, there is a performance vs effort trade off; to balance it

e = r � y
<latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit>

Z 1

0
|e|dt,

Z 1

0
t|e|dt,

Z 1

0
e2dt

<latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit><latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit><latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit><latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit>

Z 1

0

�
qe2 + ru2

�
dt

<latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit><latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit><latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit><latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit>



Motivation for optimal control (cont’d)
• Integral criteria: let the error                , then one can try and minimize the error, 

e.g.,

• However, there is a performance vs effort trade off; to balance it

e = r � y
<latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit>

Z 1

0
|e|dt,

Z 1

0
t|e|dt,

Z 1

0
e2dt

<latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit><latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit><latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit><latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit>

Z 1

0

�
qe2 + ru2

�
dt

<latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit><latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit><latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit><latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit>

weights



Motivation for optimal control (cont’d)
• Integral criteria: let the error                , then one can try and minimize the error, 

e.g.,

• However, there is a performance vs effort trade off; to balance it

e = r � y
<latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit>

Z 1

0
|e|dt,

Z 1

0
t|e|dt,

Z 1

0
e2dt

<latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit><latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit><latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit><latexit sha1_base64="k5FTEvtHm1y3lyOeuhwJSgbBAG8=">AAACQnichZBLSwMxFIUz9V1fVZdugkVwIWWmCIorwY1LBfuQtpZM5k4bmsmMyR2hjP1tbvwF7vwBblwo4taF6WOhVvBA4OOce0ly/EQKg6775ORmZufmFxaX8ssrq2vrhY3NqolTzaHCYxnrus8MSKGgggIl1BMNLPIl1Pze6TCv3YI2IlaX2E+gFbGOEqHgDK3VLlw1hcJ25g6uM0sh9gf0Du5ogPu0eZOygE7n+N8AXJdt3i4U3ZI7Ep0GbwJFMtF5u/DYDGKeRqCQS2ZMw3MTbGVMo+ASBvlmaiBhvMc60LCoWASmlY0qGNBd6wQ0jLU9CunI/b6RsciYfuTbyYhh1/zOhuZfWSPF8KiVCZWkCIqPLwpTSTGmwz5pIDRwlH0LjGth30p5l2nG0baetyV4v788DdVyybN8cVA8OZ7UsUi2yQ7ZIx45JCfkjJyTCuHknjyTV/LmPDgvzrvzMR7NOZOdLfJDzucX/eqxjA==</latexit>

Z 1

0

�
qe2 + ru2

�
dt

<latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit><latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit><latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit><latexit sha1_base64="k0X6BHa6eHqWZj1tL0GiVzlbYGs=">AAACFHicbZA9SwNBEIb3/IzxK2ppsxiESCDcBUGxCthYRjAq5JKwt5lLluztnbtzQjjyI2z8KzYWitha2Plv3MQUmvjCwsM7M8zOGyRSGHTdL2dhcWl5ZTW3ll/f2NzaLuzsXps41RwaPJaxvg2YASkUNFCghNtEA4sCCTfB4Hxcv7kHbUSsrnCYQCtiPSVCwRlaq1Mo+0JhJ3NH7cxSiMORLyHEEr2DdrWs03bV16LXxyPaxU6h6Fbcieg8eFMokqnqncKn3415GoFCLpkxTc9NsJUxjYJLGOX91EDC+ID1oGlRsQhMK5scNaKH1unSMNb2KaQT9/dExiJjhlFgOyOGfTNbG5v/1ZophqetTKgkRVD8Z1GYSooxHSdEu0IDRzm0wLgW9q+U95lmHG2OeRuCN3vyPFxXK57ly+Ni7WwaR47skwNSIh45ITVyQeqkQTh5IE/khbw6j86z8+a8/7QuONOZPfJHzsc3VraeTQ==</latexit>

weights
2) Optimization variables
‣ Controllers (intractable if we do not make restrictions) → we need to fix the 

controllers and optimize over parameters (e.g., PID coefficients).

- Have to express the cost J as a function of the PID parameters, which is 

hard and it results to numerical simulation solutions

- Need to impose conditions for closed loop stability, generally nonconvex 

problem



Motivation for optimal control (cont’d)
• Integral criteria: let the error                , then one can try and minimize the error, 

e.g.,

• However, there is a performance vs effort trade off; to balance it

e = r � y
<latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit><latexit sha1_base64="q4Rtaol3n2yWTp9roWxuGi+HfeI=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRFAEoeDFYwVjC20om+2kXbrZhN2NEEp/gxcPinj1B3nz37htc9DWFxYe3plhZ94wFVwb1/12Siura+sb5c3K1vbO7l51/+BRJ5li6LNEJKodUo2CS/QNNwLbqUIahwJb4eh2Wm89odI8kQ8mTzGI6UDyiDNqrOXjjTrLe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaYEyV4UzgpNLNNKaUjegAOxYljVEH49myE3JinT6JEmWfNGTm/p4Y01jrPA5tZ0zNUC/WpuZ/tU5moqtgzGWaGZRs/lGUCWISMr2c9LlCZkRugTLF7a6EDamizNh8KjYEb/HkZXg8r3uW7y9qjesijjIcwTGcggeX0IA7aIIPDDg8wyu8OdJ5cd6dj3lrySlmDuGPnM8fYwCOXg==</latexit>

Z 1

0
|e|dt,

Z 1

0
t|e|dt,

Z 1

0
e2dt
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weights
2) Optimization variables
‣ Controllers (intractable if we do not make restrictions) → we need to fix the 

controllers and optimize over parameters (e.g., PID coefficients).

- Have to express the cost J as a function of the PID parameters, which is 

hard and it results to numerical simulation solutions

- Need to impose conditions for closed loop stability, generally nonconvex 

problem
‣ Control signals Not easy in continuous time, but in discrete-time it is just a 

sequence of numbers!
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Introduction

• The problem is formulated to minimize a criterion: a quadratic function of the 
states and the control signals - Linear Quadratic (LQ) control problem

• In this lecture:

- the process is still assumed to be linear, but it may be time-varying 

- the process may have several inputs and outputs 

- process and measurement noise are introduced in the models

• If Gaussian stochastic disturbances are allowed in the process models, then 
the problem is called Linear Quadratic Gaussian (LQG) control problem

• Optimal control theory: a new and direct approach to the synthesis of these 
complex systems 

• Objective: determine the control signals that allow a process to satisfy the 
physical constraints and at the same time optimize some performance criterion
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• Continuous-time model:

ẋ(t) = A(t)x(t) +B(t)u(t), x(t0) = x0

y(t) = C(t)x(t) +D(t)u(t)



LQ problem (continuous-time)

i.e., find control law u, such that the criterion is minimized.

• Continuous-time model:

• Criterion to be minimized:

ẋ(t) = A(t)x(t) +B(t)u(t), x(t0) = x0

y(t) = C(t)x(t) +D(t)u(t)

min
u

J , min
u

Z tf

t0

�
x(t)TQ(t)x(t) + u(t)TR(t)u(t)

 
dt
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LQ problem (continuous-time)

i.e., find control law u, such that the criterion is minimized.

• Continuous-time model:

• Criterion to be minimized:

• Design parameters are: the matrices Q and R in the cost function.

ẋ(t) = A(t)x(t) +B(t)u(t), x(t0) = x0

y(t) = C(t)x(t) +D(t)u(t)
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LQ problem (continuous-time)

i.e., find control law u, such that the criterion is minimized.

• Continuous-time model:

• Criterion to be minimized:

• Design parameters are: the matrices Q and R in the cost function.

ẋ(t) = A(t)x(t) +B(t)u(t), x(t0) = x0

y(t) = C(t)x(t) +D(t)u(t)

• The final time of the optimization horizon tf can be finite or ∞. 
Initial state x(t0) is given.  
Final state x(tf) can be fixed or free

min
u

J , min
u

Z tf

t0

�
x(t)TQ(t)x(t) + u(t)TR(t)u(t)

 
dt
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LQ problem (continuous-time)

i.e., find control law u, such that the criterion is minimized.

• Continuous-time model:

• Criterion to be minimized:

• Design parameters are: the matrices Q and R in the cost function.

• What is the role of Q? What is the role of R?

ẋ(t) = A(t)x(t) +B(t)u(t), x(t0) = x0

y(t) = C(t)x(t) +D(t)u(t)

• The final time of the optimization horizon tf can be finite or ∞. 
Initial state x(t0) is given.  
Final state x(tf) can be fixed or free

min
u

J , min
u

Z tf

t0

�
x(t)TQ(t)x(t) + u(t)TR(t)u(t)

 
dt
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LQ problem (discrete-time)

i.e., find control law (sequence) u, such that the criterion is minimized.

• Discrete-time model:

• Criterion to be minimized:

x[k + 1] = �x[k] + �u[k], x[k0] = x0

y[k] = Cx[k] +Du[k]

min
u

J , min
u

"
N�1X

k=k0

⇣
x[k]TQ[k]x[k] + u[k]TR[k]u[k]

⌘
+ x[N ]TQ[N ]x[N ]

#

<latexit sha1_base64="f9xIyZM9MNd4LYBo4F+CT20arRg="></latexit><latexit sha1_base64="f9xIyZM9MNd4LYBo4F+CT20arRg="></latexit><latexit sha1_base64="f9xIyZM9MNd4LYBo4F+CT20arRg="></latexit><latexit sha1_base64="f9xIyZM9MNd4LYBo4F+CT20arRg="></latexit>



LQ problem (discrete-time)

i.e., find control law (sequence) u, such that the criterion is minimized.
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LQ problem (discrete-time)

i.e., find control law (sequence) u, such that the criterion is minimized.

• Discrete-time model:

• Criterion to be minimized:

• The design parameters are: the matrices Q and R in the cost function and the 
sampling period.

x[k + 1] = �x[k] + �u[k], x[k0] = x0

y[k] = Cx[k] +Du[k]

min
u

J , min
u

"
N�1X

k=k0

⇣
x[k]TQ[k]x[k] + u[k]TR[k]u[k]

⌘
+ x[N ]TQ[N ]x[N ]

#
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LQ problem (discrete-time)

i.e., find control law (sequence) u, such that the criterion is minimized.

• Discrete-time model:

• Criterion to be minimized:

• The design parameters are: the matrices Q and R in the cost function and the 
sampling period.

x[k + 1] = �x[k] + �u[k], x[k0] = x0

y[k] = Cx[k] +Du[k]

min
u

J , min
u
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x[k]TQ[k]x[k] + u[k]TR[k]u[k]

⌘
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LQ problem (discrete-time)

i.e., find control law (sequence) u, such that the criterion is minimized.

• Discrete-time model:

• Criterion to be minimized:

• The design parameters are: the matrices Q and R in the cost function and the 
sampling period.

x[k + 1] = �x[k] + �u[k], x[k0] = x0

y[k] = Cx[k] +Du[k]

• The final time of the optimization horizon N can be finite or ∞. 
Initial state  is given.  
Final state  can be fixed or free

x[k0]
x[N]

min
u

J , min
u

"
N�1X

k=k0

⇣
x[k]TQ[k]x[k] + u[k]TR[k]u[k]

⌘
+ x[N ]TQ[N ]x[N ]

#
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Dynamic programming

• Main idea of Dynamic Programming (DP):  
to always remember answers to the sub-problems you've already solved

• If you are given a problem, which can be broken down into smaller sub-
problems, and these smaller sub-problems can still be broken into smaller 
ones - and if you manage to find out that there are some overlapping sub-
problems, then you've encountered a DP problem.
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• “An optimal policy has the property that no matter what the previous decision 

(i.e., controls) have been, the remaining decisions must constitute an optimal 
policy with regard to the state resulting from those previous decisions.”

- Bellman, 1957



Dynamic programming
• “An optimal policy has the property that no matter what the previous decision 

(i.e., controls) have been, the remaining decisions must constitute an optimal 
policy with regard to the state resulting from those previous decisions.”

- Bellman, 1957

Tarak



Dynamic programming
• “An optimal policy has the property that no matter what the previous decision 

(i.e., controls) have been, the remaining decisions must constitute an optimal 
policy with regard to the state resulting from those previous decisions.”

- Bellman, 1957

• By applying this principle the number of candidates for the optimal solution 
can be reduced.



Dynamic programming
• “An optimal policy has the property that no matter what the previous decision 

(i.e., controls) have been, the remaining decisions must constitute an optimal 
policy with regard to the state resulting from those previous decisions.”

- Bellman, 1957

• By applying this principle the number of candidates for the optimal solution 
can be reduced.

• Recommended books for Dynamic Programming:

- Dimitri Bertsekas (2017), “Dynamic Programming and 

Optimal Control”

- Donald E. Kirk (1998), “Optimal Control Theory”
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Discrete-time optimization problem

• Consider the following process (plant):

• Criterion/Cost to be minimized:

• Note that when the final state is free, there can be an additional cost related to 
that state.

xk+1 = fk(xk, uk)
<latexit sha1_base64="ZgVXzB3Q1k56yvgmjhPR9fV2xNk=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARKkpJaq1BEApuXFawD2hDmEwndsjkwcxEWmIX/oobF4q49Tfc+TdO2wgqeuDC4Zx7ufceN2ZUSMP40HJz8wuLS/nlwsrq2vqGvrnVElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI23Xv5j47VvCBY3CazmKiR2gm5B6FCOpJEffGTqpf2iOzz3Hh6Wh4x/BxPEPHL1olI0poFE+rlSrlqVIrWZZtRNoZlYRZGg4+nuvH+EkIKHEDAnRNY1Y2inikmJGxoVeIkiMsI9uSFfREAVE2On0/jHcV0ofehFXFUo4Vb9PpCgQYhS4qjNAciB+exPxL6+bSM+yUxrGiSQhni3yEgZlBCdhwD7lBEs2UgRhTtWtEA8QR1iqyAoqhK9P4f+kVSmbil9Vi/WzLI482AV7oARMcArq4BI0QBNgcAcewBN41u61R+1Fe5215rRsZhv8gPb2CV9XlQQ=</latexit><latexit sha1_base64="ZgVXzB3Q1k56yvgmjhPR9fV2xNk=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARKkpJaq1BEApuXFawD2hDmEwndsjkwcxEWmIX/oobF4q49Tfc+TdO2wgqeuDC4Zx7ufceN2ZUSMP40HJz8wuLS/nlwsrq2vqGvrnVElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI23Xv5j47VvCBY3CazmKiR2gm5B6FCOpJEffGTqpf2iOzz3Hh6Wh4x/BxPEPHL1olI0poFE+rlSrlqVIrWZZtRNoZlYRZGg4+nuvH+EkIKHEDAnRNY1Y2inikmJGxoVeIkiMsI9uSFfREAVE2On0/jHcV0ofehFXFUo4Vb9PpCgQYhS4qjNAciB+exPxL6+bSM+yUxrGiSQhni3yEgZlBCdhwD7lBEs2UgRhTtWtEA8QR1iqyAoqhK9P4f+kVSmbil9Vi/WzLI482AV7oARMcArq4BI0QBNgcAcewBN41u61R+1Fe5215rRsZhv8gPb2CV9XlQQ=</latexit><latexit sha1_base64="ZgVXzB3Q1k56yvgmjhPR9fV2xNk=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARKkpJaq1BEApuXFawD2hDmEwndsjkwcxEWmIX/oobF4q49Tfc+TdO2wgqeuDC4Zx7ufceN2ZUSMP40HJz8wuLS/nlwsrq2vqGvrnVElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI23Xv5j47VvCBY3CazmKiR2gm5B6FCOpJEffGTqpf2iOzz3Hh6Wh4x/BxPEPHL1olI0poFE+rlSrlqVIrWZZtRNoZlYRZGg4+nuvH+EkIKHEDAnRNY1Y2inikmJGxoVeIkiMsI9uSFfREAVE2On0/jHcV0ofehFXFUo4Vb9PpCgQYhS4qjNAciB+exPxL6+bSM+yUxrGiSQhni3yEgZlBCdhwD7lBEs2UgRhTtWtEA8QR1iqyAoqhK9P4f+kVSmbil9Vi/WzLI482AV7oARMcArq4BI0QBNgcAcewBN41u61R+1Fe5215rRsZhv8gPb2CV9XlQQ=</latexit><latexit sha1_base64="ZgVXzB3Q1k56yvgmjhPR9fV2xNk=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARKkpJaq1BEApuXFawD2hDmEwndsjkwcxEWmIX/oobF4q49Tfc+TdO2wgqeuDC4Zx7ufceN2ZUSMP40HJz8wuLS/nlwsrq2vqGvrnVElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI23Xv5j47VvCBY3CazmKiR2gm5B6FCOpJEffGTqpf2iOzz3Hh6Wh4x/BxPEPHL1olI0poFE+rlSrlqVIrWZZtRNoZlYRZGg4+nuvH+EkIKHEDAnRNY1Y2inikmJGxoVeIkiMsI9uSFfREAVE2On0/jHcV0ofehFXFUo4Vb9PpCgQYhS4qjNAciB+exPxL6+bSM+yUxrGiSQhni3yEgZlBCdhwD7lBEs2UgRhTtWtEA8QR1iqyAoqhK9P4f+kVSmbil9Vi/WzLI482AV7oARMcArq4BI0QBNgcAcewBN41u61R+1Fe5215rRsZhv8gPb2CV9XlQQ=</latexit>

Ji(xi) = min
ui,...,uN�1

"
N�1X

k=i

gk(xk, uk) + gN (xN )

#

<latexit sha1_base64="GRriBnb9mSDHlfZ2erfdDExfK+4="></latexit><latexit sha1_base64="GRriBnb9mSDHlfZ2erfdDExfK+4="></latexit><latexit sha1_base64="GRriBnb9mSDHlfZ2erfdDExfK+4="></latexit><latexit sha1_base64="GRriBnb9mSDHlfZ2erfdDExfK+4="></latexit>



Discrete-time optimization problem

• Consider the following process (plant):

• Criterion/Cost to be minimized:

• Note that when the final state is free, there can be an additional cost related to 
that state.

• Let’s use the principle of optimality:

xk+1 = fk(xk, uk)
<latexit sha1_base64="ZgVXzB3Q1k56yvgmjhPR9fV2xNk=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARKkpJaq1BEApuXFawD2hDmEwndsjkwcxEWmIX/oobF4q49Tfc+TdO2wgqeuDC4Zx7ufceN2ZUSMP40HJz8wuLS/nlwsrq2vqGvrnVElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI23Xv5j47VvCBY3CazmKiR2gm5B6FCOpJEffGTqpf2iOzz3Hh6Wh4x/BxPEPHL1olI0poFE+rlSrlqVIrWZZtRNoZlYRZGg4+nuvH+EkIKHEDAnRNY1Y2inikmJGxoVeIkiMsI9uSFfREAVE2On0/jHcV0ofehFXFUo4Vb9PpCgQYhS4qjNAciB+exPxL6+bSM+yUxrGiSQhni3yEgZlBCdhwD7lBEs2UgRhTtWtEA8QR1iqyAoqhK9P4f+kVSmbil9Vi/WzLI482AV7oARMcArq4BI0QBNgcAcewBN41u61R+1Fe5215rRsZhv8gPb2CV9XlQQ=</latexit><latexit sha1_base64="ZgVXzB3Q1k56yvgmjhPR9fV2xNk=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARKkpJaq1BEApuXFawD2hDmEwndsjkwcxEWmIX/oobF4q49Tfc+TdO2wgqeuDC4Zx7ufceN2ZUSMP40HJz8wuLS/nlwsrq2vqGvrnVElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI23Xv5j47VvCBY3CazmKiR2gm5B6FCOpJEffGTqpf2iOzz3Hh6Wh4x/BxPEPHL1olI0poFE+rlSrlqVIrWZZtRNoZlYRZGg4+nuvH+EkIKHEDAnRNY1Y2inikmJGxoVeIkiMsI9uSFfREAVE2On0/jHcV0ofehFXFUo4Vb9PpCgQYhS4qjNAciB+exPxL6+bSM+yUxrGiSQhni3yEgZlBCdhwD7lBEs2UgRhTtWtEA8QR1iqyAoqhK9P4f+kVSmbil9Vi/WzLI482AV7oARMcArq4BI0QBNgcAcewBN41u61R+1Fe5215rRsZhv8gPb2CV9XlQQ=</latexit><latexit sha1_base64="ZgVXzB3Q1k56yvgmjhPR9fV2xNk=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARKkpJaq1BEApuXFawD2hDmEwndsjkwcxEWmIX/oobF4q49Tfc+TdO2wgqeuDC4Zx7ufceN2ZUSMP40HJz8wuLS/nlwsrq2vqGvrnVElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI23Xv5j47VvCBY3CazmKiR2gm5B6FCOpJEffGTqpf2iOzz3Hh6Wh4x/BxPEPHL1olI0poFE+rlSrlqVIrWZZtRNoZlYRZGg4+nuvH+EkIKHEDAnRNY1Y2inikmJGxoVeIkiMsI9uSFfREAVE2On0/jHcV0ofehFXFUo4Vb9PpCgQYhS4qjNAciB+exPxL6+bSM+yUxrGiSQhni3yEgZlBCdhwD7lBEs2UgRhTtWtEA8QR1iqyAoqhK9P4f+kVSmbil9Vi/WzLI482AV7oARMcArq4BI0QBNgcAcewBN41u61R+1Fe5215rRsZhv8gPb2CV9XlQQ=</latexit><latexit sha1_base64="ZgVXzB3Q1k56yvgmjhPR9fV2xNk=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARKkpJaq1BEApuXFawD2hDmEwndsjkwcxEWmIX/oobF4q49Tfc+TdO2wgqeuDC4Zx7ufceN2ZUSMP40HJz8wuLS/nlwsrq2vqGvrnVElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI23Xv5j47VvCBY3CazmKiR2gm5B6FCOpJEffGTqpf2iOzz3Hh6Wh4x/BxPEPHL1olI0poFE+rlSrlqVIrWZZtRNoZlYRZGg4+nuvH+EkIKHEDAnRNY1Y2inikmJGxoVeIkiMsI9uSFfREAVE2On0/jHcV0ofehFXFUo4Vb9PpCgQYhS4qjNAciB+exPxL6+bSM+yUxrGiSQhni3yEgZlBCdhwD7lBEs2UgRhTtWtEA8QR1iqyAoqhK9P4f+kVSmbil9Vi/WzLI482AV7oARMcArq4BI0QBNgcAcewBN41u61R+1Fe5215rRsZhv8gPb2CV9XlQQ=</latexit>

We want to find uk such that the expression is minimized and we get the 
optimal cost at time k.

Jk(xk) = min
uk

⇥
gk(xk, uk) + J⇤

k+1(xk+1)
⇤

<latexit sha1_base64="vzN/SzkZxkAmrcMKRz3iLfJtDhk="></latexit><latexit sha1_base64="vzN/SzkZxkAmrcMKRz3iLfJtDhk="></latexit><latexit sha1_base64="vzN/SzkZxkAmrcMKRz3iLfJtDhk="></latexit><latexit sha1_base64="vzN/SzkZxkAmrcMKRz3iLfJtDhk="></latexit>

Ji(xi) = min
ui,...,uN�1

"
N�1X

k=i

gk(xk, uk) + gN (xN )

#

<latexit sha1_base64="GRriBnb9mSDHlfZ2erfdDExfK+4="></latexit><latexit sha1_base64="GRriBnb9mSDHlfZ2erfdDExfK+4="></latexit><latexit sha1_base64="GRriBnb9mSDHlfZ2erfdDExfK+4="></latexit><latexit sha1_base64="GRriBnb9mSDHlfZ2erfdDExfK+4="></latexit>



Example

• A certain material is passed through a sequence of 2 ovens: 

Oven 2 
Temperature u1

Oven 1 
Temperature u0

x1
<latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit>

Initial 
Temperature

Final 
Temperature

x0
<latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit>

x2
<latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit>



Example

• A certain material is passed through a sequence of 2 ovens: 

Oven 2 
Temperature u1

Oven 1 
Temperature u0

x1
<latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit>

Initial 
Temperature

Final 
Temperature

x0
<latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit>

x2
<latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit>

The temperature of the material evolves according to
xk+1 = (1� a)xk + auk

<latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit>

where a is a known scalar from the interval (0,1). 



Example

• A certain material is passed through a sequence of 2 ovens: 

Oven 2 
Temperature u1

Oven 1 
Temperature u0

x1
<latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit>

Initial 
Temperature

Final 
Temperature

x0
<latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit>

x2
<latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit>

The temperature of the material evolves according to
xk+1 = (1� a)xk + auk

<latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit>

The objective is to get the final temperature x2 close to a given target T, while 
expending relatively little energy.

where a is a known scalar from the interval (0,1). 



Example

• A certain material is passed through a sequence of 2 ovens: 

Oven 2 
Temperature u1

Oven 1 
Temperature u0

x1
<latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit><latexit sha1_base64="RP5ypOhJ3In6LLUGk3r/0IKHqd4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwgWjZQ=</latexit>

Initial 
Temperature

Final 
Temperature

x0
<latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit><latexit sha1_base64="L9/0Fy/MBvUKI+pctqLoAAvVrio=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSkeqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+m6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/UyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwaSjZM=</latexit>

x2
<latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit><latexit sha1_base64="2MaIEIGu/wTreLn2zKXbjGwQCRY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuqx4MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfplHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAJmo2V</latexit>

The temperature of the material evolves according to
xk+1 = (1� a)xk + auk

<latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit>

The objective is to get the final temperature x2 close to a given target T, while 
expending relatively little energy.

J = r(x2 � T )2 + u2
0 + u2

1
<latexit sha1_base64="YJeCnPP3vwF1l0wGNoUgRzzhg3A=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hIkobREUQRh4EU8T9gZbV9Is3cLStCSpOMa8+FW8eFDEq9/Cm9/GrOtBNx9I+PH/Pw/J8/djRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZJQKTGo5YJJo+koRRTmqKKkaasSAo9Blp+IPrid+4J0LSiFfVMCZuiHqcBhQjpSXP3Lu9EqUHzzmpHnWc48Sz0tvuOJ5ZtE6ttOA82BkUQVYVz/xqdyOchIQrzJCULduKlTtCQlHMyLjQTiSJER6gHmlp5Cgk0h2lG4zhoVa6MIiEPlzBVP09MUKhlMPQ150hUn05603E/7xWooILd0R5nCjC8fShIGFQRXASB+xSQbBiQw0IC6r/CnEfCYSVDq2gQ7BnV56HunNqa747K5YvszjyYB8cgBKwwTkogxtQATWAwSN4Bq/gzXgyXox342PamjOymV3wp4zPH7n5lHY=</latexit><latexit sha1_base64="YJeCnPP3vwF1l0wGNoUgRzzhg3A=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hIkobREUQRh4EU8T9gZbV9Is3cLStCSpOMa8+FW8eFDEq9/Cm9/GrOtBNx9I+PH/Pw/J8/djRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZJQKTGo5YJJo+koRRTmqKKkaasSAo9Blp+IPrid+4J0LSiFfVMCZuiHqcBhQjpSXP3Lu9EqUHzzmpHnWc48Sz0tvuOJ5ZtE6ttOA82BkUQVYVz/xqdyOchIQrzJCULduKlTtCQlHMyLjQTiSJER6gHmlp5Cgk0h2lG4zhoVa6MIiEPlzBVP09MUKhlMPQ150hUn05603E/7xWooILd0R5nCjC8fShIGFQRXASB+xSQbBiQw0IC6r/CnEfCYSVDq2gQ7BnV56HunNqa747K5YvszjyYB8cgBKwwTkogxtQATWAwSN4Bq/gzXgyXox342PamjOymV3wp4zPH7n5lHY=</latexit><latexit sha1_base64="YJeCnPP3vwF1l0wGNoUgRzzhg3A=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hIkobREUQRh4EU8T9gZbV9Is3cLStCSpOMa8+FW8eFDEq9/Cm9/GrOtBNx9I+PH/Pw/J8/djRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZJQKTGo5YJJo+koRRTmqKKkaasSAo9Blp+IPrid+4J0LSiFfVMCZuiHqcBhQjpSXP3Lu9EqUHzzmpHnWc48Sz0tvuOJ5ZtE6ttOA82BkUQVYVz/xqdyOchIQrzJCULduKlTtCQlHMyLjQTiSJER6gHmlp5Cgk0h2lG4zhoVa6MIiEPlzBVP09MUKhlMPQ150hUn05603E/7xWooILd0R5nCjC8fShIGFQRXASB+xSQbBiQw0IC6r/CnEfCYSVDq2gQ7BnV56HunNqa747K5YvszjyYB8cgBKwwTkogxtQATWAwSN4Bq/gzXgyXox342PamjOymV3wp4zPH7n5lHY=</latexit><latexit sha1_base64="YJeCnPP3vwF1l0wGNoUgRzzhg3A=">AAACAXicbZBNS8MwGMfT+TbnW9WL4CU4hIkobREUQRh4EU8T9gZbV9Is3cLStCSpOMa8+FW8eFDEq9/Cm9/GrOtBNx9I+PH/Pw/J8/djRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZJQKTGo5YJJo+koRRTmqKKkaasSAo9Blp+IPrid+4J0LSiFfVMCZuiHqcBhQjpSXP3Lu9EqUHzzmpHnWc48Sz0tvuOJ5ZtE6ttOA82BkUQVYVz/xqdyOchIQrzJCULduKlTtCQlHMyLjQTiSJER6gHmlp5Cgk0h2lG4zhoVa6MIiEPlzBVP09MUKhlMPQ150hUn05603E/7xWooILd0R5nCjC8fShIGFQRXASB+xSQbBiQw0IC6r/CnEfCYSVDq2gQ7BnV56HunNqa747K5YvszjyYB8cgBKwwTkogxtQATWAwSN4Bq/gzXgyXox342PamjOymV3wp4zPH7n5lHY=</latexit>

where r is a given scalar.

where a is a known scalar from the interval (0,1). 

This is expressed by a cost function of the form



Solution:
We have  and a terminal cost:N = 2 J2(x2) = r(x2 � T )2

<latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit>



Solution:
We have  and a terminal cost:N = 2 J2(x2) = r(x2 � T )2

<latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit>

For the next-to-last stage, we have:

J1(x1) = min
u1

[u2
1 + J2(x2)]

= min
u1

[u2
1 + J2((1� a)x1 + au1)]

= min
u1

[u2
1 + r((1� a)x1 + au1 � T )2]

<latexit sha1_base64="E2wSGLz7Mq35OkinqnhPrmuyELU="></latexit>

F)



Solution:
We have  and a terminal cost:N = 2 J2(x2) = r(x2 � T )2

<latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit>

For the next-to-last stage, we have:

J1(x1) = min
u1

[u2
1 + J2(x2)]

= min
u1

[u2
1 + J2((1� a)x1 + au1)]

= min
u1

[u2
1 + r((1� a)x1 + au1 � T )2]

<latexit sha1_base64="E2wSGLz7Mq35OkinqnhPrmuyELU="></latexit> -

How to m!n!m!ze Th!s ?



Solution:
We have  and a terminal cost:N = 2 J2(x2) = r(x2 � T )2

<latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit>

For the next-to-last stage, we have:

The minimization is done by setting to zero the derivative with respect to u1:

@J1(x1)

@u1

�����
u1=u⇤

1

= 2u⇤
1 + 2ar((1� a)x1 + au⇤

1 � T ) = 0

<latexit sha1_base64="X0UmIijEpZT0TY0wN3HcU0iPB64="></latexit><latexit sha1_base64="X0UmIijEpZT0TY0wN3HcU0iPB64="></latexit><latexit sha1_base64="X0UmIijEpZT0TY0wN3HcU0iPB64="></latexit><latexit sha1_base64="X0UmIijEpZT0TY0wN3HcU0iPB64="></latexit>

) u⇤
1 =

ra
�
T � (1� a)x1

�

1 + ra2
<latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit><latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit><latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit><latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit>

J1(x1) = min
u1

[u2
1 + J2(x2)]

= min
u1

[u2
1 + J2((1� a)x1 + au1)]

= min
u1

[u2
1 + r((1� a)x1 + au1 � T )2]

<latexit sha1_base64="E2wSGLz7Mq35OkinqnhPrmuyELU="></latexit>



Solution:
We have  and a terminal cost:N = 2 J2(x2) = r(x2 � T )2

<latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit><latexit sha1_base64="itH3JxRqDAQ4MhpfygCT1pJp9eM=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTiE7eBoi6AIwsCLeJqwN9hqSbN0C0vTkqRiGfOrePGgiFc/iDe/jenWg24+EPLj/38e8uTvx4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrzO/80CEpBFvqjQmboiGnAYUI6Ulzyzdek7l0XOqVyK7TpvVe8czy1bNmhVcBjuHMsir4Zlf/UGEk5BwhRmSsmdbsXInSCiKGZkW+4kkMcJjNCQ9jRyFRLqT2fJTeKKVAQwioQ9XcKb+npigUMo09HVniNRILnqZ+J/XS1Rw4U4ojxNFOJ4/FCQMqghmScABFQQrlmpAWFC9K8QjJBBWOq+iDsFe/PIytJ2arfnurFy/zOMogCNwDCrABuegDm5AA7QABil4Bq/gzXgyXox342PeumLkMyXwp4zPH3y4krA=</latexit>

For the next-to-last stage, we have:

The minimization is done by setting to zero the derivative with respect to u1:

@J1(x1)

@u1

�����
u1=u⇤

1

= 2u⇤
1 + 2ar((1� a)x1 + au⇤

1 � T ) = 0

<latexit sha1_base64="X0UmIijEpZT0TY0wN3HcU0iPB64="></latexit><latexit sha1_base64="X0UmIijEpZT0TY0wN3HcU0iPB64="></latexit><latexit sha1_base64="X0UmIijEpZT0TY0wN3HcU0iPB64="></latexit><latexit sha1_base64="X0UmIijEpZT0TY0wN3HcU0iPB64="></latexit>

) u⇤
1 =

ra
�
T � (1� a)x1

�

1 + ra2
<latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit><latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit><latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit><latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit>

Not a single control, but a control function for every possible state x1
<latexit sha1_base64="Hh8eKWh0+bzhJBHCvfeo5e3IdGw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSESqeCl48VrQf0Iay2W7apZtN2J2IJfQnePGgiFd/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfhmVm8/cm1ErB5wknA/okMlQsEoWuv+qe/1yxW36s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn81Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xwys+ESlLkii0+ClNJMCazu8lAaM5QTixQpoXdlbAR1ZShTadkQ/CWT16F1kXVs3x3Walf53EU4QRO4Rw8qEEdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/JHz+QMJSo2Y</latexit><latexit sha1_base64="Hh8eKWh0+bzhJBHCvfeo5e3IdGw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSESqeCl48VrQf0Iay2W7apZtN2J2IJfQnePGgiFd/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfhmVm8/cm1ErB5wknA/okMlQsEoWuv+qe/1yxW36s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn81Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xwys+ESlLkii0+ClNJMCazu8lAaM5QTixQpoXdlbAR1ZShTadkQ/CWT16F1kXVs3x3Walf53EU4QRO4Rw8qEEdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/JHz+QMJSo2Y</latexit><latexit sha1_base64="Hh8eKWh0+bzhJBHCvfeo5e3IdGw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSESqeCl48VrQf0Iay2W7apZtN2J2IJfQnePGgiFd/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfhmVm8/cm1ErB5wknA/okMlQsEoWuv+qe/1yxW36s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn81Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xwys+ESlLkii0+ClNJMCazu8lAaM5QTixQpoXdlbAR1ZShTadkQ/CWT16F1kXVs3x3Walf53EU4QRO4Rw8qEEdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/JHz+QMJSo2Y</latexit><latexit sha1_base64="Hh8eKWh0+bzhJBHCvfeo5e3IdGw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSESqeCl48VrQf0Iay2W7apZtN2J2IJfQnePGgiFd/kTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfhmVm8/cm1ErB5wknA/okMlQsEoWuv+qe/1yxW36s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn81Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xwys+ESlLkii0+ClNJMCazu8lAaM5QTixQpoXdlbAR1ZShTadkQ/CWT16F1kXVs3x3Walf53EU4QRO4Rw8qEEdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/JHz+QMJSo2Y</latexit>

J1(x1) = min
u1

[u2
1 + J2(x2)]

= min
u1

[u2
1 + J2((1� a)x1 + au1)]

= min
u1

[u2
1 + r((1� a)x1 + au1 � T )2]

<latexit sha1_base64="E2wSGLz7Mq35OkinqnhPrmuyELU="></latexit>



By substituting      in           , we obtainu⇤
1

<latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit><latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit><latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit><latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit>

J1(x1)
<latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit><latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit><latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit><latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit>

J1(x1) =
r
�
(1� a)x1 � T

�2

1 + ra2
<latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit><latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit><latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit><latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit>

*



By substituting      in           , we obtainu⇤
1

<latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit><latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit><latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit><latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit>

J1(x1)
<latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit><latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit><latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit><latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit>

J1(x1) =
r
�
(1� a)x1 � T

�2

1 + ra2
<latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit><latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit><latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit><latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit>

We now go back one stage:

J0(x0) = min
u0

⇥
u2
0 + J1(x1)

⇤

= min
u0

⇥
u2
0 + J1((1� a)x0 + au0)

⇤

= min
u0

"
u2
0 +

r
�
(1� a)2x0 + (1� a)au0 � T

�2

1 + ra2

#

<latexit sha1_base64="s4/cptPABsnxrrBqDxopGt94PX0="></latexit><latexit sha1_base64="s4/cptPABsnxrrBqDxopGt94PX0="></latexit><latexit sha1_base64="s4/cptPABsnxrrBqDxopGt94PX0="></latexit><latexit sha1_base64="s4/cptPABsnxrrBqDxopGt94PX0="></latexit>

*

*÷)



By substituting      in           , we obtain

The minimization is done by setting to zero the derivative with respect to u0:

u⇤
1

<latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit><latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit><latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit><latexit sha1_base64="EpQNbiLCbm53Yqol7LljArI2U4w=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEI4qEkIiieCl48VjBtoY1ls920SzebsDsRSuhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumUhh03W9nZXVtfWOztFXe3tnd268cHDZNkmnGfZbIRLdDargUivsoUPJ2qjmNQ8lb4eh2Wm89cW1Eoh5wnPIgpgMlIsEoWsvPet7jea9SdWvuTGQZvAKqUKjRq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMeiojE3QT5bdkJOrdMnUaLtU0hm7u+JnMbGjOPQdsYUh2axNjX/q3UyjK6DXKg0Q67Y/KMokwQTMr2c9IXmDOXYAmVa2F0JG1JNGdp8yjYEb/HkZWhe1DzL95fV+k0RRwmO4QTOwIMrqMMdNMAHBgKe4RXeHOW8OO/Ox7x1xSlmjuCPnM8fHyGOMQ==</latexit>

J1(x1)
<latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit><latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit><latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit><latexit sha1_base64="ERnbehMmfXlvPX0io0Nj0Cbghlw=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR6qbMiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2jvONCiura+sbxc3S1vbO7l55/6Cl41RR1qSxiFUnIJoJLlnTcCNYJ1GMRIFg7WB0Pa23H5nSPJb3ZpwwLyIDyUNOibFW59Z3q0++e+qXK07NmQkvg5tDBXI1/PJXrx/TNGLSUEG07rpOYryMKMOpYJNSL9UsIXREBqxrUZKIaS+b7TvBJ9bp4zBW9kmDZ+7viYxEWo+jwHZGxAz1Ym1q/lfrpia89DIuk9QwSecfhanAJsbT43GfK0aNGFsgVHG7K6ZDogg1NqKSDcFdPHkZWmc11/LdeaV+lcdRhCM4hiq4cAF1uIEGNIGCgGd4hTf0gF7QO/qYtxZQPnMIf4Q+fwCODY71</latexit>

J1(x1) =
r
�
(1� a)x1 � T

�2

1 + ra2
<latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit><latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit><latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit><latexit sha1_base64="s8q+el83mEupQbALAAT+EeZoFws=">AAACG3icbVDLSgMxFM34rPVVdekmWIQp0jIpgiIIBTfiqkJf0NYhk2ba0ExmSDJiGfofbvwVNy4UcSW48G9M21lo64GQk3Pu5eYeL+JMacf5tpaWV1bX1jMb2c2t7Z3d3N5+Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8GriN++pVCwUNT2KaDfAfcF8RrA2kpsr37jIfnBRAV7Cji8xSWTHY30b2qiIC8Yo1ibvwl15nKATic3t5vJOyZkCLhKUkjxIUXVzn51eSOKACk04VqqNnEh3Eyw1I5yOs51Y0QiTIe7TtqECB1R1k+luY3hslB70Q2mO0HCq/u5IcKDUKPBMZYD1QM17E/E/rx1r/7ybMBHFmgoyG+THHOoQToKCPSYp0XxkCCaSmb9CMsAmIW3izJoQ0PzKi6RRLiHDb0/zlYs0jgw4BEfABgicgQq4BlVQBwQ8gmfwCt6sJ+vFerc+ZqVLVtpzAP7A+voBsOmeFg==</latexit>

We now go back one stage:

J0(x0) = min
u0

⇥
u2
0 + J1(x1)

⇤

= min
u0

⇥
u2
0 + J1((1� a)x0 + au0)

⇤

= min
u0

"
u2
0 +

r
�
(1� a)2x0 + (1� a)au0 � T

�2

1 + ra2

#

<latexit sha1_base64="s4/cptPABsnxrrBqDxopGt94PX0="></latexit><latexit sha1_base64="s4/cptPABsnxrrBqDxopGt94PX0="></latexit><latexit sha1_base64="s4/cptPABsnxrrBqDxopGt94PX0="></latexit><latexit sha1_base64="s4/cptPABsnxrrBqDxopGt94PX0="></latexit>

@J0(x0)

@u0

�����
u0=u⇤

0

= 2u⇤
0 +

2a(1� a)r((1� a)2x0 + (1� a)au⇤
0 � T )

1 + ra2
= 0

<latexit sha1_base64="ee0GJNHi29LSZcLv8Gs3AKvARb0="></latexit><latexit sha1_base64="ee0GJNHi29LSZcLv8Gs3AKvARb0="></latexit><latexit sha1_base64="ee0GJNHi29LSZcLv8Gs3AKvARb0="></latexit><latexit sha1_base64="ee0GJNHi29LSZcLv8Gs3AKvARb0="></latexit>

) u⇤
0 =

a(1� a)r
�
T � (1� a)2x0

�

1 + ra2
�
1 + (1� a)2

�
<latexit sha1_base64="n38IS+BIQUNDpUkaK0vBbyQP06s="></latexit><latexit sha1_base64="n38IS+BIQUNDpUkaK0vBbyQP06s="></latexit><latexit sha1_base64="n38IS+BIQUNDpUkaK0vBbyQP06s="></latexit><latexit sha1_base64="n38IS+BIQUNDpUkaK0vBbyQP06s="></latexit>

*

*

*



By substituting      in           , we obtain

This is the optimal cost and this completes the solution of the problem! 

u⇤
0

<latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit><latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit><latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit><latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit>

J0(x0)
<latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit><latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit><latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit><latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit>

J0(x0) =
r
�
(1� a)2x0 � T

�2

1 + ra2
�
1 + (1� a)2

�
<latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit><latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit><latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit><latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit>

*



By substituting      in           , we obtain

This is the optimal cost and this completes the solution of the problem! 

u⇤
0

<latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit><latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit><latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit><latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit>

J0(x0)
<latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit><latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit><latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit><latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit>

J0(x0) =
r
�
(1� a)2x0 � T

�2

1 + ra2
�
1 + (1� a)2

�
<latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit><latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit><latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit><latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit>

) u⇤
0 =

a(1� a)r
�
T � (1� a)2x0

�

1 + ra2
�
1 + (1� a)2

�
<latexit sha1_base64="n38IS+BIQUNDpUkaK0vBbyQP06s="></latexit><latexit sha1_base64="n38IS+BIQUNDpUkaK0vBbyQP06s="></latexit><latexit sha1_base64="n38IS+BIQUNDpUkaK0vBbyQP06s="></latexit><latexit sha1_base64="n38IS+BIQUNDpUkaK0vBbyQP06s="></latexit>

xk+1 = (1� a)xk + auk
<latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit><latexit sha1_base64="/Y5DaNH6qdG6WI61ut8mNfLZCk4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCJViSURQBKHgxmUFe4E2hMl00g6ZXJiZSEvswldx40IRt76GO9/G6WWhrT8MfPznHM6Z30s4k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWScCkLrJOaxaHlYUs4iWldMcdpKBMWhx2nTC27G9eYDFZLF0b0aJtQJcS9iPiNYacs1DwZuFpTt0XXJPsUnAzcoY5S6gWsWrYo1EVoEewZFmKnmml+dbkzSkEaKcCxl27YS5WRYKEY4HRU6qaQJJgHu0bbGCIdUOtnk/hE61k4X+bHQL1Jo4v6eyHAo5TD0dGeIVV/O18bmf7V2qvxLJ2NRkioakekiP+VIxWgcBuoyQYniQw2YCKZvRaSPBSZKR1bQIdjzX16ExlnF1nx3XqxezeLIwyEcQQlsuIAq3EIN6kDgEZ7hFd6MJ+PFeDc+pq05YzazD39kfP4ArseUjw==</latexit>

) u⇤
1 =

ra
�
T � (1� a)x1

�

1 + ra2
<latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit><latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit><latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit><latexit sha1_base64="8czW7/43JWUPO+ftTduLjNrghTA="></latexit>

*
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By substituting      in           , we obtain

This is the optimal cost and this completes the solution of the problem! 

u⇤
0
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• In the example, we easily obtained an analytical solution - the quadratic nature 
of the cost and the linearity of the system equation simplifies the solution


Remarks:

*



By substituting      in           , we obtain

This is the optimal cost and this completes the solution of the problem! 

u⇤
0

<latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit><latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit><latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit><latexit sha1_base64="3SCMlRyK0sWhFGem5h+QRhZWDB4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiiIsyI4LiquDGZQV7gXYsmTTTxuYyJBmhDH0HNy4Ucev7uPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1M660nqg1T8t6OExoKPJAsZgRbZzXTnv9whnrlil/1Z0LLEORQgVz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYcSiyoCbPZthN04pw+ipV2T1o0c39PZFgYMxaR6xTYDs1ibWr+V+ukNr4KMyaT1FJJ5h/FKUdWoenpqM80JZaPHWCimdsVkSHWmFgXUMmFECyevAzN82rg+O6iUrvO4yjCERzDKQRwCTW4hTo0gMAjPMMrvHnKe/HevY95a8HLZw7hj7zPH3STjlo=</latexit>

J0(x0)
<latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit><latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit><latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit><latexit sha1_base64="ppPluM90bnGRCrUpvxoxsFNpdl4=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E3JiKC4KrgRVxXsBdphyKSZNjSTGZOMWIa+hBsXirj1ddz5NqbtLLT1h8DHf84h5/xBIrg2GH87hZXVtfWN4mZpa3tnd6+8f9DScaooa9JYxKoTEM0El6xpuBGskyhGokCwdjC6ntbbj0xpHst7M06YF5GB5CGnxFirc+vj6pOPT/1yBdfwTGgZ3BwqkKvhl796/ZimEZOGCqJ118WJ8TKiDKeCTUq9VLOE0BEZsK5FSSKmvWy27wSdWKePwljZJw2aub8nMhJpPY4C2xkRM9SLtan5X62bmvDSy7hMUsMknX8UpgKZGE2PR32uGDVibIFQxe2uiA6JItTYiEo2BHfx5GVondVcy3fnlfpVHkcRjuAYquDCBdThBhrQBAoCnuEV3pwH58V5dz7mrQUnnzmEP3I+fwCK/47z</latexit>

J0(x0) =
r
�
(1� a)2x0 � T

�2

1 + ra2
�
1 + (1� a)2

�
<latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit><latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit><latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit><latexit sha1_base64="/YjqrL2lgCXlJ+CXLG68jZ6ALoQ="></latexit>

• In the example, we easily obtained an analytical solution - the quadratic nature 
of the cost and the linearity of the system equation simplifies the solution


• We will see next that, generally, when the system is linear and the cost is 
quadratic, the optimal policy and the cost-to-go function are given by closed 
form expressions, regardless of the number of stages N.

Remarks:

*



Process:

Solution of the discrete-time LQ problem
using Dynamic Programming

Criterion:

(SN � 0, Q � 0, and R > 0 are symmetric)

J =
1

2
xT
NSNxN +

1

2

N�1X

k=i

�
xT
kQxk + uT

kRuk

 

xk+1 = �xk + �uk, xi is given
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Process:

Solution of the discrete-time LQ problem
using Dynamic Programming

Criterion:

(SN � 0, Q � 0, and R > 0 are symmetric)

J =
1

2
xT
NSNxN +

1

2

N�1X

k=i

�
xT
kQxk + uT

kRuk

 

• xN is free (and that is why there is a terminal cost associated with it)

• Find      in the interval [i,N] minimizing the criterionu⇤
k

xk+1 = �xk + �uk, xi is given
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Some matrix theory

• Definition: Let A be a symmetric matrix.  
It is positive definite, if the scalar                   for all non-zero vectors x  
It is negative definite, if the scalar                   for all non-zero vectors x 
It is positive semidefinite, if the scalar                   for all non-zero vectors x 
It is negative semidefinite, if the scalar                   for all non-zero vectors x

Hence, it can always be assumed that the weight matrices (Q and R) are 
symmetric

• From linear algebra:  
The eigenvalues of symmetric matrices are real. A symmetric matrix is positive 
definite, if and only if all eigenvalues are positive. The matrix is positive 
semidefinite, if and only if the eigenvalues are nonnegative.

xTAx > 0
xTAx < 0

xTAx � 0
xTAx  0 (A  0)

(A � 0)

(A > 0)
(A < 0)

• If a matrix A is not symmetric in xTAx, we can it symmetrize by (prove)

xTAx = xT

✓
A+AT

2

◆
x
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It is negative semidefinite, if the scalar                   for all non-zero vectors x

Hence, it can always be assumed that the weight matrices (Q and R) are 
symmetric

• From linear algebra:  
The eigenvalues of symmetric matrices are real. A symmetric matrix is positive 
definite, if and only if all eigenvalues are positive. The matrix is positive 
semidefinite, if and only if the eigenvalues are nonnegative.

xTAx > 0
xTAx < 0

xTAx � 0
xTAx  0 (A  0)

(A � 0)

(A > 0)
(A < 0)

• If a matrix A is not symmetric in xTAx, we can it symmetrize by (prove)

xTAx = xT

✓
A+AT
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◆
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Challenge Accepted ?
Letts say F !s not symmetr!c -

F- = + F-z
[
Th!s becomes Zero !

Do th!s tr!ck !

✗F-✗ = ✗ +×z
= × ✗ + ✗÷× _×→ÎöÂᵈ

÷÷÷:*
= ✗TFz✗ + _x
-



Some matrix theory
• Consider the vectors c and x, the scalar f(x)=xTAx, and the vector Ax.  

The following hold:
@(x)

@x
= vec(In)

@(x)

@xT
=

@(xT )

@x
= In

@(cTx)

@x
=

@(xT c)

@x
= c

@(xTA)

@x
= A

@(Ax)

@x
= vec(A)

@f(x)

@x
= (A+AT )x



Solution of the discrete-time LQ problem
using Dynamic Programming

• Cost of the final state:

• Backwards in time to time-instant :N − 1

• Minimize with respect to uN-1:
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Solution of the discrete-time LQ problem
using Dynamic Programming

• Cost of the final state:

• Backwards in time to time-instant :N − 1

• Minimize with respect to uN-1:
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Solution of the discrete-time LQ problem
using Dynamic Programming

• Cost of the final state:

• Backwards in time to time-instant :N − 1

• Minimize with respect to uN-1:

1-
U = - L .

✗



Solution of the discrete-time LQ problem
using Dynamic Programming

• By substituting LN-1 into JN-1:

• Backwards in time to time-instant :N − 2

Recall:
JN�1 =

1

2
xT
NSNxN +

1

2
xT
N�1QxN�1 +

1

2
uT
N�1RuN�1
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Quadrat!c aga!n !



Solution of the discrete-time LQ problem
using Dynamic Programming

• By substituting LN-1 into JN-1:

• Backwards in time to time-instant :N − 2

Recall:
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Solution of the discrete-time LQ problem
using Dynamic Programming

• We obtain the general solution:

(Riccati equation)

Lk = (�TSk+1�+R)�1�TSk+1�

u⇤
k = �Lkxk

Sk = (�� �Lk)
TSk+1(�� �Lk) +Q+ LT

kRLk

J⇤
k =

1

2
xT
k Skxk
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Solution of the discrete-time LQ problem
using Dynamic Programming

• We obtain the general solution:

(Riccati equation)

• Remarks: 
- The Riccati equation can be written in a way that is independent of  


- Note that  and  are calculated “backwards in time”. They can be 
calculated in advance and saved to be used when control starts at time 


- The procedure matches exactly the principle of optimality!
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Discussion on the solution

• The optimal cost is given by J⇤
0 =
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• Control law - simple and attractive in engineering applications: state  is being 
fed back as input through the linear feedback gain matrix - :
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The Riccati Equation

• The discrete algebraic Riccati equation (DARE) is

• Important role in control theory - its properties studied extensively.  
One property: if matrices , ,  and  are constant and equal to Φ, Γ, Q 
and R, respectively, then  converges as  goes to infinity to a steady state 
solution (provided some conditions hold!):
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• Hence, for infinite horizon problems we can use the stationary solution of the 
Riccati equation, which also gives a constant L
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<latexit sha1_base64="0/YOVIRlyDY0Th1tbeLG7uDzkIs=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKl6YEUFdCAUXunBRtTfojUyaaUOTzJBkhDL0Jdz4Km5cKOJWcOfbmLazqK0HAh//fw4n5/dCRpV2nB8rNTe/sLiUXs6srK6tb9ibW2UVRBKTEg5YIKseUoRRQUqaakaqoSSIe4xUvN7V0K88EqloIIq6H5IGRx1BfYqRNlLLPry9hLn6NeIcNYvwYUwH8H6/GR+5AzjhFLq0ZWedY2dUcBbcBLIgqULL/q63AxxxIjRmSKma64S6ESOpKWZkkKlHioQI91CH1AwKxIlqxKOrBnDPKG3oB9I8oeFInZyIEVeqzz3TyZHuqmlvKP7n1SLtnzdiKsJIE4HHi/yIQR3AYUSwTSXBmvUNICyp+SvEXSQR1ibIjAnBnT55Fsonx67hu9Ns/iKJIw12wC7IARecgTy4AQVQAhg8gRfwBt6tZ+vV+rA+x60pK5nZBn/K+voFJJacSQ==</latexit><latexit sha1_base64="0/YOVIRlyDY0Th1tbeLG7uDzkIs=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKl6YEUFdCAUXunBRtTfojUyaaUOTzJBkhDL0Jdz4Km5cKOJWcOfbmLazqK0HAh//fw4n5/dCRpV2nB8rNTe/sLiUXs6srK6tb9ibW2UVRBKTEg5YIKseUoRRQUqaakaqoSSIe4xUvN7V0K88EqloIIq6H5IGRx1BfYqRNlLLPry9hLn6NeIcNYvwYUwH8H6/GR+5AzjhFLq0ZWedY2dUcBbcBLIgqULL/q63AxxxIjRmSKma64S6ESOpKWZkkKlHioQI91CH1AwKxIlqxKOrBnDPKG3oB9I8oeFInZyIEVeqzz3TyZHuqmlvKP7n1SLtnzdiKsJIE4HHi/yIQR3AYUSwTSXBmvUNICyp+SvEXSQR1ibIjAnBnT55Fsonx67hu9Ns/iKJIw12wC7IARecgTy4AQVQAhg8gRfwBt6tZ+vV+rA+x60pK5nZBn/K+voFJJacSQ==</latexit><latexit sha1_base64="0/YOVIRlyDY0Th1tbeLG7uDzkIs=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKl6YEUFdCAUXunBRtTfojUyaaUOTzJBkhDL0Jdz4Km5cKOJWcOfbmLazqK0HAh//fw4n5/dCRpV2nB8rNTe/sLiUXs6srK6tb9ibW2UVRBKTEg5YIKseUoRRQUqaakaqoSSIe4xUvN7V0K88EqloIIq6H5IGRx1BfYqRNlLLPry9hLn6NeIcNYvwYUwH8H6/GR+5AzjhFLq0ZWedY2dUcBbcBLIgqULL/q63AxxxIjRmSKma64S6ESOpKWZkkKlHioQI91CH1AwKxIlqxKOrBnDPKG3oB9I8oeFInZyIEVeqzz3TyZHuqmlvKP7n1SLtnzdiKsJIE4HHi/yIQR3AYUSwTSXBmvUNICyp+SvEXSQR1ibIjAnBnT55Fsonx67hu9Ns/iKJIw12wC7IARecgTy4AQVQAhg8gRfwBt6tZ+vV+rA+x60pK5nZBn/K+voFJJacSQ==</latexit><latexit sha1_base64="0/YOVIRlyDY0Th1tbeLG7uDzkIs=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKl6YEUFdCAUXunBRtTfojUyaaUOTzJBkhDL0Jdz4Km5cKOJWcOfbmLazqK0HAh//fw4n5/dCRpV2nB8rNTe/sLiUXs6srK6tb9ibW2UVRBKTEg5YIKseUoRRQUqaakaqoSSIe4xUvN7V0K88EqloIIq6H5IGRx1BfYqRNlLLPry9hLn6NeIcNYvwYUwH8H6/GR+5AzjhFLq0ZWedY2dUcBbcBLIgqULL/q63AxxxIjRmSKma64S6ESOpKWZkkKlHioQI91CH1AwKxIlqxKOrBnDPKG3oB9I8oeFInZyIEVeqzz3TyZHuqmlvKP7n1SLtnzdiKsJIE4HHi/yIQR3AYUSwTSXBmvUNICyp+SvEXSQR1ibIjAnBnT55Fsonx67hu9Ns/iKJIw12wC7IARecgTy4AQVQAhg8gRfwBt6tZ+vV+rA+x60pK5nZBn/K+voFJJacSQ==</latexit>



The Riccati Equation

• The discrete algebraic Riccati equation (DARE) is

• Important role in control theory - its properties studied extensively.  
One property: if matrices , ,  and  are constant and equal to Φ, Γ, Q 
and R, respectively, then  converges as  goes to infinity to a steady state 
solution (provided some conditions hold!):

Φk Γk Qk Rk
Sk k

Sk = �T [Sk+1 � Sk+1�(�
TSk+1�+R)�1�TSk+1]�+Q

<latexit sha1_base64="aRk33ublAiXeWFf/TmxMiKl/Jgc="></latexit><latexit sha1_base64="aRk33ublAiXeWFf/TmxMiKl/Jgc="></latexit><latexit sha1_base64="aRk33ublAiXeWFf/TmxMiKl/Jgc="></latexit><latexit sha1_base64="aRk33ublAiXeWFf/TmxMiKl/Jgc="></latexit>

S = �T [S � S�(�TS�+R)�1�TS]�+Q
<latexit sha1_base64="XbYLkJ9SvGw9gVMYANPcEorj6xU="></latexit><latexit sha1_base64="XbYLkJ9SvGw9gVMYANPcEorj6xU="></latexit><latexit sha1_base64="XbYLkJ9SvGw9gVMYANPcEorj6xU="></latexit><latexit sha1_base64="XbYLkJ9SvGw9gVMYANPcEorj6xU="></latexit>

• Hence, for infinite horizon problems we can use the stationary solution of the 
Riccati equation, which also gives a constant L

This control law is stationary, i.e., it does not change over time
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Example

• The linear discrete-time system 

x[k + 1] =


0.9974 0.0539
�0.1078 1.1591

�
x[k] +


0.0013
0.0539

�
u[k]

is to be controlled to minimize the cost

J =
1

2

N�1X

k=0

�
0.25x2

1[k] + 0.05x2
2[k] + 0.05u2[k]

 

Determine the optimal control law.

• We can write it in the form we know:

SN = 0 Q =


0.25 0
0 0.05

�
R = 0.05

Solution:



• The optimal feedback gain matrix Lk is shown below for N=200. Looking 
backwards, we observe that at k around 130 Lk has reached its steady-state 
value 

l1

l2

• The optimal trajectory has essentially reached 0 at k=100. Thus, we would 
expect that the performance would not be reduced significantly by simply 
using the steady-state value of L.
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Properties of the LQ-controller

• The pole-placement controller and the stationary LQ-controller have the same 
structure. However, they are obtained differently, so there are some differences 
in their properties.
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system and the magnitude of the control signal.



Properties of the LQ-controller

• The pole-placement controller and the stationary LQ-controller have the same 
structure. However, they are obtained differently, so there are some differences 
in their properties.

• The pole-placement procedure is well suited for single-input single-output 
systems. It is, however, difficult to compromise between the speed of the 
system and the magnitude of the control signal.

• The LQ-controller has several good properties: 
- It is applicable to multi-variable and time-varying systems

- changing the relative magnitude between the elements in the weighting 

matrices means a compromise between the speed of the recovery and the 
magnitudes of the control signals



How to find the weighting matrices?
• The weighting matrices should ideally come from physical arguments - not 

usually the case


• LQ control theory has found considerable use even when this cannot be done. 


• The feedback law is obtained directly by solving the Riccati equation. 


• The closed-loop system obtained is then analyzed with respect to transient 
response, frequency response, robustness, and so on. 


• The elements of the cost function are modified until the desired result is 
obtained. 


• It has been found empirically that LQ-theory is quite easy to use in this way. 
The search will automatically guarantee stable closed-loop systems with 
reasonable margins.



Extension to Nonlinear Systems

Pieter Abbeel, UC Berkeley EECS, CS287: Advanced Robotics, Fall 2019, Lecture 5 - LQR


