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Principle of Optimality
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3ULQFLSOH�RI�RSWLPDOLW\

š &RQVLGHU�WKH�IROORZLQJ�SURFHVV��SODQW��

š &ULWHULRQ�&RVW�WR�EH�PLQLPL]HG�

š 1RWH�WKDW�ZKHQ�WKH�ıQDO�VWDWH�LV�IUHH��WKHUH�FDQ�EH�DQ�DGGLWLRQDO�FRVW�UHODWHG�WR�
WKDW�VWDWH�

š /HWŖV�XVH�WKH�SULQFLSOH�RI�RSWLPDOLW\�

:H�ZDQW�WR�ıQG�XN�VXFK�WKDW�WKH�H[SUHVVLRQ�LV�PLQLPL]HG�DQG�ZH�JHW�WKH�RSWLPDO�
FRVW�DW�WLPH�N�



6ROXWLRQ�RI�WKH�GLVFUHWH�WLPH�/4�SUREOHP
XVLQJ�'\QDPLF�3URJUDPPLQJ

š:H�REWDLQ�WKH�JHQHUDO�VROXWLRQ�

�5LFFDWL�HTXDWLRQ�

š 5HPDUNV�

� 7KH�5LFFDWL�HTXDWLRQ�FDQ�EH�ZULWWHQ�LQ�D�ZD\�WKDW�LV�LQGHSHQGHQW�RI�/N�

� 1RWH�WKDW�6N�DQG�/N�DUH�FDOFXODWHG�ŗEDFNZDUGV�LQ�WLPHŘ��7KH\�FDQ�EH�
FDOFXODWHG�LQ�DGYDQFH�DQG�VDYHG�WR�EH�XVHG�ZKHQ�FRQWURO�VWDUWV�DW�WLPH�N�
� 7KH�SURFHGXUH�PDWFKHV�H[DFWO\�WKH�SULQFLSOH�RI�RSWLPDOLW\�



Introduction

• The problem is formulated to minimize a criterion: a quadratic function of the 
states and the control signals - Linear Quadratic (LQ) control problem

• In this lecture:

- the process is still assumed to be linear, but it may be time-varying 

- the process may have several inputs and outputs 

- process and measurement noise are introduced in the models

• If Gaussian stochastic disturbances are allowed in the process models, then 
the problem is called Linear Quadratic Gaussian (LQG) control problem

• Optimal control theory: a new and direct approach to the synthesis of these 
complex systems 

• Objective: determine the control signals that allow a process to satisfy the 
physical constraints and at the same time optimize some performance criterion



/HDUQLQJ�RXWFRPHV

%\�WKH�HQG�RI�WKLV�OHFWXUH��\RX�VKRXOG�EH�DEOH�WR�

š ��&RPSXWH�WKH�PHDQ�DQG�FRYDULDQFH�PDWULFHV�RI�G\QDPLFDO�SURFHVVHV

š ��8VH�.DOPDQ�ıOWHU�DQG�RSWLPDO�FRQWURO�WR�WDFNOH�YDULRXV�HVWLPDWLRQ�DQG�FRQWURO�
SUREOHPV�IRU�OLQHDU�V\VWHPV

š 8QGHUVWDQG�WKH�6HSDUDWLRQ�3ULQFLSOH



6WRFKDVWLF�PRGHOV�RI�GLVWXUEDQFHV

š 1DWXUDO�WR�XVH�VWRFKDVWLF��UDQGRP��FRQFHSWV�WR�GHVFULEH�GLVWXUEDQFHV�

� SRVVLEOH�WR�GHVFULEH�D�ZLGH�FODVV�RI�GLVWXUEDQFHV�ĺ�SHUPLWV�JRRG�
IRUPXODWLRQ�RI�SUHGLFWLRQ�SUREOHPV

š $�VWRFKDVWLF�SURFHVV��UDQGRP�SURFHVV��UDQGRP�IXQFWLRQ��FDQ�EH�UHJDUGHG�DV�D�
IDPLO\�RI�VWRFKDVWLF�YDULDEOHV�����������������������,Q�WKLV�FRQWH[W��7�LV�WKH�WLPH�LQGH[

š $�VWRFKDVWLF�SURFHVV�PD\�EH�FRQVLGHUHG�DV�D�IXQFWLRQ�RI���YDULDEOHV���

� ,I�YDULDEOH�Ȧ�LV�ı[HG��[>��Ȧ@�LV�FDOOHG�UHDOL]DWLRQ
� ,I�YDULDEOH�N�LV�ı[HG��[>N��@�LV�D�UDQGRP�YDULDEOH

�UHFDS�



&RQFHSWV�RI�VWRFKDVWLF�SURFHVVHV

š )RU�FRPSXWLQJ�WKH�PHDQ�DQG�YDULDQFH��WKH�GHQVLW\�IXQFWLRQ��FDQ�EH�XVHG�
ZKHUH�

š 7KH�H[SHFWHG��RU�PHDQ��YDOXH�RI�D�VWRFKDVWLF�SURFHVV�[�LV�VLPSOLıHG�WR

š 7KH�YDULDQFH�LV�VLPSOLıHG�WR

�UHFDS�



&RQFHSWV�RI�VWRFKDVWLF�SURFHVVHV

š )RU�FRPSXWLQJ�WKH�PHDQ�DQG�YDULDQFH��WKH�GHQVLW\�IXQFWLRQ��FDQ�EH�XVHG�
ZKHUH�

š 7KH�H[SHFWHG��RU�PHDQ��YDOXH�RI�D�VWRFKDVWLF�SURFHVV�[�LV�VLPSOLıHG�WR

š 7KH�YDULDQFH�LV�VLPSOLıHG�WR

�UHFDS�



6RPH�XVHIXO�SURSHUWLHV

š 6XSSRVH�D�LV�FRQVWDQW��[�DQG�\�DUH�VWRFKDVWLF�YDULDEOHV��7KHQ

š ,I�[�DQG�\�DUH�LQGHSHQGHQW�UDQGRP�YDULDEOHV��WKHQ

�UHFDS�



&RQFHSWV�RI�VWRFKDVWLF�SURFHVVHV

š 7KH�GHıQLWLRQV�RI�PHDQ�DQG�YDULDQFH�DUH�H[WHQGHG�WR�YHFWRU�IXQFWLRQV��
WKH�YDULDQFH�LV�H[WHQGHG�WR�FRYDULDQFH

š 7KH�H[SHFWHG��RU�PHDQ��YDOXH�RI�D�VWRFKDVWLF�SURFHVV�[�LV�JLYHQ�E\



&RQFHSWV�RI�VWRFKDVWLF�SURFHVVHV

š 7KH�GHıQLWLRQV�RI�PHDQ�DQG�YDULDQFH�DUH�H[WHQGHG�WR�YHFWRU�IXQFWLRQV��
WKH�YDULDQFH�LV�H[WHQGHG�WR�FRYDULDQFH

š 7KH�H[SHFWHG��RU�PHDQ��YDOXH�RI�D�VWRFKDVWLF�SURFHVV�[�LV�JLYHQ�E\

š 7KH�YDULDQFH�LV�JLYHQ�E\



&RQFHSWV�RI�VWRFKDVWLF�SURFHVVHV

š 7KH�GHıQLWLRQV�RI�PHDQ�DQG�YDULDQFH�DUH�H[WHQGHG�WR�YHFWRU�IXQFWLRQV��
WKH�YDULDQFH�LV�H[WHQGHG�WR�FRYDULDQFH

š 7KH�H[SHFWHG��RU�PHDQ��YDOXH�RI�D�VWRFKDVWLF�SURFHVV�[�LV�JLYHQ�E\

š 7KH�YDULDQFH�LV�JLYHQ�E\

š 7KH�FRYDULDQFH�IXQFWLRQ�LV�JLYHQ�E\



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š &RQVLGHU�WKH�UHSUHVHQWDWLRQ

ZKHUH�ŉ̐ľ̑�LV�DQ�LQGHSHQGHQW�]HUR�PHDQ�UDQGRP�YDULDEOH�ZLWK�FRYDULDQFH��̺



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š &RQVLGHU�WKH�UHSUHVHQWDWLRQ

ZKHUH�ŉ̐ľ̑�LV�DQ�LQGHSHQGHQW�]HUR�PHDQ�UDQGRP�YDULDEOH�ZLWK�FRYDULDQFH��̺
�FRUUHODWHV�QHLWKHU�ZLWK�ŋ�QRU�ZLWK�LWVHOI�DW�DQ\�WLPH�LQVWDQW���ŉ̐ľ̑�LV�WKHUHIRUH�
ZKLWH�QRLVH



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š &RQVLGHU�WKH�UHSUHVHQWDWLRQ

ZKHUH�ŉ̐ľ̑�LV�DQ�LQGHSHQGHQW�]HUR�PHDQ�UDQGRP�YDULDEOH�ZLWK�FRYDULDQFH��̺
�FRUUHODWHV�QHLWKHU�ZLWK�ŋ�QRU�ZLWK�LWVHOI�DW�DQ\�WLPH�LQVWDQW���ŉ̐ľ̑�LV�WKHUHIRUH�
ZKLWH�QRLVH

š 6XSSRVH�WKDW�WKH�LQLWLDO�VWDWH�KDV�WKH�PHDQ�ŀ̺�DQG��̺�FRYDULDQFH���

&RQVLGHU�WKH�EHKDYLRU�RI�ŀ̐ľ̑�DV�D�IXQFWLRQ�RI�WLPH�



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š &RQVLGHU�WKH�UHSUHVHQWDWLRQ

ZKHUH�ŉ̐ľ̑�LV�DQ�LQGHSHQGHQW�]HUR�PHDQ�UDQGRP�YDULDEOH�ZLWK�FRYDULDQFH��̺
�FRUUHODWHV�QHLWKHU�ZLWK�ŋ�QRU�ZLWK�LWVHOI�DW�DQ\�WLPH�LQVWDQW���ŉ̐ľ̑�LV�WKHUHIRUH�
ZKLWH�QRLVH

š 6XSSRVH�WKDW�WKH�LQLWLDO�VWDWH�KDV�WKH�PHDQ�ŀ̺�DQG��̺�FRYDULDQFH���

&RQVLGHU�WKH�EHKDYLRU�RI�ŀ̐ľ̑�DV�D�IXQFWLRQ�RI�WLPH�

š 7DNH�H[SHFWDWLRQV�IURP�ERWK�VLGHV



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š &RQVLGHU�WKH�UHSUHVHQWDWLRQ

ZKHUH�ŉ̐ľ̑�LV�DQ�LQGHSHQGHQW�]HUR�PHDQ�UDQGRP�YDULDEOH�ZLWK�FRYDULDQFH��̺
�FRUUHODWHV�QHLWKHU�ZLWK�ŋ�QRU�ZLWK�LWVHOI�DW�DQ\�WLPH�LQVWDQW���ŉ̐ľ̑�LV�WKHUHIRUH�
ZKLWH�QRLVH

š 6XSSRVH�WKDW�WKH�LQLWLDO�VWDWH�KDV�WKH�PHDQ�ŀ̺�DQG��̺�FRYDULDQFH���

&RQVLGHU�WKH�EHKDYLRU�RI�ŀ̐ľ̑�DV�D�IXQFWLRQ�RI�WLPH�

š 7DNH�H[SHFWDWLRQV�IURP�ERWK�VLGHV



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š &RQVLGHU�WKH�UHSUHVHQWDWLRQ

ZKHUH�ŉ̐ľ̑�LV�DQ�LQGHSHQGHQW�]HUR�PHDQ�UDQGRP�YDULDEOH�ZLWK�FRYDULDQFH��̺
�FRUUHODWHV�QHLWKHU�ZLWK�ŋ�QRU�ZLWK�LWVHOI�DW�DQ\�WLPH�LQVWDQW���ŉ̐ľ̑�LV�WKHUHIRUH�
ZKLWH�QRLVH

š 6XSSRVH�WKDW�WKH�LQLWLDO�VWDWH�KDV�WKH�PHDQ�ŀ̺�DQG��̺�FRYDULDQFH���

&RQVLGHU�WKH�EHKDYLRU�RI�ŀ̐ľ̑�DV�D�IXQFWLRQ�RI�WLPH�

š 7DNH�H[SHFWDWLRQV�IURP�ERWK�VLGHV



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š &RQVLGHU�WKH�UHSUHVHQWDWLRQ

ZKHUH�ŉ̐ľ̑�LV�DQ�LQGHSHQGHQW�]HUR�PHDQ�UDQGRP�YDULDEOH�ZLWK�FRYDULDQFH��̺
�FRUUHODWHV�QHLWKHU�ZLWK�ŋ�QRU�ZLWK�LWVHOI�DW�DQ\�WLPH�LQVWDQW���ŉ̐ľ̑�LV�WKHUHIRUH�
ZKLWH�QRLVH

š 6XSSRVH�WKDW�WKH�LQLWLDO�VWDWH�KDV�WKH�PHDQ�ŀ̺�DQG��̺�FRYDULDQFH���

&RQVLGHU�WKH�EHKDYLRU�RI�ŀ̐ľ̑�DV�D�IXQFWLRQ�RI�WLPH�

š 7DNH�H[SHFWDWLRQV�IURP�ERWK�VLGHV

š 7KH�PHDQ�YDOXH�EHKDYHV�H[DFWO\�DFFRUGLQJ�WR�V\VWHP�G\QDPLFV�



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š $V�IRU�WKH�FRYDULDQFH�IXQFWLRQ��XVH�D�QHZ�YDULDEOH�

š )RU�WKH�VWDWH�FRYDULDQFH��



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š $V�IRU�WKH�FRYDULDQFH�IXQFWLRQ��XVH�D�QHZ�YDULDEOH�

š )RU�WKH�VWDWH�FRYDULDQFH��

š:H�ZDQW�WR�VHH�KRZ�WKH�VWDWH�FRYDULDQFH�HYROYHV�RYHU�WLPH��7RZDUGV�WKLV�HQG��



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š $V�IRU�WKH�FRYDULDQFH�IXQFWLRQ��XVH�D�QHZ�YDULDEOH�

š )RU�WKH�VWDWH�FRYDULDQFH��

š:H�ZDQW�WR�VHH�KRZ�WKH�VWDWH�FRYDULDQFH�HYROYHV�RYHU�WLPH��7RZDUGV�WKLV�HQG��

š 7DNH�H[SHFWDWLRQV�LQ�ERWK�VLGHV�



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š $V�IRU�WKH�FRYDULDQFH�IXQFWLRQ��XVH�D�QHZ�YDULDEOH�

š )RU�WKH�VWDWH�FRYDULDQFH��

š:H�ZDQW�WR�VHH�KRZ�WKH�VWDWH�FRYDULDQFH�HYROYHV�RYHU�WLPH��7RZDUGV�WKLV�HQG��

š 7DNH�H[SHFWDWLRQV�LQ�ERWK�VLGHV�

E- { }

E-
___

}



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š $V�IRU�WKH�FRYDULDQFH�IXQFWLRQ��XVH�D�QHZ�YDULDEOH�

š )RU�WKH�VWDWH�FRYDULDQFH��

š:H�ZDQW�WR�VHH�KRZ�WKH�VWDWH�FRYDULDQFH�HYROYHV�RYHU�WLPH��7RZDUGV�WKLV�HQG��

š 7DNH�H[SHFWDWLRQV�LQ�ERWK�VLGHV�

[�DQG�\�DUH�LQGHSHQGHQW

\ \



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š 7KHUHIRUH��ZH�REWDLQ�D�G\QDPLF�HTXDWLRQ�IRU�WKH�FRYDULDQFH�



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š 7KHUHIRUH��ZH�REWDLQ�D�G\QDPLF�HTXDWLRQ�IRU�WKH�FRYDULDQFH�



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š 7KHUHIRUH��ZH�REWDLQ�D�G\QDPLF�HTXDWLRQ�IRU�WKH�FRYDULDQFH�
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6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š 7KHUHIRUH��ZH�REWDLQ�D�G\QDPLF�HTXDWLRQ�IRU�WKH�FRYDULDQFH�

š &RQVLGHU�WKH�VWDWH�DXWR�FRYDULDQFH�IRU�GLĳHUHQW�YDOXHV�RI�N��)RU�H[DPSOH��LI��



6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š 7KHUHIRUH��ZH�REWDLQ�D�G\QDPLF�HTXDWLRQ�IRU�WKH�FRYDULDQFH�

š &RQVLGHU�WKH�VWDWH�DXWR�FRYDULDQFH�IRU�GLĳHUHQW�YDOXHV�RI�N��)RU�H[DPSOH��LI��
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6WRFKDVWLF�GLĳHUHQFH�HTXDWLRQV

š 7KHUHIRUH��ZH�REWDLQ�D�G\QDPLF�HTXDWLRQ�IRU�WKH�FRYDULDQFH�

š %\�UHSHDWLQJ�IRU�DQ\�YDOXH�RI�

š &RQVLGHU�WKH�VWDWH�DXWR�FRYDULDQFH�IRU�GLĳHUHQW�YDOXHV�RI�N��)RU�H[DPSOH��LI��



/LQHDU�4XDGUDWLF�*DXVVLDQ��/4*��&RQWURO

š7KUHH�GLĳHUHQW�FDVHV�FDQ�EH�FRQVLGHUHG�



/LQHDU�4XDGUDWLF�*DXVVLDQ��/4*��&RQWURO

š7KUHH�GLĳHUHQW�FDVHV�FDQ�EH�FRQVLGHUHG�

6PRRWKLQJ



/LQHDU�4XDGUDWLF�*DXVVLDQ��/4*��&RQWURO

š7KUHH�GLĳHUHQW�FDVHV�FDQ�EH�FRQVLGHUHG�

6PRRWKLQJ )LOWHULQJ



/LQHDU�4XDGUDWLF�*DXVVLDQ��/4*��&RQWURO

š7KUHH�GLĳHUHQW�FDVHV�FDQ�EH�FRQVLGHUHG�

6PRRWKLQJ )LOWHULQJ 3UHGLFWLRQ



/LQHDU�4XDGUDWLF�*DXVVLDQ��/4*��&RQWURO

š7KUHH�GLĳHUHQW�FDVHV�FDQ�EH�FRQVLGHUHG�

6PRRWKLQJ )LOWHULQJ 3UHGLFWLRQ

š ,Q�/4*�FRQWURO��WKH�.DOPDQ�ıOWHU�LV�XVHG�DV�D�SUHGLFWRU�



:KLFK�SUHGLFWRU�ZRXOG�\RX�FKRRVH"



:KLFK�SUHGLFWRU�ZRXOG�\RX�FKRRVH"

%LDVHG��/RZ�9DULDQFH



:KLFK�SUHGLFWRU�ZRXOG�\RX�FKRRVH"

%LDVHG��/RZ�9DULDQFH

1R�%LDV��+LJK�9DULDQFH



:KLFK�SUHGLFWRU�ZRXOG�\RX�FKRRVH"

%LDVHG��/RZ�9DULDQFH

1R�%LDV��+LJK�9DULDQFH

1R�%LDV��/RZ�9DULDQFH



6\VWHP�FRUUXSWHG�ZLWK�SURFHVV�DQG�PHDVXUHPHQW�QRLVH�

š7KH�IXOO�/4*�PRGHO�DVVXPHV�OLQHDU�G\QDPLFV��TXDGUDWLF�FRVWV�DQG�
*DXVVLDQ�QRLVH��,PSHUIHFW�REVHUYDWLRQ�LV�WKH�PRVW�LPSRUWDQW�SRLQW��7KH�
PRGHO�LV�



6\VWHP�FRUUXSWHG�ZLWK�SURFHVV�DQG�PHDVXUHPHQW�QRLVH�

š7KH�IXOO�/4*�PRGHO�DVVXPHV�OLQHDU�G\QDPLFV��TXDGUDWLF�FRVWV�DQG�
*DXVVLDQ�QRLVH��,PSHUIHFW�REVHUYDWLRQ�LV�WKH�PRVW�LPSRUWDQW�SRLQW��7KH�
PRGHO�LV�

ZKHUH�Y�DQG�H�DUH�GLVFUHWH�WLPH�*DXVVLDQ�ZKLWH�QRLVH�SURFHVVHV�ZLWK�
]HUR�PHDQ�YDOXH�DQG



6\VWHP�FRUUXSWHG�ZLWK�SURFHVV�DQG�PHDVXUHPHQW�QRLVH�

š7KH�IXOO�/4*�PRGHO�DVVXPHV�OLQHDU�G\QDPLFV��TXDGUDWLF�FRVWV�DQG�
*DXVVLDQ�QRLVH��,PSHUIHFW�REVHUYDWLRQ�LV�WKH�PRVW�LPSRUWDQW�SRLQW��7KH�
PRGHO�LV�

ZKHUH�Y�DQG�H�DUH�GLVFUHWH�WLPH�*DXVVLDQ�ZKLWH�QRLVH�SURFHVVHV�ZLWK�
]HUR�PHDQ�YDOXH�DQG

š7KH�LQLWLDO�VWDWH�[>�@�LV�DVVXPHG�WR�EH�*DXVVLDQ�GLVWULEXWHG�ZLWK

8VLQJ�VWDQGDUG�QRWDWLRQ�IURP�WKH�OLWHUDWXUH��ZH�FDQ�ZULWH



:RUNLQJ�SULQFLSOHV�RI�WKH�.DOPDQ�ıOWHU

KWWSV���ZZZ�\RXWXEH�FRP�ZDWFK"Y XO�X�\/3Z8�



:RUNLQJ�SULQFLSOHV�RI�WKH�.DOPDQ�ıOWHU

KWWSV���ZZZ�\RXWXEH�FRP�ZDWFK"Y XO�X�\/3Z8�
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:RUNLQJ�SULQFLSOHV�RI�WKH�.DOPDQ�ıOWHU

KWWSV���ZZZ�\RXWXEH�FRP�ZDWFK"Y XO�X�\/3Z8�
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:RUNLQJ�SULQFLSOHV�RI�WKH�.DOPDQ�ıOWHU

KWWSV���ZZZ�\RXWXEH�FRP�ZDWFK"Y XO�X�\/3Z8�



:RUNLQJ�SULQFLSOHV�RI�WKH�.DOPDQ�ıOWHU

KWWSV���ZZZ�\RXWXEH�FRP�ZDWFK"Y XO�X�\/3Z8�



5HFDOO��VWDWH�REVHUYHUV

š5HFDOO�WKH�DSSURDFK�XVLQJ�WKH�REVHUYHU�HVWLPDWRU



5HFDOO��VWDWH�REVHUYHUV

š5HFDOO�WKH�DSSURDFK�XVLQJ�WKH�REVHUYHU�HVWLPDWRU
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5HFDOO��VWDWH�REVHUYHUV

š5HFDOO�WKH�DSSURDFK�XVLQJ�WKH�REVHUYHU�HVWLPDWRU
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5HFDOO��VWDWH�REVHUYHUV

š5HFDOO�WKH�DSSURDFK�XVLQJ�WKH�REVHUYHU�HVWLPDWRU
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5HFDOO��VWDWH�REVHUYHUV

š5HFDOO�WKH�DSSURDFK�XVLQJ�WKH�REVHUYHU�HVWLPDWRU

DQG�WKH�SHUIRUPDQFH�ZDV�VWXGLHG�E\�FRPSDULQJ�WKH�HVWLPDWH�ZLWK�WKH�UHDO�
VWDWH�



5HFDOO��VWDWH�REVHUYHUV

š5HFDOO�WKH�DSSURDFK�XVLQJ�WKH�REVHUYHU�HVWLPDWRU

DQG�WKH�SHUIRUPDQFH�ZDV�VWXGLHG�E\�FRPSDULQJ�WKH�HVWLPDWH�ZLWK�WKH�UHDO�
VWDWH�
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5HFDOO��VWDWH�REVHUYHUV

š5HFDOO�WKH�DSSURDFK�XVLQJ�WKH�REVHUYHU�HVWLPDWRU

DQG�WKH�SHUIRUPDQFH�ZDV�VWXGLHG�E\�FRPSDULQJ�WKH�HVWLPDWH�ZLWK�WKH�UHDO�
VWDWH�
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5HFDOO��VWDWH�REVHUYHUV

š5HFDOO�WKH�DSSURDFK�XVLQJ�WKH�REVHUYHU�HVWLPDWRU

DQG�WKH�SHUIRUPDQFH�ZDV�VWXGLHG�E\�FRPSDULQJ�WKH�HVWLPDWH�ZLWK�WKH�UHDO�
VWDWH�
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5HFDOO��VWDWH�REVHUYHUV

š5HFDOO�WKH�DSSURDFK�XVLQJ�WKH�REVHUYHU�HVWLPDWRU

DQG�WKH�SHUIRUPDQFH�ZDV�VWXGLHG�E\�FRPSDULQJ�WKH�HVWLPDWH�ZLWK�WKH�UHDO�
VWDWH�

š0DWUL[�.�ZDV�FKRVHQ�VXFK�WKDW�WKH�HLJHQYDOXHV�RI�ĭR�DUH�DW�GHVLUHG�SODFHV�LQ�
WKH�FRPSOH[�SODQH�



7KH�.DOPDQ�)LOWHU

š1RZ��ZH�KDYH�WKH�IUHHGRP�WR�FKRRVH�.>N@��QRW�MXVW�VHWWLQJ�WKH�HVWLPDWLRQ�
HUURU�SROHV�DW�GHVLUHG�YDOXHV���+HQFH��WKH�HVWLPDWLRQ�HUURU�G\QDPLFV�DUH�



7KH�.DOPDQ�)LOWHU

š1RZ��ZH�KDYH�WKH�IUHHGRP�WR�FKRRVH�.>N@��QRW�MXVW�VHWWLQJ�WKH�HVWLPDWLRQ�
HUURU�SROHV�DW�GHVLUHG�YDOXHV���+HQFH��WKH�HVWLPDWLRQ�HUURU�G\QDPLFV�DUH�
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7KH�.DOPDQ�)LOWHU

š1RZ��ZH�KDYH�WKH�IUHHGRP�WR�FKRRVH�.>N@��QRW�MXVW�VHWWLQJ�WKH�HVWLPDWLRQ�
HUURU�SROHV�DW�GHVLUHG�YDOXHV���+HQFH��WKH�HVWLPDWLRQ�HUURU�G\QDPLFV�DUH�



7KH�.DOPDQ�)LOWHU

š1RZ��ZH�KDYH�WKH�IUHHGRP�WR�FKRRVH�.>N@��QRW�MXVW�VHWWLQJ�WKH�HVWLPDWLRQ�
HUURU�SROHV�DW�GHVLUHG�YDOXHV���+HQFH��WKH�HVWLPDWLRQ�HUURU�G\QDPLFV�DUH�



7KH�.DOPDQ�)LOWHU

š1RZ��ZH�KDYH�WKH�IUHHGRP�WR�FKRRVH�.>N@��QRW�MXVW�VHWWLQJ�WKH�HVWLPDWLRQ�
HUURU�SROHV�DW�GHVLUHG�YDOXHV���+HQFH��WKH�HVWLPDWLRQ�HUURU�G\QDPLFV�DUH�

š 2EVHUYDWLRQ��WKH�HVWLPDWLRQ�HUURU�GLVWULEXWLRQ�LV�LQGHSHQGHQW�RI�WKH�LQSXW



7KH�.DOPDQ�)LOWHU

š1RZ��ZH�KDYH�WKH�IUHHGRP�WR�FKRRVH�.>N@��QRW�MXVW�VHWWLQJ�WKH�HVWLPDWLRQ�
HUURU�SROHV�DW�GHVLUHG�YDOXHV���+HQFH��WKH�HVWLPDWLRQ�HUURU�G\QDPLFV�DUH�

š:H�VHW�WKH�FULWHULRQ�RI�PLQLPL]LQJ�WKH�YDULDQFH�RI�WKH�HVWLPDWLRQ�HUURU�

š 2EVHUYDWLRQ��WKH�HVWLPDWLRQ�HUURU�GLVWULEXWLRQ�LV�LQGHSHQGHQW�RI�WKH�LQSXW



7KH�.DOPDQ�)LOWHU

š7KH�PHDQ�YDOXH�RI����LV



7KH�.DOPDQ�)LOWHU

š7KH�PHDQ�YDOXH�RI����LV

š6LQFH����������������������LI���������������WKH�PHDQ�YDOXH�RI�WKH�UHFRQVWUXFWLRQ�HUURU�LV�
]HUR�IRU�DOO�N�LQGHSHQGHQW�RI�.>N@�



7KH�.DOPDQ�)LOWHU

š7KH�PHDQ�YDOXH�RI����LV

š6LQFH����������������������LI���������������WKH�PHDQ�YDOXH�RI�WKH�UHFRQVWUXFWLRQ�HUURU�LV�
]HUR�IRU�DOO�N�LQGHSHQGHQW�RI�.>N@�
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7KH�.DOPDQ�)LOWHU

š7KH�PHDQ�YDOXH�RI����LV

š6LQFH��������LV�LQGHSHQGHQW�RI�Y>N@�DQG�H>N@��ZH�REWDLQ�WKH�IROORZLQJ�

š6LQFH����������������������LI���������������WKH�PHDQ�YDOXH�RI�WKH�UHFRQVWUXFWLRQ�HUURU�LV�
]HUR�IRU�DOO�N�LQGHSHQGHQW�RI�.>N@�



7KH�.DOPDQ�)LOWHU

š7KH�PHDQ�YDOXH�RI����LV

š6LQFH��������LV�LQGHSHQGHQW�RI�Y>N@�DQG�H>N@��ZH�REWDLQ�WKH�IROORZLQJ�

š6LQFH����������������������LI���������������WKH�PHDQ�YDOXH�RI�WKH�UHFRQVWUXFWLRQ�HUURU�LV�
]HUR�IRU�DOO�N�LQGHSHQGHQW�RI�.>N@�
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š7KH�PHDQ�YDOXH�RI����LV

š6LQFH��������LV�LQGHSHQGHQW�RI�Y>N@�DQG�H>N@��ZH�REWDLQ�WKH�IROORZLQJ�

š6LQFH����������������������LI���������������WKH�PHDQ�YDOXH�RI�WKH�UHFRQVWUXFWLRQ�HUURU�LV�
]HUR�IRU�DOO�N�LQGHSHQGHQW�RI�.>N@�



7KH�.DOPDQ�)LOWHU

š7KH�PHDQ�YDOXH�RI����LV

š6LQFH��������LV�LQGHSHQGHQW�RI�Y>N@�DQG�H>N@��ZH�REWDLQ�WKH�IROORZLQJ�

š6LQFH����������������������LI���������������WKH�PHDQ�YDOXH�RI�WKH�UHFRQVWUXFWLRQ�HUURU�LV�
]HUR�IRU�DOO�N�LQGHSHQGHQW�RI�.>N@�



7KH�.DOPDQ�)LOWHU

š7KH�PHDQ�YDOXH�RI����LV

š6LQFH��������LV�LQGHSHQGHQW�RI�Y>N@�DQG�H>N@��ZH�REWDLQ�WKH�IROORZLQJ�

š6LQFH����������������������LI���������������WKH�PHDQ�YDOXH�RI�WKH�UHFRQVWUXFWLRQ�HUURU�LV�
]HUR�IRU�DOO�N�LQGHSHQGHQW�RI�.>N@�
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$�ŗ/HPPDŘ

š&RQVLGHU�WKH�VWDWLF�TXDGUDWLF�FRVW�IXQFWLRQ

ZKHUH�WKH�ZHLJKW�IXQFWLRQV�4[�DQG�4[X�DUH�V\PPHWULF�DQG�SRVLWLYH�
VHPLGHıQLWH��4X�LV�SRVLWLYH�GHıQLWH�



$�ŗ/HPPDŘ

š&RQVLGHU�WKH�VWDWLF�TXDGUDWLF�FRVW�IXQFWLRQ

ZKHUH�WKH�ZHLJKW�IXQFWLRQV�4[�DQG�4[X�DUH�V\PPHWULF�DQG�SRVLWLYH�
VHPLGHıQLWH��4X�LV�SRVLWLYH�GHıQLWH�

š ,W�FDQ�EH�GHGXFHG��GR�LW��VWDUW�E\�FDOFXODWLQJ�WKH�GHULYDWLYH�RI�-�ZLWK�
UHVSHFW�WR�X��WKDW�WKH�PLQLPXP�LV�DFKLHYHG�IRU



$�ŗ/HPPDŘ

š&RQVLGHU�WKH�VWDWLF�TXDGUDWLF�FRVW�IXQFWLRQ

ZKHUH�WKH�ZHLJKW�IXQFWLRQV�4[�DQG�4[X�DUH�V\PPHWULF�DQG�SRVLWLYH�
VHPLGHıQLWH��4X�LV�SRVLWLYH�GHıQLWH�

š ,W�FDQ�EH�GHGXFHG��GR�LW��VWDUW�E\�FDOFXODWLQJ�WKH�GHULYDWLYH�RI�-�ZLWK�
UHVSHFW�WR�X��WKDW�WKH�PLQLPXP�LV�DFKLHYHG�IRU

DQG�WKH�PLQLPXP�LV



7KH�.DOPDQ�)LOWHU

š1RZ�ZH�FRQVLGHU�PLQLPL]LQJ���������������������IRU�DQ\�YDOXH�RI����



7KH�.DOPDQ�)LOWHU

š1RZ�ZH�FRQVLGHU�PLQLPL]LQJ���������������������IRU�DQ\�YDOXH�RI����

š%\�XVLQJ�WKH�ŗ/HPPDŘ�ZH�JHW�WKDW�WKH�PLQLPL]LQJ�YHFWRU���FDOOHG�WKH�
.DOPDQ�JDLQ��LV



7KH�.DOPDQ�)LOWHU

š1RZ�ZH�FRQVLGHU�PLQLPL]LQJ���������������������IRU�DQ\�YDOXH�RI����

š%\�XVLQJ�WKH�ŗ/HPPDŘ�ZH�JHW�WKDW�WKH�PLQLPL]LQJ�YHFWRU���FDOOHG�WKH�
.DOPDQ�JDLQ��LV

š ,QVHUWLQJ�WKDW�WR�WKH�SUHYLRXV�IRUPXOD�JLYHV



7KH�.DOPDQ�)LOWHU

š1RZ�ZH�FRQVLGHU�PLQLPL]LQJ���������������������IRU�DQ\�YDOXH�RI����

š%\�XVLQJ�WKH�ŗ/HPPDŘ�ZH�JHW�WKDW�WKH�PLQLPL]LQJ�YHFWRU���FDOOHG�WKH�
.DOPDQ�JDLQ��LV

š ,QVHUWLQJ�WKDW�WR�WKH�SUHYLRXV�IRUPXOD�JLYHV
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7KH�.DOPDQ�)LOWHU

š1RZ�ZH�FRQVLGHU�PLQLPL]LQJ���������������������IRU�DQ\�YDOXH�RI����

š%\�XVLQJ�WKH�ŗ/HPPDŘ�ZH�JHW�WKDW�WKH�PLQLPL]LQJ�YHFWRU���FDOOHG�WKH�
.DOPDQ�JDLQ��LV

š ,QVHUWLQJ�WKDW�WR�WKH�SUHYLRXV�IRUPXOD�JLYHV

ZKLFK�WRJHWKHU�ZLWK

LV�WKH�FHOHEUDWHG�.DOPDQ�ıOWHU�



([DPSOH

š&RQVLGHU�WKH�VFDODU�V\VWHP�

ZKHUH�WKH�PHDVXUHPHQW�LV�FRUUXSWHG�E\�QRLVH��]HUR�PHDQ�ZKLWH�QRLVH�ZLWK�
VWDQGDUG�GHYLDWLRQ�ı��[>�@�LV�DVVXPHG�WR�KDYH�YDULDQFH������L�H���3>�@ ������
&RPSXWH�WKH�.DOPDQ�ıOWHU�

6ROXWLRQ�
š:H�XVH�WKH�IRUPXODV�JLYHQ�



([DPSOH



([DPSOH



([DPSOH



+RZ�WR�XVH�WKH�.DOPDQ�ıOWHU

KWWSV���ZZZ�\RXWXEH�FRP�ZDWFK"Y 9);I�O,=�S�



5HPDUNV

š1RWH�WKDW�WKLV�ZDV�DQ�DOJHEUDLF�GHULYDWLRQ�RI�WKH�.DOPDQ�ıOWHU�
�SUHGLFWRU�FDVH�

š7KHUH�DUH�RWKHU�DSSURDFKHV��EDVHG�RQ�%D\HVLDQ�DQDO\VLV��XVLQJ�WKH�
RUWKRJRQDOLW\�SULQFLSOH��HWF����ZKLFK�JLYH�PRUH�LQVLJKWV�RQ�WKH�SUREOHP�



5HPDUNV

š1RWH�WKDW�WKLV�ZDV�DQ�DOJHEUDLF�GHULYDWLRQ�RI�WKH�.DOPDQ�ıOWHU�
�SUHGLFWRU�FDVH�

š7KHUH�DUH�RWKHU�DSSURDFKHV��EDVHG�RQ�%D\HVLDQ�DQDO\VLV��XVLQJ�WKH�
RUWKRJRQDOLW\�SULQFLSOH��HWF����ZKLFK�JLYH�PRUH�LQVLJKWV�RQ�WKH�SUREOHP�

š$V�ZH�KDYH�VHHQ��WKH�GLVWULEXWLRQ�RI�WKH�HVWLPDWLRQ�HUURU�GRHV�QRW�GHSHQG�
RQ�WKH�LQSXWV��7KHQ��WKH�SUREOHPV�RI�RSWLPDO�FRQWURO�DQG�RSWLPDO�
HVWLPDWLRQ�FDQ�EH�GHFRXSOHG��7KLV�LV�NQRZQ�DV�WKH�VHSDUDWLRQ�SULQFLSOH�



5HPDUNV

š1RWH�WKDW�WKLV�ZDV�DQ�DOJHEUDLF�GHULYDWLRQ�RI�WKH�.DOPDQ�ıOWHU�
�SUHGLFWRU�FDVH�

š7KHUH�DUH�RWKHU�DSSURDFKHV��EDVHG�RQ�%D\HVLDQ�DQDO\VLV��XVLQJ�WKH�
RUWKRJRQDOLW\�SULQFLSOH��HWF����ZKLFK�JLYH�PRUH�LQVLJKWV�RQ�WKH�SUREOHP�

š$V�ZH�KDYH�VHHQ��WKH�GLVWULEXWLRQ�RI�WKH�HVWLPDWLRQ�HUURU�GRHV�QRW�GHSHQG�
RQ�WKH�LQSXWV��7KHQ��WKH�SUREOHPV�RI�RSWLPDO�FRQWURO�DQG�RSWLPDO�
HVWLPDWLRQ�FDQ�EH�GHFRXSOHG��7KLV�LV�NQRZQ�DV�WKH�VHSDUDWLRQ�SULQFLSOH�

š ,Q�/4*��WKH�RSWLPDO�VROXWLRQ�LV�D�FRPELQDWLRQ�RI�WKH�RSWLPDO�/4�FRQWURO�
DQG�RSWLPDO�SUHGLFWLRQ��L�H��

ZKHUH�/>N@�LV�JLYHQ�E\�WKH�5LFFDWL�HTXDWLRQ�RI�WKH�/4�SUREOHP�DQG�WKH�VWDWH�
HVWLPDWH�LV�REWDLQHG�E\�WKH�.DOPDQ�ıOWHU



6HSDUDWLRQ�SULQFLSOH

š$VVXPH�ZH�KDYH�D�OLQHDU��WLPH�LQYDULDQW�FRPSOHWHO\�FRQWUROODEOH�DQG�
FRPSOHWHO\�REVHUYDEOH�V\VWHP



6HSDUDWLRQ�SULQFLSOH

š$VVXPH�ZH�KDYH�D�OLQHDU��WLPH�LQYDULDQW�FRPSOHWHO\�FRQWUROODEOH�DQG�
FRPSOHWHO\�REVHUYDEOH�V\VWHP

š'HVLJQ�D�VWDWH�IHHGEDFN�FRQWUROOHU�DVVXPLQJ�ZH�KDYH�IXOO�VWDWH�IHHGEDFN



6HSDUDWLRQ�SULQFLSOH

š$VVXPH�ZH�KDYH�D�OLQHDU��WLPH�LQYDULDQW�FRPSOHWHO\�FRQWUROODEOH�DQG�
FRPSOHWHO\�REVHUYDEOH�V\VWHP

š'HVLJQ�D�VWDWH�IHHGEDFN�FRQWUROOHU�DVVXPLQJ�ZH�KDYH�IXOO�VWDWH�IHHGEDFN

š(VWLPDWH�[�XVLQJ�DQ�REVHUYHU�LQFOXGLQJ�WKH�LQSXW�X



6HSDUDWLRQ�SULQFLSOH

š:H�ZDQW�WR�VWDELOL]H�ERWK�[�DQG�H��/HWŖV�DQDO\]H�WKHLU�MRLQW�G\QDPLFV



6HSDUDWLRQ�SULQFLSOH

š:H�ZDQW�WR�VWDELOL]H�ERWK�[�DQG�H��/HWŖV�DQDO\]H�WKHLU�MRLQW�G\QDPLFV



6HSDUDWLRQ�SULQFLSOH

š:H�ZDQW�WR�VWDELOL]H�ERWK�[�DQG�H��/HWŖV�DQDO\]H�WKHLU�MRLQW�G\QDPLFV

š/HWŖV�UHZULWH�WKHP�WRJHWKHU



6HSDUDWLRQ�SULQFLSOH

š:H�ZDQW�WR�VWDELOL]H�ERWK�[�DQG�H��/HWŖV�DQDO\]H�WKHLU�MRLQW�G\QDPLFV

š/HWŖV�UHZULWH�WKHP�WRJHWKHU

š6WDELOL]DWLRQ�RI�ERWK�[�DQG�H�LV�SRVVLEOH�LI�DQG�RQO\�LI�WKLV�V\VWHP�LV�
DV\PSWRWLFDOO\�VWDEOH�



6HSDUDWLRQ�SULQFLSOH
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6HSDUDWLRQ�SULQFLSOH

š0�LV�DQ�XSSHU�WULDQJXODU�EORFN�PDWUL[�DQG�LWV�HLJHQYDOXHV�DUH�JLYHQ�E\�WKH�
HLJHQYDOXHV�RI�WKH�GLDJRQDO�EORFNV�0��DQG�0��

š6R��WKH�FKDUDFWHULVWLF�HTXDWLRQ�ZRXOG�EH�DV�IROORZV

tt
t



6HSDUDWLRQ�SULQFLSOH

š0�LV�DQ�XSSHU�WULDQJXODU�EORFN�PDWUL[�DQG�LWV�HLJHQYDOXHV�DUH�JLYHQ�E\�WKH�
HLJHQYDOXHV�RI�WKH�GLDJRQDO�EORFNV�0��DQG�0��

š6R��WKH�FKDUDFWHULVWLF�HTXDWLRQ�ZRXOG�EH�DV�IROORZV

š ,I�0��DQG�0��DUH�VHSDUDWHO\�VWDEOH��WKHQ�0�LV�VWDEOH�DV�ZHOO�

E
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6HSDUDWLRQ�SULQFLSOH

š0�LV�DQ�XSSHU�WULDQJXODU�EORFN�PDWUL[�DQG�LWV�HLJHQYDOXHV�DUH�JLYHQ�E\�WKH�
HLJHQYDOXHV�RI�WKH�GLDJRQDO�EORFNV�0��DQG�0��

š6R��WKH�FKDUDFWHULVWLF�HTXDWLRQ�ZRXOG�EH�DV�IROORZV

š ,I�0��DQG�0��DUH�VHSDUDWHO\�VWDEOH��WKHQ�0�LV�VWDEOH�DV�ZHOO�

š7KLV�IDFW�LV�NQRZQ�DV�WKH�6HSDUDWLRQ�3ULQFLSOH�

tt
tz
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/HDUQLQJ�RXWFRPHV

%\�WKH�HQG�RI�WKLV�OHFWXUH��\RX�VKRXOG�EH�DEOH�WR�

š &RPSXWH�WKH�PHDQ�DQG�FRYDULDQFH�PDWULFHV�RI�G\QDPLFDO�SURFHVVHV

š 8QGHUVWDQG�WKH�VHSDUDWLRQ�SULQFLSOH

š 8VH�.DOPDQ�ıOWHU�DQG�RSWLPDO�FRQWURO�WR�WDFNOH�YDULRXV�HVWLPDWLRQ�DQG�FRQWURO�
SUREOHPV�IRU�OLQHDU�V\VWHPV


